Ravi P. Agarwal 
Donal O’Regan 


Ordinary and Partial 
Differential Equations 


With Special Functions, Fourier Series, and 
Boundary Value Problems 


Q Springer 


Universitext 


For other books in this series: 
http://www.springer.com/series/223 


Ravi P. Agarwal 
Donal O’ Regan 


Ordinary and Partial Differential 
Equations 


With Special Functions, Fourier Series, 
and Boundary Value Problems 


Q) Springer 


Ravi P. Agarwal Donal O’ Regan 


Florida Institute of Technology National University of Ireland, Galway 
Department of Mathematical Sciences Mathematics Department 

150 West University Blvd. University Road 

Melbourne, FL 32901 Galway, Ireland 

agarwal @fit.edu donal.oregan @ nuigalway.ie 

ISBN: 978-0-387-79 145-6 e-ISBN: 978-0-387-79 146-3 


DOI 10.1007/978-0-387-79 146-3 


Library of Congress Control Number: 2008938952 
Mathematics Subject Classification (2000): 00-01, 34-XX, 35-XX 


© Springer Science+Business Media, LLC 2009 

All rights reserved. This work may not be translated or copied in whole or in part without the written 
permission of the publisher (Springer Science+Business Media, LLC, 233 Spring Street, New York, 
NY 10013, USA), except for brief excerpts in connection with reviews or scholarly analysis. Use in 
connection with any form of information storage and retrieval, electronic adaptation, computer software, 
or by similar or dissimilar methodology now known or hereafter developed is forbidden. 

The use in this publication of trade names, trademarks, service marks, and similar terms, even if they are 
not identified as such, is not to be taken as an expression of opinion as to whether or not they are subject to 
proprietary rights. 


Printed on acid-free paper 


springer.com 


Dedicated to our Sons 


Hans Agarwal and Daniel Joseph O’Regan 


Preface 


This book comprises 50 class-tested lectures which both the authors 
have given to engineering and mathematics major students under the titles 
Boundary Value Problems and Methods of Mathematical Physics at various 
institutions all over the globe over a period of almost 35 years. The main 
topics covered in these lectures are power series solutions, special func- 
tions, boundary value problems for ordinary differential equations, Sturm— 
Liouville problems, regular and singular perturbation techniques, Fourier 
series expansion, partial differential equations, Fourier series solutions to 
initial-boundary value problems, and Fourier and Laplace transform tech- 
niques. The prerequisite for this book is calculus, so it can be used for 
a senior undergraduate course. It should also be suitable for a beginning 
graduate course because, in undergraduate courses, students do not have 
any exposure to various intricate concepts, perhaps due to an inadequate 
level of mathematical sophistication. The content in a particular lecture, 
together with the problems therein, provides fairly adequate coverage of the 
topic under study. These lectures have been delivered in one year courses 
and provide flexibility in the choice of material for a particular one-semester 
course. Throughout this book, the mathematical concepts have been ex- 
plained very carefully in the simplest possible terms, and illustrated by a 
number of complete workout examples. Like any other mathematical book, 
it does contain some theorems and their proofs. 


A detailed description of the topics covered in this book is as follows: 
In Lecture 1 we find explicit solutions of the first-order linear differential 
equations with variable coefficients, second-order homogeneous differential 
equations with constant coefficients, and second-order Cauchy—Euler differ- 
ential equations. In Lecture 2 we show that if one solution of the homoge- 
neous second-order differential equation with variable coefficients is known, 
then its second solution can be obtained rather easily. Here we also demon- 
strate the method of variation of parameters to construct the solutions of 
nonhomogeneous second-order differential equations. 


In Lecture 3 we provide some basic concepts which are required to con- 
struct power series solutions to differential equations with variable coeffi- 
cients. Here through various examples we also explain ordinary, regular 
singular, and irregular singular points of a given differential equation. In 
Lecture 4 first we prove a theorem which provides sufficient conditions so 
that the solutions of second-order linear differential equations can be ex- 
pressed as power series at an ordinary point, and then construct power se- 
ries solutions of Airy, Hermite, and Chebyshev differential equations. These 
equations occupy a central position in mathematical physics, engineering, 
and approximation theory. In Lectures 5 and 6 we demonstrate the method 
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of Frobenius to construct the power series solutions of second-order linear 
differential equations at a regular singular point. Here we prove a gen- 
eral result which provides three possible different forms of the power series 
solution. We illustrate this result through several examples, including La- 
guerre’s equation, which arises in quantum mechanics. In Lecture 7 we 
study Legendre’s differential equation, which arises in problems such as the 
flow of an ideal fluid past a sphere, the determination of the electric field due 
to a charged sphere, and the determination of the temperature distribution 
in a sphere given its surface temperature. Here we also develop the polyno- 
mial solution of the Legendre differential equation. In Lecture 8 we study 
polynomial solutions of the Chebyshev, Hermite, and Laguerre differential 
equations. In Lecture 9 we construct series solutions of Bessel’s differential 
equation, which first appeared in the works of Euler and Bernoulli. Since 
many problems of mathematical physics reduce to the Bessel equation, we 
investigate it in somewhat more detail. In Lecture 10 we develop series so- 
lutions of the hypergeometric differential equation, which finds applications 
in several problems of mathematical physics, quantum mechanics, and fluid 
dynamics. 


Mathematical problems describing real world situations often have so- 
lutions which are not even continuous. Thus, to analyze such problems 
we need to work in a set which is bigger than the set of continuous func- 
tions. In Lecture 11 we introduce the sets of piecewise continuous and 
piecewise smooth functions, which are quite adequate to deal with a wide 
variety of applied problems. Here we also define periodic functions, and 
introduce even and odd extensions. In Lectures 12 and 13 we introduce 
orthogonality of functions and show that the Legendre, Chebyshev, Her- 
mite, and Laguerre polynomials and Bessel functions are orthogonal. Here 
we also prove some fundamental properties about the zeros of orthogonal 
polynomials. 


In Lecture 14 we introduce boundary value problems for second-order 
ordinary differential equations and provide a necessary and sufficient con- 
dition for the existence and uniqueness of their solutions. In Lecture 15 
we formulate some boundary value problems with engineering applications, 
and show that often solutions of these problems can be written in terms 
of Bessel functions. In Lecture 16 we introduce Green’s functions of ho- 
mogeneous boundary value problems and show that the solution of a given 
nonhomogeneous boundary value problem can be explicitly expressed in 
terms of Green’s function of the corresponding homogeneous equation. 


In Lecture 17 we discuss the regular perturbation technique which re- 
lates the unknown solution of a given initial value problem to the known 
solutions of the infinite initial value problems. In many practical problems 
one often meets cases where the methods of regular perturbations cannot 
be applied. In the literature such problems are known as singular pertur- 
bation problems. In Lecture 18 we explain the methodology of singular 
perturbation technique with the help of some examples. 
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If the coefficients of the homogeneous differential equation and/or of 
the boundary conditions depend on a parameter, then one of the pioneer 
problems of mathematical physics is to determine the values of the param- 
eter (eigenvalues) for which nontrivial solutions (eigenfunctions) exist. In 
Lecture 19 we explain some of the essential ideas involved in this vast field, 
which is continuously growing. 


In Lectures 20 and 21 we show that the sets of orthogonal polynomials 
and functions we have provided in earlier lectures can be used effectively 
as the basis in the expansions of general functions. This in particular leads 
to Fourier’s cosine, sine, trigonometric, Legendre, Chebyshev, Hermite and 
Bessel series. In Lectures 22 and 23 we examine pointwise convergence, 
uniform convergence, and the convergence in the mean of the Fourier se- 
ries of a given function. Here the importance of Bessel’s inequality and 
Parseval’s equality are also discussed. In Lecture 24 we use Fourier series 
expansions to find periodic particular solutions of nonhomogeneous differ- 
ential equations, and solutions of nonhomogeneous self-adjoint differential 
equations satisfying homogeneous boundary conditions, which leads to the 
well-known Fredholm’s alternative. 


In Lecture 25 we introduce partial differential equations and explain sev- 
eral concepts through elementary examples. Here we also provide the most 
fundamental classification of second-order linear equations in two indepen- 
dent variables. In Lecture 26 we study simultaneous differential equations, 
which play an important role in the theory of partial differential equations. 
Then we consider quasilinear partial differential equations of the Lagrange 
type and show that such equations can be solved rather easily, provided we 
can find solutions of related simultaneous differential equations. Finally, 
we explain a general method to find solutions of nonlinear first-order par- 
tial differential equations which is due to Charpit. In Lecture 27 we show 
that like ordinary differential equations, partial differential equations with 
constant coefficients can be solved explicitly. We begin with homogeneous 
second-order differential equations involving only second-order terms, and 
then show how the operator method can be used to solve some particular 
nonhomogeneous differential equations. Then, we extend the method to 
general second and higher order partial differential equations. In Lecture 
28 we show that coordinate transformations can be employed successfully 
to reduce second-order linear partial differential equations to some standard 
forms, which are known as canonical forms. These transformed equations 
sometimes can be solved rather easily. Here the concept of characteristic 
of second-order partial differential equations plays an important role. 


The method of separation of variables involves a solution which breaks 
up into a product of functions each of which contains only one of the vari- 
ables. This widely used method for finding solutions of linear homoge- 
neous partial differential equations we explain through several simple ex- 
amples in Lecture 29. In Lecture 30 we derive the one-dimensional heat 
equation and formulate initial-boundary value problems, which involve the 
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heat equation, the initial condition, and homogeneous and nonhomogeneous 
boundary conditions. Then we use the method of separation of variables 
to find the Fourier series solutions to these problems. In Lecture 31 we 
construct the Fourier series solution of the heat equation with Robin’s 
boundary conditions. In Lecture 32 we provide two different derivations 
of the one-dimensional wave equation, formulate an initial-boundary value 
problem, and find its Fourier series solution. In Lecture 33 we continue 
using the method of separation of variables to find Fourier series solutions 
to some other initial-boundary value problems related to one-dimensional 
wave equation. In Lecture 34 we give a derivation of the two-dimensional 
Laplace equation, formulate the Dirichlet problem on a rectangle, and find 
its Fourier series solution. In Lecture 35 we discuss the steady-state heat 
flow problem in a disk. For this, we consider the Laplace equation in po- 
lar coordinates and find its Fourier series solution. In Lecture 36 we use 
the method of separation of variables to find the temperature distribution 
of rectangular and circular plates in the transient state. Again using the 
method of separation of variables, in Lecture 37 we find vertical displace- 
ments of thin membranes occupying rectangular and circular regions. The 
three-dimensional Laplace equation occurs in problems such as gravitation, 
steady-state temperature, electrostatic potential, magnetostatics, fluid flow, 
and so on. In Lecture 38 we find the Fourier series solution of the Laplace 
equation in a three-dimensional box and in a circular cylinder. In Lecture 
39 we use the method of separation of variables to find the Fourier series 
solutions of the Laplace equation in and outside a given sphere. Here, we 
also discuss briefly Poisson’s integral formulas. In Lecture 40 we demon- 
strate how the method of separation of variables can be employed to solve 
nonhomogeneous problems. 


The Fourier integral is a natural extension of Fourier trigonometric series 
in the sense that it represents a piecewise smooth function whose domain 
is semi-infinite or infinite. In Lecture 41 we develop the Fourier integral 
with an intuitive approach and then discuss Fourier cosine and sine inte- 
grals which are extensions of Fourier cosine and sine series, respectively. 
This leads to Fourier cosine and sine transform pairs. In Lecture 42 we 
introduce the complex Fourier integral and the Fourier transform pair and 
find the Fourier transform of the derivative of a function. Then, we state 
and prove the Fourier convolution theorem, which is an important result. 
In Lectures 43 and 44 we consider problems in infinite domains which can 
be effectively solved by finding the Fourier transform, or the Fourier sine or 
cosine transform of the unknown function. For such problems usually the 
method of separation of variables does not work because the Fourier series 
are not adequate to yield complete solutions. We illustrate the method by 
considering several examples, and obtain the famous Gauss—Weierstrass, 
d’Alembert’s, and Poisson’s integral formulas. 


In Lecture 45 we introduce some basic concepts of Laplace transform 
theory, whereas in Lecture 46 we prove several theorems which facilitate the 
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computation of Laplace transforms. The method of Laplace transforms has 
the advantage of directly giving the solutions of differential equations with 
given initial and boundary conditions without the necessity of first finding 
the general solution and then evaluating from it the arbitrary constants. 
Moreover, the ready table of Laplace transforms reduces the problem of 
solving differential equations to mere algebraic manipulations. In Lectures 
47 and 48 we employ the Laplace transform technique to find solutions 
of ordinary and partial differential equations, respectively. Here we also 
develop the famous Duhamel’s formula. 


A given problem consisting of a partial differential equation in a domain 
with a set of initial and/or boundary conditions is said to be well-posed if 
it has a unique solution which is stable. In Lecture 49 we demonstrate that 
problems considered in earlier lectures are well-posed. Finally, in Lecture 
50 we prove a few theorems which verify that the series or integral form of 
the solutions we have obtained in earlier lectures are actually the solutions 
of the problems considered. 


Two types of exercises are included in the book, those which illustrate 
the general theory, and others designed to fill out text material. These 
exercises form an integral part of the book, and every reader is urged to 
attempt most, if not all of them. For the convenience of the reader we have 
provided answers or hints to almost all the exercises. 


In writing a book of this nature no originality can be claimed, only a 
humble attempt has been made to present the subject as simply, clearly, 
and accurately as possible. It is earnestly hoped that Ordinary and Partial 
Differential Equations will serve an inquisitive reader as a starting point in 
this rich, vast, and ever-expanding field of knowledge. 


We would like to express our appreciation to Professors M. Bohner, $.K. 
Sen, and P.J.Y. Wong for their suggestions and criticisms. We also want 
to thank Ms. Vaishali Damle at Springer New York for her support and 
cooperation. 


Ravi P. Agarwal 
Donal O’Regan 
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Lecture 1 


Solvable Differential Equations 


In this lecture we shall show that first-order linear differential equations 
with variable coefficients, second-order homogeneous differential equations 
with constant coefficients, and second-order Cauchy—Euler differential equa- 
tions can be solved in terms of the known quantities. 


First-order equations. Consider the differential equation (DE) 


yt play = a2), = (1.1) 


where the functions p(x) and g(a) are continuous in some interval J. The 
corresponding homogeneous equation 


y’ + p(x)y = 0 (1.2) 


obtained by taking g(x) = 0 in (1.1) can be solved by separating the vari- 
ables, i.e., 


1, 
-y +p(xz) =0 
- (x) 


and now integrating it, to obtain 


In y(x) +f p(t)dt = Inc, 
or 


y(x) = cexp (- / “p(ddt) (1.3) 


In dividing (1.2) by y we have lost the solution y(x) = 0, which is called the 
trivial solution (for a linear homogeneous DE y(x) = 0 is always a solution). 
However, it is included in (1.3) with c= 0. 


If zp € J, then the function 
u(e) = wow (— f° (oar) (1.4) 
XO 


clearly satisfies the DE (1.2) and passes through the point (20, yo). Thus, 
this is the solution of the initial value problem: DE (1.2) together with the 
initial condition 

y(xo) = Yo. (1.5) 
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To find the solution of the DE (1.1) we shall use the method of variation 
of parameters due to Lagrange. In (1.3) we assume that c is a function of 
x, Le., 


(at) = e(@) exp (- / “p(ddt) (1.6) 


and search for c(a) so that (1.6) becomes a solution of the DE (1.1). For 
this, setting (1.6) into (1.1), we find 


c(eyexp (— | nit)ar) c(e)pte)em (— [” vio) 
+ele)p(a)exp (= [" vipat) = ate), 
which is the same as 
le) SeGie ( / ' p(t) (1.7) 


Integrating (1.7), we obtain the required function 


Ome i “ies ( / v(s)ds) di, 


Now, substituting this c(a) in (1.6), we find the solution of (1.1) as 


ee (- / y p(t) + if “Gee (- | , v(s)ds) dt. (18) 


This solution y(2) is of the form cyu(x)+v(2). It is to be noted that cy u(x) is 
the general solution of (1.2). Hence, the general solution of (1.1) is obtained 
by adding any particular solution of (1.1) to the general solution of (1.2). 


From (1.8) the solution of the initial value problem (1.1), (1.5), where 
Xo € J, is easily obtained as 


ule) = wes (— [ “p(t + [ aden (- [v(syas) a. 9) 


Example 1.1. Consider the initial value problem 
ay’ —4y+227+4=0, «£40, y(1)=1. (1.10) 
Since % = 1, yo = 1, p(x) = —4/a and q(x) = —2x — 4/ax from (1.9) the 


solution of (1.10) can be written as 


y(x) 


lI 

o) 

tal 

Ke) 
—, 
— 
od 

Q 

+ 
oe. 

+ 
—_ 
a 

bo 

+ 

| 

I 
SY 

far) 

tal 

S 
— 
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Alternatively, instead of using (1.9) we can find the solution of (1.10) as 
follows: For the corresponding homogeneous DE y/— (4/x)y = 0 the general 
solution is cx*, and a particular solution of the DE (1.10) is 


and hence the general solution of the DE (1.10) is y(x) = cx* +a? +1. Now, 
in order to satisfy the initial condition y(1) = 1, it is necessary that 1 = 
e+1+1, or c= —1. The solution of (1.10) is, therefore, y(x) = —a*+27+1. 


Second-order equations with constant coefficients. We 
shall find solutions of the second-order DE 


y" + ay’ + by = 0, (1.11) 
where a and 0 are constants. 


As a first step toward finding a solution to this DE we look back at the 
equation y’ + ay = 0 (a is a constant) for which all solutions are constant 
multiples of e~*”. Thus, for (1.11) also some form of exponential function 
would be a reasonable choice and would utilize the property that the differ- 
entiation of an exponential function e’” always yields a constant multiplied 
by e””. 


Thus, we try y =e” and find the value(s) of r. We have 


re are’” + be’ =0, 


(r? + ar + b)e™= =0, 


or 
r+art+tb=0. (1.12) 


Hence, e” is a solution of (1.11) if r is a solution of (1.12). Equation (1.12) 
is called the characteristic polynomial of (1.11). For the roots of (1.12) we 
have the following three cases: 


1. Distinct real roots. If r; and rg are real and distinct roots 
of (1.12), then e™* and e™ are two solutions of (1.11), and its general 


o] 


solution can be written as 
y(a) = ce” + cge™”. 


In the particular case when 7; = r, rg = —r (then the DE (1.11) is y” — 
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r?y = 0), we have 


- A+B re A=B rz 
y(x) = ce™™ + c9e7"* er e 


2 2 


et + a et _ eo. 
= A|{—— B {| ——— 
aa) 


= Acoshra+ Bsinhrz. 


2. Repeated real roots. If rr; = rg =r is a repeated root of (1.12), 
then e™* is a solution. To find the second solution, we let y(x) = u(a)e"™ 
and substitute it in (1.11), to get 


e”*(u" + 2ru’ + ru) +ae™(u’ + ru) + bue™ = 0, 


or 


u" + (2r+a)u' + (r?+ar+b)u =u" + (2r+a)u’ =0. 


Now since r is a repeated root of (1.12), it follows that 2r +a = 0 and 
hence u” = 0, ie., u(x) = c1 + cox. Thus, 


y(x) = (cy + cga)e™™ = cye™ + coae™. 
Hence, the second solution of (1.11) is xe". 


3. Complex conjugate roots. Let ry = w+ and rg = p— ip, 
where 7 = /—1, so that 


evtivje — eH®(cosyg + isinva). 


Since for the DE (1.11) the real part (i.e., e“” cosvx) and the imaginary 
part (i.e., e“* sinvx) both are solutions, the general solution of (1.11) can 
be written as 

y(a) = ce" cosva + cae" sin va. 


In the particular case when r; = iv and rg = —iv (then the DE (1.11) is 
y” +v*y = 0) we have y(x) = c, cosvx + co sina. 


Cauchy—Euler equations. For the Cauchy—Euler equation 


d 
ty" +aty’+by =0, t>0 (tis the independent variable), ’ = rn (1.13) 


which occurs in studying the temperature distribution generated by a heat 
source such as the sun or a nuclear reactor, we assume y(t) = t’ to obtain 


t?m(m —1)t” 7 + atmé™* + be = 0, 


or 
m(m—1)+am+b=0. (1.14) 
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This is the characteristic equation for (1.13), and as earlier for (1.12) the 
nature of its roots determines the general solution: 


Real, distinct roots m, 4 ma: y(t) = ct™! + cot™, 
Real, repeated roots m = m1 = ma: y(t) = ct” + co(Int)t™, 


Complex conjugate roots my = ptiv, m2 = w—iv: y(t) = cit" cos(v Int) 
+ cot" sin(v Int). 


In the particular case 


ty” +ty’—dA*y=0, t>0, A>0 (1.15) 
the characteristic equation is m(m—1)+m— A? = 0, or m?—? = 0. Thus, 
the roots are m = +A, and hence the general solution of (1.15) appears as 

y(t) = et? + eat. (1.16) 
Problems 


1.1. (Principle of Superposition). If yi(#) and y2(a) are solutions of 
y+ p(x)y = q(x), i = 1,2 respectively, then show that c1yi(x) + c2yo(z) 
is a solution of the DE y’ + p(x)y = ciqi(x) + c2qo(x), where c; and cy are 
constants. 


1.2. Find general solutions of the following DEs: 
(i) y’ — (cot x)y = 2rsina 
(ii) y’+tytata?+22=0 
( 
( 


iii) (y*— 1) +2(a—y(1+y)*)y’ =0 


1.3. Solve the following initial value problems: 


1, O<a<l 
: aan = ’ = = = 
(i) y+ 2y ee » y(0)=0 
2, 0<a<l 
a Vi a = = i = — 
(ii) y' +p(z)y =0, yo) =1 where w(a)={ POST 


1.4. Let g(x) be continuous in [0,00) and lim;_... q(x) = L. For the 
DE y’ + ay = q(x) show that 
(i) if a> 0, every solution approaches L/a as x — oo 


(ii) if a < 0, there is one and only one solution which approaches L/a as 
w+ Oo. 
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1.5. Let y(x) be the solution of the initial value problem (1.1), (1.5) 
in [a%,00), and let z(x) be a continuously differentiable function in [29, co) 
such that 2’ + p(x)z < q(x), z(ao) < yo. Show that z(x) < y(«) for all x in 
[x9, 00). In particular, for the problem y’ + y = cosa, y(0) = 1 verify that 
2e~* —1 < y(x) <1, a € (0,00). 


1.6. Certain nonlinear first-order DEs can be reduced to linear equa- 
tions by an appropriate change of variables. For example, this is always 
possible for the Bernoulli equation: 


y +p(z)y=a(z)y", n#0,1. 
Indeed this equation is equivalent to the DE 


l-—n 


y "y' + p(2)y'—” = g(a) 


and now the substitution v = y'~” (used by Leibniz in 1696) leads to the 
first-order linear DE 


= =u + p(x)v = q(2). 


In particular, show that the general solution of the DE zy'+y = xy’, « 40 
is y(z) = (ce — a”)-1,  £0,c. 
1.7. Find general solutions of the following homogeneous DEs: 
(i) y" +7y' + 10y = 0 
(ii) y” —8y' + 16y=0 
2y' + 3y =0. 


1.8. Show that if the real parts of the roots of (1.12) are negative, 
then limy_... y(a) = 0 for every solution y(x) of (1.11). 


1.9. Show that the solution of the initial value problem 
y" — Art py’ +r2y=0, y(0)=0, y'(0)=1 
can be written as 


oS [etter VERA) z_ olr+8-VBertoe] 
2,/B(2r + B) 


Further, show that limg—.o ys(a) = xe””. 


1.10. The following fourth order DEs occur in applications as indi- 
cated: 


(i) y” —k*y = 0 (vibration of a beam) 
(ii) y”” +4k*y = 0 (beam on an elastic foundation) 
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(iii) y” — 2k?y” + k+y = 0 (bending of an elastic plate), 


where k £ 0 is a constant. Find their general solutions. 


Answers or Hints 


1.1. Use the definition of a solution. 


1.2. (i) csing+2? sin # (ii) ce~*—a43 +22?—5ax+5 (iii) e(y—1)/(yt+1) = 
y? +c (iv) c=tan-ty—1+ce—™ "Y, 


3(1—e-?"), 0<a<1 et ees I 
ee HT os jer 
18. @ u@)= {fe ie oo @ w= {ooh eon, 


1.4. (i) In y(x) = y(ao)e~**-70) + ie e“'q(t)dt]/e*” take the limit 2 > 
co (ii) In y(x) = e~* [y(o)e aro 4+ fr ew g(t)dt — f° e*a(t )at] choose 


y(xo) so that y(ap)e*”? + i. to(t)dt = 0 (limy 0 q(z) = L). Now in 
y(x) = —[ f° e**q(t)dt]/e%” take i. limit x — oo. 


x 


1.5. There exists a continuous function r(v) > 0 such that z’ + p(x)z = 
g(x) — r(a), z(@o) < yo. Thus, for the function ¢(@) = y(x) — z(ax), o’ + 
p(x)o = r(x) 2 0, $(20) = yo — 2(20) = 0. 


1.6. Using the substitution v = y~! the given equation reduces to —av! + 
2 
v= a2". 


1.7. (i) ce? + c2e—** (ii) (ce, + cox)e* (iii) cye~* cos 22 + cge~* x 


sin /2a. 
1.8. Use explicit forms of the solution. 
1.9. Note that /G(G + 2r) -0as B 0. 


1.10. (i) cye**+cge7** +c3 cos ka+cy4 sin kx (ii) e** (cy cos ka+c2 sin kx) + 
e—** (cg cos kx + cgsin kx) (iii) e** (ce, + cox) + e7**(c3 + can). 


Lecture 2 


Second-Order Differential 
Equations 


Generally, second-order differential equations with variable coefficients 
cannot be solved in terms of the known functions. In this lecture we shall 
show that if one solution of the homogeneous equation is known, then its 
second solution can be obtained rather easily. Further, by employing the 
method of variation of parameters, the general solution of the nonhomo- 
geneous equation can be constructed provided two solutions of the corre- 
sponding homogeneous equation are known. 


Homogeneous equations. For the homogeneous linear DE of 
second-order with variable coefficients 


y” + pi(x)y’ + po(a)y = 0, (2.1) 


where p;(%) and p2(x) are continuous in J, there does not exist any method 
to solve it. However, the following results are well-known. 


Theorem 2.1. There exist exactly two solutions y:(x) and yo(x) of 
(2.1) which are linearly independent (essentially different) in J, i.e., there 
does not exist a constant c such that yi(“) = cy2(x) for all x € J. 


Theorem 2.2. Two solutions y;(z) and ye(x) of (2.1) are linearly 
independent in J if and only if their Wronskian defined by 


We) = Wonn)(e) =| v(t) ya(x) | (2.2) 


is different from zero for some x = 2p in J. 


Theorem 2.3. For the Wronskian defined in (2.2) the following Abel’s 
identity holds: 


W(x) = W(ao) exp (- / pr(tat) , aoe J. (2.3) 
xo 
Thus, if Wronskian is zero at some 2% € J, then it is zero for all x € J. 


Theorem 2.4. If yi(x) and yo(z) are solutions of (2.1) and c; and c2 
are arbitrary constants, then ciy1(a) + c2y2(x) is also a solution of (2.1). 
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Further, if yi(a) and y2(z) are linearly independent, then any solution y(x) 
of (2.1) can be written as y(x%) = Gy1(%) + Cayo(x), where @, and @ are 
suitable constants. 


Now we shall show that, if one solution y;(”) of (2.1) is known (by 
some clever method) then we can employ variation of parameters to find 
the second solution of (2.1). For this, we let y(a) = u(a)y1(x) and substitute 
this in (2.1), to get 


(uy1)” + pi(uyr)’ + pe(uy1) = 0, 


or 


uy + 2u’y, + uy! + piu'y: + pruy + pouys = 0, 


or 


wy + (24, + piysjul + (yt + iy + payr)u = 0. 
However, since y; is a solution of (2.1), the above equation with v = u’ is 
the same as 
yu’ + (2y, + piyi)u = 0, (2.4) 
which is a first-order equation, and it can be solved easily provided y; 4 0 
in J. Indeed, multiplying (2.4) by y1, we find 
(yv' + 2yiyiv) + piyzv = 0, 


which is the same as 
(yiv)! + pilyyv) = 0; 


yyu = cexp (-/ (tat) ‘ 


and hence 


or, on taking c= 1, 


Hence, the second solution of (2.1) is 


ieee / : an ees (- / mn(s)ds) dt. (2.5) 


Example 2.1. It is easy to verify that yi(x) = x? is a solution of the 
DE 
gy" —Qary'+2y=0, «40. 


For the second solution we use (2.5), to obtain 


a | ‘7 2 saps 
y2(x) =| 7a XP (-/ (-3) is) a=? f itdt = —2. 
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We note that the substitution w = y’/y converts (2.1) into a first-order 
nonlinear DE 
w! + pi(x)w + po(ax) + w? = 0. (2.6) 


This DE is called Riccati’s equation. In general it is not integrable, but 
if a particular solution, say, wi(x) is known, then by the substitution z = 
w — w(x) it can be reduced to Bernoulli’s equation (see Problem 1.6). In 
fact, we have 


2! +wih(2) + pi(z)(z + wi(x)) + po(a) + (2 + wi(x))? = 0, 
which is the same as 
z' + (py (2) + 2wi(x))z + 2? = 0. (2.7) 


Since this equation can be solved easily to obtain z(a), the solution of (2.6) 
takes the form w(x) = w1(x) + z(2). 


Example 2.2. It is easy to verify that w1(x) = z is a particular solution 
of the Riccati equation 


wl =14 2? —2ew + w?. 


The substitution z = w — x in this equation gives the Bernoulli equation 


/ 
z' = 27, 


whose general solution is z(a) = 1/(c—2), « # c. Thus, the general solution 
of the given Riccati’s equation is w(x) =x+1/(c—2), xc. 


Nonhomogeneous equations. Now we shall find a particular 
solution of the nonhomogeneous equation 


y” + pi(x)y' + po(x)y = r(2). (2.8) 


For this also we shall apply the method of variation of parameters. Let 
yi(x) and yo2(a) be two solutions of (2.1). We assume y(x) = c1(x)yi (a) + 
C2(@)y2(x) is a solution of (2.8). Note that c1(#) and co() are two unknown 
functions, so we can have two sets of conditions which determine c;(a) and 
c2(a). Since 


y’ = cry, + cays + chy + hye 
as a first condition we assume that 
chy + chy = 0. (2.9) 


Thus, we have 
y' =ciy, + cay 
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and on differentiation 
y" = cry + cays + chy) + coyd- 
Substituting these in (2.8), we get 


Mu 


er(yt + pry, + payr) + c2(yg + piys + Paya) + (cy, + chys) = r(2). 


Clearly, this equation, in view of y;(”) and y2(x) being solutions of (2.1), 
is the same as 
chy + c5y9 = r(x). (2.10) 


Solving (2.9), (2.10), we find 


oe r(x)yo(z) ¢ — — Py) 
: | yi(z) ya(a) |? 7 | yi(x) yo(x) } 
yi (x) yo(x) yi (x) yo(z) 


and hence a particular solution of (2.8) is 


Yp(x) = c1(x)yi(x) + €2(x)y2(z) 
— a (ey fo roy x) f On 
= -u(e) f Pay nt (ak, pa na " 
yi(t) ys(t) yi(t) y(t) 
= A(x, t)r(t)dt, 
(2.11) 
where 
_ | y(t) —yo(t) yi(t) ya(t) 
= | yr) yo(a) / | y(t) yh(0) ; a 
Thus, the general solution of (2.8) is 
y(x) = c1yi(x) + coya(x) + yp(2). (2.13) 


The following properties of the function H(«,t) are immediate: 
(i). H(a,t) is defined for all (x,t) € J x J; 
(ii). 09 H(a,t)/Ox7, j = 0,1,2 are continuous for all (x,t) € J x J; 


(iii). for each fixed t € J the function z(x) = H(a,t) is a solution of the 
homogeneous DE (2.1) satisfying z(t) = 0, z(t) = 1; and 


(iv). the function 


u(x“) = a HA (a, t)r(t)dt 
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is a particular solution of the nonhomogeneous DE (2.8) satisfying y(xo) = 
y'(xo) = 0. 


Example 2.3. Consider the DE 
y" +y =cotz. 


For the corresponding homogeneous DE y” + y = 0, sina and cosa are 
solutions. Thus, its general solution can be written as 


sint cost 
; "| sinz cosz | cost 
y(z) = cy sina + cgcosa + - - 
sint cost sint 


cost —sint 


. oem : cost 
= c, sinz + co cos x — (sin t cos x — sin a cos t) —— pat 
sin 


: : : *1—sin?t 
= cj snzx+c2cosx —cosxrsinxz + sin x a 
sin 


xr zx 
= c)sinz+cocosx — cosxsinz —sinz sintdt + sinx | ——dt 
sin t 
: . * cosec t(cosec t — cot t) 
= c)sinzx+cocosx+sinax ae ee 
(cosect — cot t) 


= csinxz+cocosx+sina In[cosec a — cot x]. 


Finally, we remark that if the functions p;(«), p2(x) and r(x) are contin- 
uous on J and wo € J, then the DE (2.8) together with the initial conditions 


y(to) = yo, y'(to) = M1 (2.14) 


has a unique solution. The problem (2.8), (2.14) is called an initial value 
problem. Note that in (2.14) conditions are prescribed at the same point, 
namely, Xo. 


Problems 


2.1. Given the solution y;(«), find the second solution of the following 


(i) (@’ —a)y" + (Be—-l)y+y=0 (¢ 40,1), nm@)=@-1)* 
(ii) (@ — 2)y" + 2(a—1)y'—2y=0 (@ 40,2), wl) = (1-2) 
( ( 
( 


iii) vy” —y'—42°y=0 (a 40), yi(x) = exp(z?) 
iv) (L—a?)y” —2ay’+2y=0 (\2| <1), yi(x) =z. 
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2.2. The differential equation 
xy” —(a+n)y'+ny=0 
is interesting because it has an exponential solution and a polynomial so- 
lution. 
(i) Verify that one solution is y;(”) = e”. 


(ii) Show that the second solution has the form yo(x) = ce” [* t”e~*'dt. 
Further, show that with c= —1/nl, 


a 
Yel) ara te 


Note that y2(x) is the first n + 1 terms of the Taylor series about x = 0 for 
e*, that is, for yi (x). 


2.3. The differential equation 
y" + d(ay’ +y) =0 


occurs in the study of the turbulent flow of a uniform stream past a circular 
cylinder. Verify that y;(2) = exp(—dz?/2) is one solution. Find its second 
solution. 


2.4. Let yi(~) £0 and y2(x) be two linearly independent solutions of 
the DE (2.1). Show that y(x) = yo(#)/yi(a) is a nonconstant solution of 
the DE 

yrila)y" + (2y4 (x) + pi(a)yr (2) )y! = 0. 


2.5. Let the function p;(x) be differentiable in J. Show that the substi- 
tution y(x) = z(x) exp (—4 J” pi(t)dt) transforms (2.1) to the differential 
equation 


1 


2" + (pala) ~ Soil) ~ zpite)) #=0. 


In particular show that the substitution y(z) = z(x)/./x transforms 
Bessel’s DE 
a?y” + acy! + (x? —a”)y=0, (2.15) 


where a is a constant (parameter), into a simple DE 


1 — 4a? 
ow (1+ —) z=0. (2.16) 
Hh 


2.6. Let v(x) be the solution of the initial value problem 


y’+piy'+pey=0, y(0)=0, y/(0)=1 
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where p; and p2 are constants. Show that the function 
zx 
y(2) =} o(a — t)r(t)dt 
zx 
is the solution of the nonhomogeneous DE 


y" + pry’ + pay = r(2) 
satisfying y(a%o) = y'(xo) = 0. 
2.7. Find general solutions of the following nonhomogeneous DEs: 
(Gj) oy” +4y = sin 2a 
(ii) yl!" Ay 3y — eo 3t 
By’ +4y=e-*. 


2.8. Verify that y:(”) = x and y2(x) = 1/z are solutions of 


xy” + x2y! — ary = 0. 


Use this information and the variation of parameters method to find the 
general solution of 


gy" + xy! — ay =a2/(1+2). 


Answers or Hints 
2.1. (i) Ina/(w—1) (ii) (1/2)(1—2) In[(a~—2)/ax]—1 (iii) ee (iv) (a/2) x 
Inf(l +2)/(1—2)] 1 
2.2. (i) Verify directly (ii) Use (2.5). 
2.3. 7627/2 f° edt /2ge, 


2.4. Use yo(x) = yi(x)y(x) and the fact that yi(x) and y2(a) are solu- 
tions. 


2.5. Verify directly. 


2.6. Use Leibniz’s formula: 


LEO Fa, thdt = f(e, Ble) — f(e,a(e))42 + f2S PE (w, that. 


2.7. (i) cy cos2x + cosin2x — Zxcos2z (ii) cye~* + cpe~** — Ze ** 
(iii) ce* + ge ** — fae. 


2.8. ca + (co/x) + (1/2)[(@ — (1/x)) In(1 + &) — eine — 1]. 


Lecture 3 


Preliminaries to Series 
Solutions 


In our previous lecture we have remarked that second-order differential 
equations with variable coefficients cannot be solved in terms of the known 
functions. In fact, the simple DE y” +ay = 0 defies all our efforts. However, 
there is a fairly large class of DEs whose solutions can be expressed either 
in terms of power series, or as simple combination of power series and 
elementary functions. It is this class of DEs that we shall study in the 
next several lectures. Here we introduce some basic concepts which will be 
needed in our later discussion. 


Power series. A power series is a series of functions of the form 
co 
ye Cm(x — 20)" = co + c1(x — 20) + co(x — 20)? + +++ +Cm( — 20) +++: 
m=0 
in which the coefficients c,, m= 0,1,--- and the point xp are independent 
of x. The point xo is called the point of expansion of the series. 


A function f(x) is said to be analytic at x = xo if it can be expanded in 
a power series in powers of (a—o) in some interval of the form |a—2o| < p, 
where p > 0. If f(a) is analytic at x = ao, then 


f(z) = >a Cm(z— 20), |x —Zol < pH, 
m=0 
where Gm = f(ao)/m!, m = 0,1,--+ which is the same as Taylor’s ex- 


pansion of f(x) at «= x0. 


The following properties of power series will be needed later: 


1. A power series }>>°_y Cm(x —%0)™ is said to converge at a point x if 


limn—soo )o,—9 Cm(Z — Zo)” exists. It is clear that the series converges at 
x = Xo; it may converge for all x, or it may converge for some values of x 
and not for others. 


2. A power series ear Cm(a — 20)" is said to converge absolutely 


at a point x if the series }°~_,|cm(x — xo)™| converges. If the series 
converges absolutely, then the series also converges; however, the converse 
is not necessarily true. 
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3. If the series \7 9 Cm(z— 2x0)” converges absolutely for |x —2xo| < pu 
and diverges for |x — xo| > ws, then p is called the radius of convergence. 
For a series that converges nowhere except at xo, we define yp to be zero; 
for a series that converges for all x, we say p is infinite. 


4. Ratio Test. If for a fixed value of x, 


lim |omene— #0) ™"| _ 

moo] Cm (x — ao) 
then the power series )> 9 Gm(x — xo)" converges absolutely at values 
of « for which L < 1, and diverges where L > 1. If L = 1, the test is 
inconclusive. 


5. Comparison Test. If we have two power series )> 9 Cm(x— 0) 


and aeons Crm (a — %0)™ where |cm| < Cm, m= 0,1,---, and if the series 
0 Cm(z—20)™ converges for |jz—xo| < ps, then the series )77>_4 Cm(x— 


xo)’ also converges for |a — ao| < p. 


6. Ifa series \\ 9 Cm(x — xo)” is convergent for |x — ao| < ju, then 
for any x, |%—2xo| = fo < ps there exists a constant M such that |em|pg’ < 
M, m=0,1,-:°. 


7. The derivative of a power series is obtained by term by term differ- 
entiation; ie., if f(z) = 9 Cm(z — xo0)™, then 


f'(z) = e+ 2ce(x — x9) + 3c3(x — x0)? 
- S- MCp(z— zo)" 1 = y. (m+ 1)em4i(@ — %)™. 
m=1 m=0 


Further, the radii of convergence of these two series are the same. Similarly, 
the second derivative of f(x) can be written as 


f" (x) = 2cq + 3.203(@ — @9) ++ = Des (m + 1)(m + 2)em+4o(a — 29)”. 
m=0 
8. Consider two power series f(x) = S79 ¢m(x — 20)™ and g(x) = 


ro dm(@ — Zo)™, which converge for |z — zo| < pi and |x — x0| < pe 


respectively. If w = min{j1, 2}, then 


f(x) £9(2) = S- (Cm + dm)(@ — £0)", 


and 
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where 
m 


an = s. Crdm—k = > Cm—kk 


k=0 k=0 
converge for |x — xo| < pu. 
9. Gauss Test. If at the end points of the interval |x — xo| < py, the 
successive terms of the series y oj Cm(a — 20) are of fixed sign, and if 
the ratio of the (m+ 1)th term to the mth term can be written in the form 


1—(c/m)+O(1/m72), where c is independent of m, then the series converges 
if c > 1 and diverges if c < 1. 


Gamma and Beta functions. It is possible to write long 
expressions in very compact form using Gamma and Beta functions which 
we shall define now. The Gamma function, denoted by I(x), is defined by 


co 
T(z) = | (ed ne 0, (3.1) 
0 
This improper integral can be shown to converge only for « > 0; thus the 
Gamma function is defined by this formula only for the positive values of 


its arguments. However, later we shall define it for the negative values of 
its arguments as well. 


From the definition (3.1), we find 


T(1) = [ etdt =1. (3.2) 


Also, we have 


T(a+1)= _ t®e—'dt = | - ent] 


+ ef nt de = oi (x); 
” 0 


which is the recurrence formula 
T(a+1) =aT(z2). (3.3) 


From (3.3) and (3.2) it is immediate that for any nonnegative integer n the 
function [(n + 1) = n!, and hence the Gamma function, can be considered 
as a generalization of the factorial function. 


Now we rewrite (3.3) in the form 


T 1 
(a2) = ee) (3.4) 
x 
which holds only for z > 0. However, we can use (3.4) to define ['(a) in the 
range —1 < # <0 since the right-hand side of (3.4) is well defined for « in 
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this range. Also since 


T(@+1) = 2 
when x > —1, we may write 
_ T(@+2) 
T(x) = Hart) (3.5) 


for x > 0. But since ['(a + 2) is defined for x > —2, we can use (3.5) to 

define [(a) for —-2 <a <0, « 4 —1. Continuing this process, we have 

I(a +k) 

TC ea 
> ele eho) 


for any positive integer k and for x > 0. By this formula the function I(x) 


is defined for —k <a <0, x £ —1,-2,---,-k+ 1. Hence, ['(a) is defined 
for all values of x other than 0, —1,—2,---, and at these points it becomes 
infinite. 


The Beta function B(x, y) is defined as 


B(a,y) -| #11 — t)¥- "de, (3.6) 


which converges for 7 > 0, y > 0. 


Gamma and Beta functions are related as follows: 


T(x) TY) 


B(x,y) = rane 


(3.7) 


Oscillatory equations. A nontrivial solution of the DE 
y" +q(x)y = 0 (3.8) 


is said to be oscillatory if it has no last zero, i.e., if y(a1) = 0, then there 
exists a %2 > 2, such that y(v2) = 0. Equation (3.8) itself is said to 
be oscillatory if every solution of (3.8) is oscillatory. A solution which is 
not oscillatory is called nonoscillatory. For example, the DE y” + y = 0 is 
oscillatory, whereas y” —y = 0 is nonoscillatory in J = [0, 00). The following 
easily verifiable oscillation criterion for the equation (3.8) is well known. 


Theorem 3.1. If the function q(x) is continuous in J = (0,00), and 


/ ” goe=ee, (3.9) 


then the DE (3.8) is oscillatory in J. 
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This result can be used easily to show that solutions of Bessel’s DE 
(2.15) for all a, are oscillatory. For this, in Problem 2.5 we have noted that 
the substitution y(x) = z(«)/./@ transforms this equation into a simple DE 
(2.16). Clearly, this transformation does not alter the oscillatory behavior 
of two equations; moreover, for all a, there exists a sufficiently large x9 such 
that for all « > x0, 


and hence 


Thus, Theorem 3.1 implies that the equation (2.16) is oscillatory. 


Ordinary and singular points. If at a point x = zo the 
functions p;(a) and p2(x) are analytic, then the point xo is said to be an 
ordinary point of the DE (2.1). Further, if at « = x9 the functions pj (x) 
and/or p2(a) are not analytic, then 2 is said to be a singular point of (2.1). 


Example 3.1. If in the DE (2.1), pi(x) and po(z) are constants, then 
every point is an ordinary point. 


Example 3.2. Since the function p2(x) = x is analytic at every point, 
for the DE y” + xy = 0 every point is an ordinary point. 


Example 3.3. In Euler’s equation 


xy” + a,ry’ + ary =0 


x = 0 isa singular point, but every other point is an ordinary point. 


A singular point xo at which the functions p(x) = (x — 29)pi(a) and 
q(x) = (% — x0)*po(x) are analytic is called a regular singular point of the 
DE (2.1). Thus, a second-order DE with a regular singular point xo has 
the form 

yl + p(x) ’ q(x) 


(x — x0) G=i2° 0, (3.10) 


where the functions p(x) and q(x) are analytic at x = x. Hence, in Example 
3.3 the point x9 = 0 is a regular singular point. 


If a singular point xo is not a regular singular point, then it is called an 
irregular singular point. 


Example 3.4. Consider the DE 


yl" + =0. (3.11) 


(x — pay + x(a — i 
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For the equation (3.11) the singular points are 0 and 1. At the point 0, we 


have 
i 


xpi (x2) = Gai =2(1—2)7 
and 
tm(a) = 82 = pelt 3)" 
1 pa(0) = = —8a(1 2) 


which are analytic at « = 0, and hence the point 0 is a regular singular 
point. At the point 1, we have 


(a — 1) 1 
(x — 1)pi(x) = @oip  @=ir 


which is not analytic at « = 1, and hence the point 1 is an irregular singular 
point. 


Problems 


3.1. Show that 


(ii) for all p > —1 and gq > —1 the following holds: 


a 1 lati) P(e}, r(e 
/ sin? x cos! rdx = —B ee ae _ (SS ) 
0 2 2 2 9P (2 


3.2. Locate and classify the singular points of the following DEs: 
(i) a(a+2)y”+ ary’ — (2x —-1)y=0 
(Gi) (@-1)?@+3)y" + Q2+1)y'-y=0 
(iii) (1 — 2?)?y” + a(1—a)y’+(14+2)y=0 
(iv) (a? —x2 —2)y" + (a —2)y’+ ry = 0. 


3.3. Show that x9 = 0 is a regular singular point of the Riccati—Bessel 
equation 


gy" — (2? —k)y=0, -oo<k<oo. 


3.4. Show that zp = 0 is a regular singular point of the Coulomb wave 
equation 


gy" + (2? —2lr—k]y=0, & fixed, —oo<k<oo. 
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3.5. Let the point « = x9, where 2 4 0 be an ordinary point of the 
DE (2.1). Show that the change of the independent variable t = x — xo 


leads to the DE Pp a 
7] 

= 12 

Sh + Dil) + Dalty =0 (3.12) 


for which the point t = 0 is an ordinary point. Further, show that the 
function y(t) = >>_9 ¢mt™, |t| < jis a solution of the DE (3.12) if and 
only if the corresponding function y(x) = )>7°_9 ¢m(x— 20)”, |x —2xo| < 
is a solution of the DE (2.1). 


3.6. Let the DE (2.1) have a regular singular point at « = xo, where 
xp # 0. Verify that the change of the independent variable t = x — xo leads 
to the DE (3.12) which has a regular singular point at t = 0. 


3.7. Show that the substitution « = 1/t transforms the DE (2.1) into 


the form Py j 
2 1 Yy 1 1 
Te + € a pr (+))¢ Tt + pp? (+) y =0. (3.13) 


Thus, the nature of the point 2 = oo of (2.1) is the same as the nature of 
the point t = 0 of (3.13). Use this substitution to show that for the DE. 


v4 ae ae : +— Lg 2G 
ne. vit oY 
the point x = oo is a regular ele point. 


3.8. Show that for Bessel’s DE (2.15) the point 2 = oo is an irregular 
singular point. 


3.9. Examine the nature of the point at infinity for the following DEs: 


Airy’s DE: y” — xy =0 (3.14) 
Chebyshev’s DE: (1 — x”)y” — xy’ + a?y =0 (3.15) 
Hermite’s DE: y" — 2xy' + 2ay =0 (3.16) 
Hypergeometric DE: «(1 — x)y” + [c— (a+b+ 1)a]y’ — aby = 0 (3.17) 
Laguerre’s DE: xy" +(a+1—2x)y' + by =0 (3.18) 
Legendre’s DE: (1 — x?)y” — 2ry' + a(a+1)y =0. (3.19) 


3.10. The Schrodinger wave equation for a simple harmonic oscillator 
is 
— + = 279) = Ey, (3.20) 


where hf is Planck’s constant; E, K, and m are positive real numbers, and 
(a) is the Schrédinger wave function. Show that the change to dimension- 
less coordinate x = az reduces (3.20) to 

dy 

a +(2a+1—2 2\oh = 0); (3.21) 
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where a* = 4r?mK/h? and 2a +1 = (4tE/h)\/m/K. Further, show that 


the second change of variables 7 = ye / ? reduces (3.21) to the Hermite 
equation (3.16). 


Answers or Hints 


3.1. (i) T(4) = foot Ve tdt = 2 fe“ du, t = u? (ii) Use the 


substitution ¢ = sin? 2. 


3.2. (i) 0, —2 regular singular points (ii) 1 irregular singular point, —3 
regular singular point (iii) 1 regular singular point, —1 irregular singular 
point (iv) 2,—1 regular singular points. 


3.3. Use definition. 


3.4. Use definition. 

3.5. The change of the independent variable «7 = t+ xo gives a = 
2. 2 

fy oe = cy. pi(x) = pi(t + ro) = Py (t), and po(x) = po(t + 20) = Ba(t), 

thus, it reduces (2.1) to (3.12). Further, since this transformation shifts 

every point by —2o, if ao is an ordinary point of (2.1), then t = 0 is an 

ordinary point of (3.12). 


3.6. The proof is similar to that of Problem 3.5. 


3.7. The transformed equation is fy + (3+) au + xy = 0. 


3.8. Since +p (F) = 1, and el (4) — Lata is not analytic at t = 0, the 


point x = oo is an irregular singular point. 


3.9. Irregular singular, regular singular, irregular singular, regular singu- 
lar, irregular singular, regular singular. 


3.10. Verify directly. 


Lecture 4 


Solution at an Ordinary Point 


In this lecture we shall construct power series solutions of Airy, Her- 
mite and Chebyshev DEs. These equations occupy a central position in 
mathematical physics, engineering, and approximation theory. 


We begin by proving the following theorem, which provides sufficient 
conditions so that the solutions of (2.1) can be expressed as power series at 
an ordinary point. 


Theorem 4.1. Let the functions p;(x) and po(x) be analytic at x = x0; 
hence these can be expressed as power series in (a — x9) in some interval 
|x — xo| < ps. Then, the DE (2.1) together with the initial conditions 


y(to) =o,  y'(@o) = 41 (4.1) 


possesses a unique solution y(a) that is analytic at vo, and hence can be 


expressed as 
co 


y(z) = So cm(a — x0)” (4.2) 


m=0 


in some interval |” — x0| < yw. The coefficients cm, m > 2 in (4.2) can be 
obtained by substituting it in the DE (2.1) directly. 


Proof. In view of Problem 3.5 we can assume that x = 0. Let 


pi(2) aa > Pinks p2(a) = se Dm=™, |ar| <p (4.3) 
m=0 m=0 
and = 
y(2) = » Cra, (4.4) 
m=0 


where co and c, are the same constants as in (4.1). Then, 


y'(2) = So (m+ lempe™, y" (2) = So (m+ 1)(m+ 2)emp22™ 
m=0 m=0 


pi(a)y/(2) = > (s-« . DeFn) a, 


m=0 \k=0 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
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p2(x)y( = 3 (Seen .) ie 


m=0 


Substituting these expressions in the DE (2.1), we obtain 


+ (m+ 1)(m + 2)empe + Sok + 1)ck4ABm—p + x ain a” =0. 
m=0 k=0 k=0 


Hence, y(a) is a solution of the DE (2.1) if and only if the constants c», 
satisfy the recurrence relation 


Cm4+2 = — 


GLUES dt {(K+ 1ck+1Pim_~ + CePm— ): m>0 
= 


which is the same as 


1 m—2 
=), bs {(k + 1)ch+1Pim—n—2 + ChPm—k-— IF m > 2. 


k=0 
(4.5) 
By this relation c2,c3,:-- can be determined successively as linear combi- 
nations of cp and cy. 


Now we shall show that the series with these coefficients converges for 
|x| < p. Since the series for p;(x) and po(a) converge for |a| < pu, for any 
|x| = uo < p there exists a constant M > 0 such that 


Pim) < M and |pjlug < M, j=0,1,---. (4.6) 
Using (4.6) in (4.5), we find 
m—2 
M (k + 1)lex4i Icx| M|cm—1|b0 
em) Ss {ee oe 
m(m — 1) » ee ar m(m — 1) 
(4.7) 


where the term M|cm—1|Uo/m(m — 1) has been included, the purpose of 
which will be clear later. 


Now we define positive constants C,, by the equations Co = |co|, Ci = 
|e F 


m—2 
M k+1)C C MC 
On = ay {Seuss +} amt m2. 
m(m — 1) = fic Ho m(m — 1) 
(4.8) 


From (4.7) and (4.8) it is clear that |¢m| << Cm, m=0,1,---. 
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Next we replace m by m + 1 in (4.8), to obtain 


‘ M oe Wry | Ch } MC nbto 
Td ee aay LY hol ana <Tan any 
a m(m + 1) i ue k-1 ue k-1 m(m + 1) 
and hence 
m—2 
M p10 (k + LCi Cy 
MoCm+1 m(m + 1) » { m—k—1 v m—k—1 
k—0 Mo Mo (4.9) 
M p10 MCn po 
m(m + 1) [mCm + Cra] + m(m + 1) 
Combining (4.8) and (4.9), we get 
M m(m — 1) 
HoCm-+1 mil) een a H0Cn-| 
M po MCnpe 
a ae ee Cn Cm= ae ee ee ce: 
m(m + 1) aa + m(m +1) 
which is the same as 
(m —1) mM poCm MC wpe 


LoCm+1 => (4.10) 


(m + 1) rary aR m(m +1) 


Thus, the addition of M|cm—1|t0/m(m — 1) in (4.7) has led to a two-term 
recurrence relation (4.10) from which we have 


Cae _ m(m — 1) sonia oe 
Cmx™ - Liom(m + 1) 
and hence 
. | Cm || 
li =—. 
m—oo Cyrez™ Lo 


Thus, the ratio test establishes that the series }>_9 Cmax"™ converges for 
|x| < uo, and by the comparison test it follows that the series }7_9 ¢mz™ 
converges absolutely in |x| < uo. Since to € (0,42) is arbitrary, the series 
converges absolutely in the interval || < pu. 


Hence, we have shown that a function which is analytic at x = 29 
is a solution of the initial value problem (2.1), (4.1) if and only if the 
coefficients in its power series expansion satisfy the relation (4.5). Also, 
from the uniqueness of the solutions of (2.1), (4.1) it follows that this will 
be the only solution. a 


Airy’s equation. Solutions of Airy’s DE (3.14) are called Airy 
functions, which have applications in the theory of diffraction. Clearly, 
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for (3.14) hypotheses of Theorem 4.1 are satisfied for all x, and hence its 
solutions have power series expansion about any point x = xo. In the case 
to = 0, we assume that y(x) = \>>_9 Cm2™ is a solution of (3.14). A direct 
substitution of this in (3.14) gives 


> (m+ 1)(m + 2)em42u"™ — x > Cmx™ = 0, 
m=0 m=0 


which is the same as 


2a + » [(m 7 1)(m tr 2)em+2 = Cnaile = 0. 


m=1 


Hence, it follows that 


c= 0, Cm = m(m — 1)" m > 3. (4.11) 


If m = 3k + 2, then (4.11) becomes 


1 1.2.3.6.9---(3k) 


2. 3-1 = = 0, F=1,2,---. 
ot? Gee QGepl) Geta! 7” — 


If m = 3k +1, then (4.11) is the same as 


1 O66 = 1) 


= 63, 9 = —— 7}, k= 1,2, --:-. 
C3k+1 (3k + Dak) 2 (3k +1)! C1, 45 


If m = 3k, then (4.11) reduces to 


1 1.4.7-+-(3k — 2) 
o = Taran dy) o— aS aa k = 1 2 eee 
st ~ GR) GE-1) Gr 2, 
Since 
y(x) =co teat ye Cape" + > Can ett + x Cangoteet?, 
k=1 k=1 k=l 


Airy functions are given by 


afer 2.53 BGR) ass 


1A. k= =2) 3k 
) =e ier. GBk+ 1)! 


= coyi(z eer i 
(4.12) 
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Finally, since yi(0) = 1, y{(0) = 0 and y2(0) = 0, y$(0) = 1 functions 
yi() and y2(a) are linearly independent solutions of Airy’s equation (cf. 
Theorem 2.2). 


Hermite’s equation. Solutions of Hermite’s DE (3.16) are called 
Hermite functions. This equation is used in quantum mechanics to study 
the spatial position of a moving particle that undergoes simple harmonic 
motion in time. In quantum mechanics the exact position of a particle at 
a given time cannot be predicted, as in classical mechanics. It is possible 
to determine only the probability of the particle’s being at a given location 
at a given time. The unknown function y(x) in (3.16) is then related to 
the probability of finding the particle at the position x. The constant a is 
related to the energy of the particle. Clearly, for (3.16) also hypotheses of 
Theorem 4.1 are satisfied for all x, and hence its solutions have power series 
expansion about any point x = zo. In the case xp = 0, we again assume 
that y(z) = >>) ¢nz™ is a solution of (3.16), and obtain the recurrence 


relation ‘ 5 
= A ae sk m = 2,3,++°. (4.13) 


me m(m— 1) 


From (4.13) it is easy to find 


(—1)™2?"T (Sa + 1) 


ie © a = 0.1. a8 
(2m)! (a—m+1)” ells 


C2m = 
and 2 1 1 1 
(<1y"2t™P (Ja + 3) 


=0,1,--°. 
2(Qm+l!0(a—-m+iy 


C2m41 = 
Hence, Hermite functions can be written as 
3 (=1)"(2n"" 
(2m)! T ($a—m +1) 


5) 2 (2m +1)!T (Sa—m+$) 


y(z) 


II 
fe) 
So 
FI 
a 
Nle 
=) 
+ 
= 


m=0 
= coyi(x) + cry2(a). 


Obviously, yi(x) and y2(a) are linearly independent solutions of Hermite’s 
equation. 


Chebyshev’s equation. The Chebyshev DE (3.15), where a 
is a real constant (parameter), arises in approximation theory. Since the 


functions 
a2 


1— 2? 


Ps 6) 
pi(x) = a and = p2(x) = 
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are analytic for |2| <1, « = a) = Oisanordinary point. Thus, Theorem 4.1 
ensures that its series solution y(a) = >>) Cmax” converges for || < 1. To 
find this solution, we substitute it directly in (3.15), to find the recurrence 
relation 
(m? — a?) 
ee rie Dione 
which can be solved to obtain 


on  E@ YR? = 02) +++ (2m = 2)? = 02) | 
2m = (2m)! 0> 


Cm, m>O0 (4.15) 


14 5 CAI of) (Om —2)? = Pan 


Wie) =e a (2m)! 
(1? — a?) (3? — a?) + ((2m — 1)? — a?) omg 
+e, }U+ a ome + | 


l| 


coyi(x) + c1y2(z). 

(4.16) 
It is easy to verify that y;(“) and y2(a) are linearly independent solutions 
of Chebyshev’s equation. 


Problems 


4.1. Verify that for each of the following DEs the given point is an 
ordinary point and express the general solution of each equation in terms 
of power series about this point: 


i) y’+ay’+y=0, cx=0 
ii) 


y 
iii) y 


b2?y'+acy=0, c=0 


Mu 
M 


+27y=0, «=0 

(x? —1)y” —6ry'+ 12y=0, r=0 

(x? —1)y” + 8ay'+ 12y=0, r=0 

) y” —2(a+3)y’-3y=0, c=-3 

i) y” + (a — 2)?y’ —7(a@-2)y=0, r=2 
viii) (x? — 2x)y"” + 5(2@ —1)y'+3y=0, x=1. 


iv) 


v) 


Vv. 


1 
i 


( 
( 
( 
( 
( 
( 
( 
( 


4.2. For each of the power series obtained in Problem 4.1 find the 
radius of convergence and the interval of convergence (the interval centered 
at xo in which the power series converges). 
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4.3. Find series solutions of the following initial value problems: 
i) y" +ay'—2y=0, y(0)=1, y(0)=0 
ii) «(2—2x)y" —6(@—1)y’—4y=0, yl) =1, yl) =0 
iii) y” +e"y’+(1+a*)y=0, y(0)=1, y(0) =0 
iv) y” —(sinz)y=0, y(m)=1, y'(r) =0. 


4.4. If the hypotheses of Theorem 4.1 are satisfied, then the solution 
y(x) of (2.1), (4.1) possesses a unique Taylor’s series expansion at 2p, ie., 


me Gore 
y(z)= S> Pro) — 20)”. (4.17) 
m=0 . 


For many problems it is easy to find y”) (a9) for all m, and hence we can 
start directly with (4.17). We call this procedure Taylor’s series method. 
Use this method to solve the following problems: 


(i) y’+y=22-1, y1)=1, y’/1)=3 
(ii) y” +4y'+3y=0, y(0)=1, y/(0)=-1. 


4.5. Van der Pol’s equation, 
1 2 / 
yo +uly — ly +y =0, (4.18) 


finds applications in physics and electrical engineering. It first arose as an 
idealized description of a spontaneously oscillating circuit. Find first three 
nonzero terms of the power series solution about x = 0 of (4.18) with pp = 1 
subject to the conditions y(0) =0, y’(0) = 1. 


4.6. Rayleigh’s equation, 
my” + ky = ay’ — W(y')°, (4.19) 


models the oscillation of a clarinet reed. Find first three nonzero terms of 
the power series solution about x = 0 of (4.19) with m = k=a=1, b=1/3 
subject to the conditions y(0) =1, y’(0) = 0. 


Answers or Hints 


™m 


i =1 —1)™ 2” m! ; 
4.1. (i) 60D pno get + 01 Veo —G omy gam 
= 242.72... aye 
(ii) co [1 1% nC ee ea 
2-2 92 2 
+¢y [e+ een ue 5 Gant) gent] 
(=1)" ett 


see oo (-1)"24™ oo 
(ili) Co [1 + ont 3-7---(4m—1) 4™ =| + cy ae 1-5-9---(4m+1) 4™ m! 
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iv) eo(1 +62? 4+ 2*)+e(2+ 23 
(iv) co( 
(v) co 19°_o(m + 1)(2m + 1)2?™ + 0, rve_, EUs) pam+ 
(vi) co [1 + OR Se (e+ am 
+¢1 Dmao omen (e+ 8)" 
3 oo (—1)™*128(2—2)3™ 
(vii) co [1 tt mi eee 
+e [(e —2) + $(@— 2)4+ H(w - 2)"| 


ae 1:3-5--(2m41 2” (m+)! 
(viii) co D9 g TE  (@ - 1 +1 Oo oo ty (a =] 


: 1 Crapi a 
4.2. (i) For >, i ene, | om | = pele? = so > 


0, and hence the interval of convergence is the whole real line R. For 


1)™ 2 ml! Cm - ‘ . 
par CES a amt) |= = — — 0, and hence again the in- 


terval of convergence is R (ii) IR (iii) RR (iv) R (vy) 1, (-1,1) (vi) R 
(vii) IR (viii) 1, (0,2). 


4.3. (i) 1+a? (ii) OP _g(mt1)(e@—1)?™ (iii) 1— $a? + da? — a? + 


age? +++ (iv) 1- $(@ —m)3 + y(@— 7)? + (e@—7)P 4° 
4.4. (i) y@™(1) = 0, m = 1,2,---; yemD(1) = 1, m = 2,4,--; 
y@rr) (1) = -1, m=1,38,---; (22 —1)+sin(z —1) Gi) e-*. 


1,2 1,4 = 1,5 
4.5. L+ 5x gv qr. 


— ly? — 173 4 175 
4.6. 1 gu x” + gan”. 
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Solution at a Singular Point 


In this lecture, through a simple example, first we shall show that at a 
regular singular point the power series used earlier at an ordinary point does 
not provide a solution, and hence we need to modify it. This modification is 
called the method of Frobenius after George Frobenius (1849-1917). Then 
we shall state and prove a general result which provides three possible 
different forms of the power series solution. Once the particular form of the 
solution is known its construction is almost routine. In fact, in the next 
lecture we shall illustrate this result through several examples; this includes 
a discussion of Laguerre’s equation (3.18). 


We recall that a second-order DE with a regular singular point 29 is of 
the form (3.10), where the functions p(x) and g(a) are analytic at x = Zo. 
Further, in view of Problem 3.6, we can assume that zo = 0, so that 
equation (3.10) reduces to 


x x 
yi + PA on Ey 2 (5.1) 
x x 
In comparison with at an ordinary point, the construction of a series 
solution at a singular point is difficult. To understand the problem we 
consider Euler’s equation 


Qa7y" + xy’ — y = 0; (5.2) 
which has a regular singular point at x = 0; and its general solution 
y(a) = cya? + cox (5.3) 


exists in the interval J = (0,00). Obviously, no solution of (5.2) can be 
represented by a power series with x = 0 as its point of expansion in any 
interval of the form (0,a), a > 0. For if y(z) = 0??_p¢mz™, O< <a 
is a solution of (5.2), then y(a) and all its derivatives possess finite right 
limits at « = 0, whereas no function of the form (5.3) has this property. 
Hence, at a regular singular point, solutions of (5.1) need not be analytic 
(in some instances solutions may be analytic, e.g., y(z) = ciz + C22? is the 
general solution of «?y” — 2xy’ + 2y = 0). However, we shall see that every 
such DE does possess at least one solution of the form 


CoO 


y(2) =a" > Cane’, Co F 0. (5.4) 


m=0 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
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Since p(a) and q(a) are analytic at « = 0, these functions can be ex- 
pressed as power series in 7; i.e., 


= 3 Pma™ and g(x = Qmt™. (5.5) 
m=0 


m=0 


Substituting (5.4) and (5.5) in (5.1), we obtain 


CoO 
aa 25 m+r)(m+r—1)cema™ + = (Sone ‘\( v= px MAL) Cm | 
m=0 
Co 
a) (3 ono) (- S- ona] =0, 
m=0 m=0 
which is the same as 


oe {tm -r)(m 4 lem + Sl(k T)Pm—k + Om—zl€ pa yy, 


m=0 k=0 

(5.6) 
In (5.6) the coefficient of 2”~* does not lead to a recurrence relation, but 
gives 


coF (r) = co[r(r — 1) + por + qo] = 0. (5.7) 


The other terms lead to the recurrence relation 


(m t r)(m tT Lem t Sok t r)Pm—k + dm—k|Ck = 0, e= 1,2, UF 


k=0 
which can be written as 
F(r+m)cm = [(m+r)(m+r—1)+(m+7r)po + golem 
m—-1 
(5.8) 
= > So [B+ 7)Pm—h + m—xlee: m= 1,2,---. 
k=0 


Since co 4 0, the possible values of r are those which are the roots of the 
indicial equation F(r) = 0. The roots r; and rz are called the exponents of 
the regular singular point x = 0. Once r is fixed the relation (5.8) determines 
Cm as successive multiples of cp. Thus, for two exponents r; and rg we can 
construct two solutions of the DE (5.1). However, if ry = rz, then this 
method gives only one formal solution. Further, if at any stage F(r +m) 
vanishes then this method obviously breaks down. A simple calculation 
shows that 


F(r+m) = F(r) + m(2r + po +m —1) =0. (5.9) 
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But from (5.7), we have ry + rg = 1 — po and hence if r = r; or rg, then 
(5.9) implies that m = +(r2 — 11). Therefore, F(r + m) vanishes if and 
only if the exponents differ by an integer, and r is chosen to be the smaller 
exponent. Thus, if r is taken to be the larger exponent, we can construct 
one formal solution. 


In conclusion, the DE (5.1) always has at least one solution of the form 
(5.4), and the coefficients c,,, m > 1 can be obtained by substituting it in 
the equation directly. Further, to find the second solution either the method 
provided in Lecture 2, or the method of Frobenius, can be employed. In the 
following result we summarize the conclusions of Frobenius method. 


Theorem 5.1. Let the functions p(x) and q(x) be analytic at x = 0, 
and hence these can be expressed as power series given in (5.5) for |x| < yp. 
Further, let 7; and rz be the roots of the indicial equation F(r) = r(r — 
1) + por + qo = 0. Then, 


(i). if Re(r1) > Re(r2) and r; — rg is not a nonnegative integer, then the 
two linearly independent solutions of the DE (5.1) are 


ile) = el) Gee, (5.10) 
m=0 
and o 
ite) = lel > one) (5.11) 
m=0 


(ii). if the roots of the indicial equation are equal, i.e., rg = r1 then the 
two linearly independent solutions of the DE (5.1) are (5.10) and 


yo(x) = yr (a) In || + |x!" S$ dna; (5.12) 


m=1 


(iii). if the roots of the indicial equation are such that r; — rg = n (a 
positive integer) then the two linearly independent solutions of the DE 
(5.1) are (5.10) and 


yo(x) = cys (x) In |x| +|a|"? S> ema”, (5.13) 


m=0 


where the coefficients Cm, Gm, dm, Cm and the constant c can be determined 
by substituting the form of the series for y(a) in the equation (5.1). The 
constant c may turn out to be zero, in which case there is no logarithmic 
term in the solution (5.13). Each of the solutions given in (5.10) — (5.13) 
converges at least for 0 < |x| < p. 
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Proof. (i) Since r; and r2 are the roots of the indicial equation F(r) = 0, 
we have from (5.7) that 
F(r) =r(r—1)+ por +q = (r—11)(r — 12) 
and from (5.9) that F(r; +m) = m(m+r1 — 12), and hence 
|F(r1 +m)| > m(m = |ry = r2}). (5.14) 
Also, as in the proof of Theorem 4.1, for any |x| = jlo < pu there exists a 


constant M > 0 such that |p;|ui, <M, and |q;|u2 <M, j =0,1,---. Thus, 
on using these inequalities, from (5. 14) and (5.8) it follows that 


m—-1 
m(m—|ri—Tal)leml < MS (k+|ril+ luo” * cel, m=1,2,---. 
k=0 


Now we choose an integer n such that n — 1 < |r; — re| < n, and define 
the positive constants C; as follows: 


C5 = lel. gj =0,1,---,n-1 
j-1 
GG —|r—ral)C; = Mkt Iril+lug**Cy, gannti- 
k=0 


(5.15) 
By an easy induction argument it is clear that |cm| << Cm, m=0,1,--- 


Now the result of combining (5.15) with the equations obtained by re- 
placing 7 by m and m— 1 leads to 
Cr (m — 1)(m—1 = |ri — re|) + M(m + |r|) 
Cm-1 piom(m — |r1 — r2|) 


and hence 


Thus, the ratio test shows that the series >) Cma™ converges for |x| < 
jo, and now by the comparison test S7* 9 ¢ma™ ae absolutely in 
the interval |x| < 9. However, since jig is arbitrary, the series \7~ 9 Cma™ 
converges absolutely for |x| < ys. Finally, the presence of the factor |x|" 
may introduce a singular point at the origin. Thus, we can at least say 
that |a|"! 34 ¢mx™ is a solution of the DE (5.1) and it is analytic for 
0<|a| <p. 


If we replace r; by rz in the above considerations, then it follows that 
|x|"? yor 9 Gmx™ is the second solution of (5.1) which is also analytic for 
0<|a| <p. 


(ii) Since the roots of the indicial equation Fr) = 0 are repeated, i.e., 
ry = 12, we have F(r1) = (OF /Or),=,, = 0, and there exists a solution 
yi(£) = 2 9 Cma™ in the interval 0 < z < p. 
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Now in (5.6) we assume that r is not a solution of the indicial equation, 
but the coefficients c,, satisfy the recurrence relation (5.8). Thus, if £L2[y] 
represents the left side of (5.1), then 


Lo[y(x)] = cox” °F (r), (5.16) 
where y(¢) = 2" 7g Ont 


From (5.16), it follows that 


Fealyle)| = 0 |) — gar? [PE 4. r(r) ne 


and hence £2 [(Oy(x) /Or),=,,] = 0, i-e., (Oy(x)/Or),=,, is the second formal 
solution. Since 


oul 2) = sine eno” +a" Lee 


we find 


y2(x) = (2) =y(r)Ine+ 2" % dma™ 


m=0 


where 


OCm 
— aie eee 1 
d ( Ar ) m=0 (5.17) 
Clearly, co does not depend on r, and hence dp is zero. 


Finally, we note that the case —y < a < 0 can be considered similarly. 
Further, since >> _9 ¢ma™ is uniformly and absolutely convergent for |a| < 
1 < p, it follows that \>>°_, dma™ is uniformly and absolutely convergent 
for |z| < 41 < p; this also justifies our assumption that differentiation with 
respect to r can be performed term by term. Consequently, the solution 
y2(a) is analytic for 0 < |a| < py. 


(iii). Since the roots r; and r2 of the indicial equation F(r) = 0 are such 
that r1 —7r2 = n (a positive integer), it is immediate that the solution y; (2) 
corresponding to the exponent r; can be given by (5.10). Further, yi() is 
indeed analytic for 0 < |a| < p. 


Corresponding to rg we can obtain c»(r2) form = 1,2,---,n-—lasa 
linear multiple of co from the recurrence relation (5.8). However, since in 
(5.8) the coefficient of c,(r2) is F(r2 +n) = F(r1) = 0 we cannot obtain 
a finite value of c,(r2). To obviate this difficulty we choose co(r) = r — ro, 
so that ¢m(r2) = 0 for m = 0,1,---,2—1 and c,(r2) is indeterminate. Let 
us choose an arbitrary value of c,(r2). Repeated application of (5.8) now 
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yields Cn4m(r2) as linear multiples of c,(r2) for positive integers m. This 
process produces the solution 


co lo) co 
2 \ Cm(T2)0™ Sagti-n S- Cm(T2)x™ = gM > Cm(T2)a"—” 
m=n m=n m=n 


co 
Sa S- Ch (r2)a", 
T=0 


(5.18) 
where c*(r2) = Cn47(r2), T = 0,1,---+. However, since the successive coef 
ficients are calculated from (5.8), this solution is a constant multiple of the 
solution yi(2). 


Once again, as in Part (ii), we take r not to be the solution of the indicial 
equation but the coefficients c, satisfy the recurrence relation (5.8), so that 


Loly(x)] = cox”? F(r) = cox” 2 (r — 11) (r — re) = 2” 7 (r — 1r1)(7 — 12)”. 


Now on account of the repeated factor, we have £2 [(Oy(x)/dr) 
0, and hence (Oy(x)/Or) is the second formal solution, i-e., 


ia — 


T=7T2 
y2(x) = 2"? In |a| y Cm(r2)a™ + 2”? 3 (=) oe, 
m=0 m=0 or P=2 
which from (5.18) is the same as (5.13), where 
OCm 
c= lim (r—re)en(r) and en = ae , m=0,1,---. (5.19) 
T—79 T =78 


Clearly, this solution y2(x) is also analytic for 0 <|az|<yp. 


Lecture 6 


Solution at a Singular Point 
(Cont’d.) 


In this lecture, we shall illustrate Theorem 5.1 through several examples. 
We begin with Laguerre’s equation (3.18) which shows how easily Theorem 
5.1(i) is applied in practice. 


Laguerre’s equation. Inthe DE (3.18), a and bare real constants 
(parameters). It arises in quantum mechanics. Clearly, in this equation 
p(t) = (a+1-—2) and q(x) = be are analytic for all z, and hence the 
point x = 0 is a regular singular point. Since po) = a+ 1, qo = O the 
indicial equation is F(r) = r(r — 1) + (a+ 1)r = 0, and therefore the 
exponents are r; = 0 and rg = —a. Further, since py = —1, q, = b and 
Dm = Gm =0, m > 2 the recurrence relation (5.8) for r; = 0 and rg = —a, 
respectively, reduces to 


m(m + a)Cm = (m —1 = b)em—1 
and 
m(m — a)Cm = (m—1—a-— b)em-1. 
Thus, if a is not zero or an integer we easily obtain the solutions 


b  _ ob=1) 
a+1 2!(a+1y(at+2)~ 


— (mati rb+) a» 
= Lo aitgmtet) etiam)? 


yi(a) = 1- 
(6.1) 


m=0 


< 
i) 
a 
| 
& 


a a+b 1 (a+b)(a+b-1) 4 
| Cia aeaeea 


= (-1)" T(a+64+1)TO-a) Pa 
a ae eioa 


(6.2) 


m=0 


Clearly, in view of Theorem 5.1(i) both of these solutions converge at least 
for 0 < |x| < co. Further, the general solution of (3.18) appears as y(x) = 
Ayi(«) + Byo(x), where A and B are arbitrary constants. 
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The following example also dwells upon the importance of Theorem 
5.1(i). 


Example 6.1. In the DE 


1 1 
200 ! 
x Fel xr-s= + ~y=0 : 
y ( 5) a4 (6.3) 


p(a@) = x — (1/2) and q(x) = 1/2 are analytic for all x, and hence the point 
x = Oisaregular singular point. Since pp = —1/2 and go = 1/2 the indicial 
equation is 


F(r) =9(r-1)—grt5=-1) (--5) a 


and therefore the exponents are r; = 1 and rg = 1/2. Thus, Theorem 5.1(i) 
is applicable and we can construct two linearly independent solutions in 
any interval not containing the origin. 


The recurrence relation (5.8) for r; = 1 reduces to 
(m+) 
m{m+ 3 Cm = —MCm-1, 


which is the same as 


and gives 


om 


om = ("Op Damaiy 3 


Co, m = 1,2,--- 


Similarly, the recurrence relation (5.8) for rg = 1/2 is simplified to 
Cm = —Cm—1/m, which gives 


1 
Cm = (-1)"—c, m=1,2,---. 
m! 
Thus, the linearly independent solutions of the DE (6.3) are 


. m (2x)™ 
yri(x) = |ar| XV One DGn= 13 


and 
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Further, the general solution of (6.3) in any interval not containing the 
origin is y(a) = Ayi(x) + Byo(x), where A and B are arbitrary constants. 


Our next example uses Theorem 5.1 (ii). 
Example 6.2. In the DE 
a(1—a)y" +(1—2)y’-y=0 (6.4) 


p(x) = 1 and g(a) = —a/(1— 2) are analytic for all || < 1, and hence 
the point « = 0 is a regular singular point. Since po = 1 and qo = 0, the 
indicial equation is F'(r) = r(r — 1) +r = 0, and therefore the exponents 
are rT] = rq = 0. Substituting directly y(z) = 2” _gc¢mz™ in the DE 
(6.4), we obtain 


Co 
regu" 1b + S- [(m + 1)? Gen —(m+r— 1)2em—1 - el gmtr-1_o, 


m=1 
Thus, the recurrence relation is 


(m+r—1)?+1 
(mtr? 


Cm = Cm—-1) m=1,2,---. 


Now a simple calculation gives 


(r2 41)(r 4124.1). (r9 + m— 2)? 41) 
= —— er Dieraeme ce Oe eee) 


and hence the first solution corresponding to r = 0 is 


2. 1.2.5-+-((m—1)? +1) ,, 
m=1 : 
To find the second solution we logarithmically differentiate (6.5) with 
respect to r, to find 


cn 2(r-+k—1) 3 2 
ery Gee eel (r +k)’ 


Thus, the second solution can be written as 


yo(z) = yi(x) In jel+250 ot (>. an 
k=l 


m=1 
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Clearly, in view of Theorem 5.1(ii) both of these solutions converge at 
least for 0 < |a| < 1. Further, the general solution of (6.4) appears as 
y(x) = Ayi (a) + By2(a), where A and B are arbitrary constants. 


Our next two examples explain the importance of Theorem 5.1 (iii). 
Example 6.3. In the DE 
ry” +2y’-y=0 (6.6) 


both the functions p(x) = 2, q(~) = —a are analytic for |x| < oo, and hence 
the origin is a regular singular point. Since pp = 2 and qo = 0, the indicial 
equation is F(r) = r(r —1)+2r =r? +r =0, and therefore the exponents 
are rT; = 0, ro = —1. Further, we note that the recurrence relation (5.8) for 
the equation (6.6) reduces to 


(m+r)(m+r+1)em=c¢m-1, m=1,2,--> 


which easily gives 


1 
= Se er ls = 1, 2, cae 
mE Drt22r+32:-(rtme(rt+mtl” ™ 

(6.7) 
For the exponent r; = 0, (6.7) reduces to 
1 
eT i aC = 120083 
: m! (m+ iy - 


therefore, the first solution y;(x) is given by 


co 


1 m 
ie) x m! (m+ DI ; 


Now to find the second solution we let co = r — rp = (r+ 1), so that 


(r+ 1) 


= li 1 = lim ——— = 1 
SS ee = enero 
and (6.7) is the same as 
1 
Cm = m= 1,2, - (6.8) 


(r+ 2)2---(r+m)2(r +m-+4+ 1)’ 


Now a logarithmic differentiation of (6.8) with respect to r gives 
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and hence 


ego=a(-l) = 1 


1 1 1 
= / =] => a a a re —2 Te. sae 
e et ) 1?.2?---(m—1)?m Ds k 4) 


k= 
= : E > . + a m=1,2 
mi (m—1)!| ak m , _ 
Thus, the second solution y2(a) appears as 
= 1 aa a | 
yo(x) = yr(z) In |x| + |a|? c = 2. alin =a)! : ae *) " : 


Clearly, in view of Theorem 5.1(iii) both of these solutions converge at least 
for 0 < |x| < oo. Moreover, the general solution of (6.6) can be written as 
y(a) = Ayi (a) + Byo(x), where A and B are arbitrary constants. 


Example 6.4. In the DE 


zy” —y’ +42%y =0 (6.9) 
both the functions p(x) = —1, q(x) = 42+ are analytic for |x| < oo, and 
hence the origin is a regular singular point. Since pp = —1 and q = 0, the 


indicial equation is F(r) = r(r — 1) — r = r? — 2r = 0, and therefore the 
exponents are ry = 2, rg = 0. Thus, two linearly independent solutions of 
(6.9) are of the form (5.10) and (5.13). A direct substitution of these in the 
equation (6.9) computes the solutions explicitly as 


i D — (1) m 
yi(a) = 2x Pe Qmiil” 


and 


_ _ (=i)? Am 

ya() =) Qm)l 
Note that for the equation (6.9) in (5.13) the constant c = 0. Further, in 
view of Theorem 5.1 (iii) both of these solutions converge at least for 0 < 
|x| < oo. Again, the general solution of (6.9) appears as y(#) = Ayi(a) + 

By2(x), where A and B are arbitrary constants. 


Problems 


6.1. Compute the indicial equation and their roots for the following 
DEs: 


(i) ay” +y'+a2y=0 
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~ 


ii) 2?y” + ay’ + (2? —1/9)y=0 
iii) w?y" + (a +2)y'—y=0 


bo 
> 
= 
~ 


( 

( 

(iv) 2?y” + xy’ + (2? —1/4)y=0 
(v) x(a —1)y" + (2% —1)y’ —2y =0 
( 

( 

( 


vi) wy” +3sinay’ —2y=0 
vii) 2?y” + (1/2)(«@+sinz)y’ +y =0 
viii) ey” + a2y’+(1—a2)y=0. 


6.2. Verify that each of the given DEs has a regular singular point at 
the indicated point x = xo, and express their solutions in terms of power 
series valid for x > xo: 

) 4ry!’’+2y'’+y=0, «=0 
ii) 9a?y"” + Oxy’ + (9a? —1)y=0, cx=0 
iii) 2e?y”+ay’-—(4+1)y=0, r=0 
iv) (L—2?)y"+y'+2y=0, x=-1 
) ae + (x? —7/36)y=0, «=0 
jy +2y=0, r=0 


(i 

( 

( 

( 

(v ( 

(vi) 2?y’ + ( 

(vii) 2?y” + (22 -—2)y’+y=0, x=0 
(viii) «(1 —a)y” + (1—52)y’ -—4y=0, x =0 
( 3 

( 

( 

( 

( 

( 

( 


ix) (2? +a3)y" —(x@4+27)y’+y=0, r=0 


x) we Qry 


ay=0, 2=0 


xi) ay” +4ay’+(2+2)y=0, r=0 
xii) a(1—a)y” —3ay’-y=0, x=0 
xiii) 22y"” Shee z=0 


) 

( 

xiv) a(14+<a)y"’ + (a+5)y’-—4y=0, «=0 
*) 


xv) (a —a*)y” — 3y’ 2.5 2: x=0. 

6.3. A supply of hot air can be obtained by passing the air through a 
heated cylindrical tube. It can be shown that the temperature T' of the air 
in the tube satisfies the differential equation 


(?T upCdT  2xrrh 

dx? kA dx % kA 
where x = distance from intake end of the tube, u = flow rate of air, p = 
density of air, C = heat capacity of air, k = thermal conductivity, A = 
cross-sectional area of the tube, r = radius of the tube, h = heat transfer 
coefficient of air (nonconstant), T,, = temperature of the tube (see Jenson 
and Jefferys, 1977). For the parameters they have taken, the differential 
equation (6.10) becomes 

aT dT 


Tar ~ 26200—— - 114302-1/?(T,, — T) = 0. (6.11) 


(Tw —T) =0, (6.10) 
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(i) Show that the substitution y = T,, —T, z = z? transforms (6.11) into 


@ d 
es 524002) 4 45720z2y = 0, (6.12) 


dz? Zz 
for which z = 0 is a regular singular point with exponents 0 and 2. 


(ii) Find first few terms of the series solution of (6.12) at z = 0 for the 
exponent 2. 


6.4 In building design it is sometimes useful to use supporting columns 
that are special geometrical designs. In studying the buckling of columns 
of varying cross sections, we obtain the following differential equation: 


ary 


dx? 
where k > 0 and n is a positive integer. In particular, if mn = 1, the column 
is rectangular with one dimension constant, whereas if n = 4, the column is 
a truncated pyramid or cone. Show that for the case n = 1, the point « = 0 
is regular singular with exponents 0 and 1. Also, find the series solution at 
x = 0 for the exponent 1. 


@ + k?y =0, 


6.3 A large-diameter pipe such as the 30-ft-diameter pipe used in the 
construction of Hoover Dam is strengthened by a device called a stiffener 
ring. To cut down the stress on the stiffener ring, a fillet insert device 
is used. In determining the radial displacement of the fillet insert due to 
internal water pressure, one encounters the fourth order equation 


wy” + Gay” + by” +y=0, 2>0. ots) 


Here y is proportional to the radial displacement and x is proportional to 
the distance measured along an inside element of the pipe shell from some 
fixed point. Find series solution of (6.13) at 2 = 0 for which the limit as 
x — 0 exists. 


6.6 Consider the Lane-Emden equation 
xy” +2y'+ay" =0 (6.14) 
with the initial conditions 
y(0)=1, y'(0) =0. (6.15) 


Astrophysicists and astronomers use equation (6.14) to approximate the 
density and internal temperatures of certain stars and nebula. Show that 
the series solution of (6.14), (6.15) can be written as 


78 


6 
y(z) = 1-—+n—+(5n Bn) + (70m —183n? + 122n*) = = 


3-7! 
+(3150n — 1080n? + 12642n3 — 5032n*) 


10 


Ga 
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Thus, in particular deduce that 


6.7 The Lane-~Emden equation 
xy” +2y' +x2e¥ =0 (6.16) 


appears in a study of isothermal gas spheres. Show that the series solution 
of (6.16) with the initial conditions y(0) = y’(0) = 0 can be written as 


be Me ae 


122 61-67 
2. pera 6 8 10 
y(a) = ge + ae" — eye t 


81-8! 495-10!" 
6.8 The Lane-~Emden equation 
zy” + 2y'+2e7¥ = (6.17) 


appears in the theory of thermionic currents when one seeks to determine 
the density and electric force of an electron gas in the neighborhood of a hot 
body in thermal equilibrium. Find first few terms of the series expansion 
of the solution of (6.17) satisfying the initial conditions y(0) = y’(0) = 0. 


6.9 The White-Dwarf equation, 
ay" + 2y' + a(y? — C)3/? =0, (6.18) 


was introduced by S. Chandrasekhar in his study of gravitational potential 
of the degenerate (white-dwarf) stars. This equation for C' = 0 is the same 
as (6.14) with n = 3. Show that the series solution of (6.18) with the initial 
conditions (6.15) in terms of gq? = 1 — C can be written as 


Te ao 6 q° 2 8 
yz) = 1 = Ta = (59 + 14)2 + 3 (3394 + 280)x 
7 
+5 (14259! + 114369 + 4256)0"° + ---. 


6.10 Show that for the DE 
a°y" + a(x + 1)y’ —y=0 


xo = O is an irregular singular point. Find its solution in the form y = 
> oo 
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Answers or Hints 


6.1. (i) r(r—1)+$r =0, m1 =0,r2 = § (ii) r(r-1)+r-§ =0, n= 
3,%2 = —q (ili) r(r—1)+r—-1=0, m1 = 1,72 =—1 (iv) r(r—1)4+r—-F = 
0, m1 = $72 = —§ (v) r(r—1)+r=0, 1 =0 (vi) r(r—1)4+3r-2= 


r =f72 
0, 77 = —14+/3,r2 = -1— V3 (vii) re ee 0, m1 =t,rg =-1 
(viii) rir —1)+r+1=0, n=itr=- 


love) ene 1)™ (fz)? 
232 :— oe yo(x )= a ee ae 


_1)™gm_2m 


= a8 a + an 1 2-4-6. (2m) 8-14-20: (6m-+2) 


= (- 1)™3™a 2m 
= ve i+ De 1 2-4-6---(2m) 4-10-16---(6m— | 


1 
2 
(iv) yi(z) = 1—-2(@4+1) + F(a +1), 
yo(x) = (w+ 1)? [1 — 2 (w+ 1) + ORs ow + 1)” 
S13" ate 
(v) y1(2) =27/6 i+ De mot ees: 


yo(t) = 2-8 114 8 eee 
(vi) y1(2) = 2l6(e) cos(in 2) — (2) sin(In 2), 
yo(x) ae ae ae as where 
Oe) = 1~ fet bet, ve) = de et 
(vii) y 1(x) —— ae o + z™, 
yo(v) = yi(xz) nax+al[x— 3 (14+$)2?+4(14+94+ 5) 0 ---] 
(vill) y1(2) = 2 _g(1+m)22", yalx) = yn(2) ine 25-2 m(mn-+ 12 
(ix) yi(a) =a(14+ 2), yo(x) =yi(x) nate | 22 — peer i | 
(x) 91(2) = Deco meee 
yo(a) =—yi(2)Ine +2 [1- De ay (2 e+ 2) a” 
(xi) m1 (2) = 27) Dro at eee”: ae 
to? [1-Day (2 b+ 3) "| 
(xii) yi(x) = 2(1—2)~?, ya(x) = ya(a )Ina+ (1-2)? 
(xiii) yi(x )=2* pes 0m! mo ’ 
yo2(x) = i391 (2) )Ina+a7!(1—$a4+ 4a? — part... 
(xiv) yi(z) = 1+ ga+ 2”, ie ) =a-4(1+ 4a + 52?) 
(xv) y(x) = OP_s(m — 8)e™, yo(x) = 14+ ga + 52? 


6.3. co [27 + 1310024 + 30482° + 348220000 26 + ...] (although coefficients 
Cn are large, the series converges). 


— 
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a a ee ee, Se 
6.4. co (2 Bre + aye” — ape” + ape? — 


oo m gem oo m greet 
6.5. Cod m=o(—1) (aml) ama) + C1 dim=0(—1) ((2m+1)!)?(m+1)° 


6.8. If y(x) isa solution of (6.16), then —y(izx) a solution of (6.17), y(x) = 
ae lee ie Oe ee 
ov — 5at ~ ae ~ Bret ~ aps-101% ie 


6.10. yay SH — = cel/*, 
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Legendre Polynomials 
and Functions 


The Legendre DE (3.19), where a is a real constant (parameter), arises in 
problems such as the flow of an ideal fluid past a sphere, the determination 
of the electric field due to a charged sphere, and the determination of the 
temperature distribution in a sphere given its surface temperature. In this 
lecture we shall show that if the parameter a is a nonnegative integer n, 
then one of the solutions of (3.19) reduces to a polynomial of degree exactly 
n. These polynomial solutions are known as Legendre polynomials. We 
shall obtain explicit representations of these polynomials and discuss their 
various properties. 


Since the functions 


Qu a(a +1) 
Bg OS PES ae 
are analytic for |z| <1, « = a9 =0 is an ordinary point for (3.19). Thus, 
Theorem 4.1 ensures that its series solution y(x) = )>°_9 ¢m@™ converges 
for |z| < 1. To find this solution, we substitute it directly in (3.19), to 
obtain 


(1- x yy m+1)(m+ 2)em+2u"™ —2x a mt 1l)empi2™ 
m=0 


m=0 


a(a +1) S- Cmax” = 0 


m=0 
which is the same as 
S- [((m + 1)(m+ 2)em+e — {(m — 1)m+ 2m — a(at 1)} em] 2” = 0, 
m=0 
or se 
S~ [(m +1) (mt 2emsa + (a+ m+ 1)(a—m)em] 2 = 0. 
m=0 


But this is possible if and only if 
(m+ 1)(m+ 2)em+2 + (a+m+1)(a-—m)cmn =0, m=0,1,--- 
R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 


Universitext, DOI 10.1007/978-0-387-79146-3_7, 
© Springer Science+Business Media, LLC 2009 
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or 
(a+m+1)(a—m) 


(m+ l(m +2) 


which is the required recurrence relation. 


Cm, m=0,1,--- (7.1) 


Cm+2 = — 


Now a little computation gives 


a (-D" (a+ 2m — I(a + 2m — 3)--- (a+ Vala—2)---(a@—-2m+2) 


(2m)! 
m EP ($a4+1)0 (Sa+m+ 3) 2” 


= (-1) Pas 2)F a= m-i) Gall (my m= 1,2,--- 
(7.2) 
and 
P 7 (—1)"(a+2m)(a + 2m—1)--- (a+ 2)(a—1)(a—3)--- (a—2m4 1). 
ee (Qm+1)! : 
T ($a +3)0 (3 a+m+1)2?"+1 


= (-1)” a, m=1,2,---. 


20 (4a+1)0 (4a—m+t 4) (2m+1)! 
(7.3) 
Thus, the series solution of (3.19) can be written as 


peer emcee cat eed 


|= Cea gs Seeee ys... 
3! 5! 
= coyi(x) + c1y2(2). 
(7.4) 
It is clear that y;(”) and y2(a) are linearly independent solutions of Leg- 
endre’s equation. 


If in the DE (3.19), a is an even integer 2n, then from (7.2) it is clear 
that Con+42 = Conga = ++: = 0; ie, yi(x) reduces to a polynomial of degree 
2n involving only even powers of «. Similarly, if a = 2n + 1, then yo(z) 
reduces to a polynomial of degree 2n + 1, involving only odd powers of 
x. Since yi(a) and y2(a) are themselves solutions of (3.19) we conclude 
that Legendre’s DE has a polynomial solution for each nonnegative integer 
value of the parameter a. The interest is now to obtain these polynomials 
in descending powers of a. For this we note that the recurrence relation 
(7.1) can be written as 


— ie Die 2) yos+2 s<n-2, (7.5) 


(n—s)(n+s4+1 


where we have taken s as the index, and a as an integer n. With the help of 
(7.5) we can express all nonvanishing coefficients in terms of the coefficient 
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Cn of the highest power of x. It is customary to choose 


(Qn)! 1.3.5.---(2n—1) 
Cn = 2(nl)j2 = ey (7.6) 


so that the polynomial solution of (3.19) will have the value 1 at «= 1. 
From (7.5) and (7.6) it is easy to obtain 


(2n — 2m)! 
2” m! (n—m)! (n— 2m)! 


m 


Cn—2m = (—1) (7.7) 


as long as n — 2m > 0. 


The resulting solution of (3.19) is called the Legendre polynomial of 
degree n and is denoted as P,,(x). From (7.7) this solution can be written 
as 


(2n — 2m)! 


2” m! (n—m)! (n— 2m)! 


P(t) = Y°(-1)™ gn 2m, (7.8) 


m=0 


From (7.8), we easily obtain 
1,9 Lig 
P(x) =1, Pi(#)=2, Po(x) = 9 (3e —1), P3(a) = 3 (ox — 32), 


1 1 
Py(x) = 3 (35a" — 3027 +3), Ps(x) = 3 (632° — 70x? + 152). 


The other nonpolynomial solution of (3.19) is usually denoted as Q,,(x) 
(see Problem 7.1). Note that for each n, Q,(a) is unbounded at # = +1. 


Legendre polynomials P,,(x) can be represented in a very compact form. 
This we shall show in the following theorem. 


Theorem 7.1 (Rodrigues’ Formula). 
iL. a" 


= 7 fe? _ 1 \* 
P(x) = 5a al dam (a* — 1)”. (7.9) 
Proof. Let v = (2? — 1)”, then 
(x? — yj” = Inzv. (7.10) 
dx 


Differentiating (7.10), (2 +1) times by Leibniz’s rule, we obtain 


drtly d"v drtly my 
2 seedy —— —_ = ; paieeeeay 
(2*—1) +2(n+1)2— tn(nt+la 2 oe + (n+1) . \ 
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which is the same as 


—— + n(n +1) =0. (7.11) 


da” 
If we substitute z = d”v/dx”, then (7.11) becomes 


d2 
- oy nly Mie: 


1 —z")—_— 
( ae ee dx 


which is the same as (3.19) with a = n. Thus, it is necessary that 


d™v 


=cP,(x), 


where c is a constant. Since P,,(1) = 1, we have 


dv ad” 58 d” 
. a) dx” 0 ) x=1 da” ? ) ir ) r= 

= - n n! n—k Tt k — 97 aI 
> (aa 1) -(@ +1) Pe 

k= 2=1 

Thus, it follows that 
1d” 1 me 

P,, (x) = —— i | 


cda” 2" nl dx" 

Let {fn(x)} be a sequence of functions in some interval J. A function 
F(a,t) is said to be a generating function of {fn(a)} if 

Fa) =S hat 
n=0 

The following result provides the generating function for the sequence 
of Legendre polynomials {P,,(x)}. 
Theorem 7.2 (Generating Function). 


(1 —Qat+2?)-/? = S° Pa(a)e”. (7.12) 
n=0 


Proof. If |x| <r where r is arbitrary, and |t| < (1+ r?)!/? — r, then it 
follows that 


|2ct—t?| <  2la||t| + |¢?| 
< (Ll +r2)V/2 — Or? 41472 472 —Or(1 tr2)/2 = 1 
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and hence we can expand (1 — 2at + t?)~!/? binomially, to obtain 


1 1 
(l—#tQe—é))-¥? = 1+ 5t(2e—#) + 550'Ge— a? +0 


Tha On (22 —t)" 4+... 


The coefficient of t” in this expansion is 


(Ae Tl, oy, Tor Qwa8) 1s. 04.5 
ia  oaesgne) 
1.3-+-(2n — 5) (n — 2)(n— 3) o4)n—4 
24---(2n—4) 2 ee 
_ 1.3---(2n—1) on n(n—1) on? n(n—1)(n—2)(n—3) pia 
n! (2n—1)!1.2 (2n—1)(2n—3) 2.4 


Now as an application of (7.12) we shall prove the following recurrence 
relation. 


Theorem 7.3 (Recurrence Relation). 


(n+ 1)Pr4oi(x) = (2n + 1)e@P,(x) —nPhi(a), n=1,2,---. (7.13) 


Proof. Differentiating (7.12) with respect to t, we get 


(a — t)(1 — Qat + t?)-3/? = = Sonal ae 


and hence 
(x — t)(1 — 2at + t?)-1/? = (1 — Qat +t?) 3 nPp(x)t?}, 
n=1 
which is the same as 
(x —t) IS Pale eS me ue, 
n=1 
Equating the coefficients of t”, we get the relation (7.13). a 


Since Po(x) = 1 and P,(#) = « the relation (7.13) can be used to 
compute Legendre polynomials of higher degrees. Several other recurrence 
relations are given in Problem 7.8. 
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Next we shall consider (3.19) in the neighborhood of the regular singu- 
larity at « = 1. The transformation 7 = 1 — 2t replaces this singularity to 
the origin, and then the DE (3.19) becomes 


ay 
de 


Ht) +120) + a(a-+ ty = 0. (7.14) 


[oe} 


Considering the solution of (7.14) in the form y(t) = t” 7,9 cmt”, 
we obtain the indicial equation r? = 0, i.e., both the exponents are zero. 
Further, it is easy to find the recurrence relation 


(m+r)en =(m+r+a)\(m+r—a—lem4, m=1,2,-+-. (7.15) 
For r = 0, (7.15) when a not an integer and co = 1, gives 


r _ 
6, those, 
(m!)? T(a + 1) T(—a) 
Thus, in the neighborhood of « = 1 the first solution of (3.19) can be 
written as 


1 “ I(a+tm+i1)T(m—a) (1-—2\™ 
wl@) = Tapa) Fay 2 (m!)2 ( 2 ) i 


m=0 


Since a is not an integer, and 


1 
= lim (a-4 )@+5)[=1 
m— co m m 


it follows that the series solution (7.16) converges for |~—1| < 2 and diverges 
for jz —1| > 2. 


Cm—-1 


When a is a positive integer n, then c,, = 0 for all m > n+ 1, and 


Cm = (-1)™ seme} eo O0<m<n 


(n —m)! (m! 
and hence (7.16) reduces to a polynomial solution of degree n, 


(1am)! (1-2\" 
x eae (a) ha 


To obtain the second solution of (7.14), we return to the recurrence 


y] 


relation (7.15), whose solution with co = 1 is 
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Now a logarithmic differentiation with respect to r yields 


Oyo _—, 1 2 
Cn kt+r+a k+r-a-1 k4+r/’ 
and hence for r = 0, we get 


= i it 2 
dm = Cj,(0) = em(0) S> ( —— + ——— - =}, =e 
Cm(0) = ¢ O% (Feat Rar =) me 


Thus, from Theorem 5.1(ii) the second solution is given by 


yo(t) = yi(x)In 


1 S P(a+m+1)P(m-— a) 
T(-a) Ds (m!)? 


SaaS) 
(7.18) 


The general solution of (3.19) in the neighborhood of « = 1 can be easily 
obtained from (7.16) and (7.18). 


2 


Problems 


7.1. For a=n, one solution of the DE (3.19) is P,() given in (7.8). 
Show that the second solution is 


Ante) = Pato) fo 


and hence deduce that 


and 


7.2. Use Rodrigues’ formula (7.9) to show that 


0, if nis odd 
P,,(0) = al. -++(n—1) 
2.4---n 


, if nis even. 


7.3. Use Rodrigues’ formula (7.9) to show that all the roots of P,,(x) 
lie in the interval (—1,1) and are distinct. 
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7.4. Prove the following relations: 


(ii) i aes = 25s eg ste) tae 


n=0 


7.5. Show that if 2 = cos@ = (e + e~"*)/2, then the Legendre DE 
(3.19) can be written as 


d : 
77 (sino) +n(n+ 1) sin dy = 0. (7.19) 


Further, with this substitution, the relation (7.12) is the same as 
(ite "ae = => Pal cos 0)t 


and hence 


13s Qn= 


1 
y = P,,(cos @) = ion ) [2cosnd + 2 cos(n — 2)0 


1.n 
L.(Qn—1) 
n(n—-1) 1. 
ce Sea Eee wa Aoheisad Et, 
CEGh OTS ae ale daa 


is a solution of (7.19), where the final term T), is cos 0 if n is odd, and half 
the constant term indicated if n is even. These functions are called the 
Legendre coefficients. Deduce that the Legendre coefficients are uniformly 
bounded, in fact |P,,(cos @)| <1, n =0,1,2,--- for all real values of 6. 


7.6. Prove Laplace’s first integral representation 


oe ee [re fe A oes 


7.7. Prove Laplace’s second integral representation 


bt do 
Fala) a [a + Vx? —1cos |r 


7.8. Prove the following recurrence relations: 
(i) mPn(x) = @P,(@) — Ph_1 (x) 
(ii) (2n + 1)Pa(@) = Phys (@) — Pri (2) 
(iii) (n+ 1) Pale) = Prgi(®) — #P, (2) 
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(iv) (1 —2°)P,(®) = n(Pr—i(2) — &Pa(z)) 
(v) (1—2?)Ph(2) = (n+ 1)(@Pn(e) — Pati(z)) 
(vi) (2n+1)(1 — 2?)P! (x2) = n(n + 1)(Pr_-i(z) — Pnii(x)). 
7.9. Show that 
@) P,(lj=1 
(ii) P,(—ax) = (-1)"P, (a), and hence P,,(—1) = (-1)”. 
7.10. Show that in the neighborhood of the point « = 1 the DE (3.19) 
for a = —n has a polynomial solution of degree n — 1. Find this solution. 
7.11. Show that 
(i) Christoffel’s expansion 
P! (x) = (2n — 1)Py-1(x) + (2n — 5) Pp—3(x) + (2n — 9)Pp—s(x) +---, 


where the last term is 3P;(x) or Po(a) according to whether n is even or 
odd. 


(ii) Christoffel’s summation formula 


n 


dlr + DP.(@)P-(y) = (n+ 1) 


r=0 


7.12. The DE 


(1 — 2?)y” — 2ay’ + |n(n+1)— y=0 (7.20) 


— 
is called Legendre’s associated DE. If m = 0, it reduces to (3.19). Show 
that when m and n are nonnegative integers, the general solution of (7.20) 
can be written as 
y(x) = AP," («) + BQ? (a), 

where P’"(x) and Q?"(x) are called associated Legendre’s functions of the 
first and second kinds, respectively, and in terms of P,(a) and Q,(a) are 
given by 


Pp(x) (7.21) 


QM (a) = 1-2)" £9, (a). (7.22) 


Note that ifm > n, P!"(x) = 0. The functions Q?"(x) are unbounded for 
PS el, 


Further, show that 


| [P™ (cos $)]? sin dé = 5 
0 n 
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Answers or Hints 


7.1. Use (2.5) and compute necessary partial fractions. 


7.2. First use Leibniz’s rule to obtain P,(0) = gr op_9(—L)* [(2)] * and 
then equate the coefficients of x” in the relation (1+a)"(1—2)” = (1—2?)”. 


7.3. Use Rolle’s theorem repeatedly. 


7.4. (i) Differentiate (7.12) with respect to ¢ (ii) Begin with the right- 
hand side. 


7.5. Equate the coefficients of t”. 


d . 
7.6. Use So szea3 = Tea (a? > 67) with a = 1—-tz, b= ty/(a? — 1) 
and equate the coefficients of t”. 


7.7. Use the same formula as in Problem 7.6 with a = zt—1, b = 
t,/ (x2 — 1) and equate the coefficients of t~”~1. 


7.8. (i) Differentiate (7.12) with respect to x and t and equate, to obtain 
the relation t 77°) nt"—'Pa(z) = (x—t) 79 t” Pi (a). Finally equate the 
coefficients of ¢” (ii) Differentiate (7.13) and use (i) (iii) Use (i) and (ii) 
(iv) Use (iii) and (i) (v) Use (7.13) and (iv) (vi) Use (v) in (iv). 

7.9. (i) Use (7.12) (ii) In (7.12) first replace x by —a and then t by —t 
and then equate. 

7.10. When a = —n, the recurrence relation (7.15) reduces to m?¢m = 
(m—n)(m+n—1)em—1, m > 1, which can be solved to obtain 


ees (-)"_Sreeeo, LSm<n-l 


5) m>n. 


Therefore, the polynomial solution of (3.19) is 
Seer (—1)™(n+m-—1)! Gay 


m=0 (n—m-—1)! (m!) “2 


7.11. (i) Use Problem 7.8(ii) (ii) Use (7.13). 


7.12. Verify directly. 
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Chebyshev, Hermite, and 
Laguerre Polynomials 


In this lecture we shall show that if the parameter a in (3.15) and 
(3.16), whereas 6 in (3.18) is a nonnegative integer n, then one of the solu- 
tions of each of these equations reduces to a polynomial of degree n. These 
polynomial solutions are, respectively, known as Chebyshev, Hermite, and 
Laguerre polynomials. We shall obtain explicit representations of these 
polynomials and discuss their various properties. 


Chebyshev polynomials. From the recurrence relation (4.15) 
it is clear that in the case a = n one of the solutions of the Chebyshev DE 
(3.15) reduces to a polynomial of degree n. Here we shall provide an easier 
method to construct these polynomials. For this, in the Chebyshev DE of 
order n, 


(1 —27)y” — ay’ + n?y =0 (8.1) 
we use the substitution x = cos 0, to obtain 


1 1 @ 30 d 
(1 — cos? @) ( a t) + cos6 


dy 
sind \sin@ dé? sin? 6 d@ 


1 
sin 6 dé 


+ ny = 0, 


which is the same as 

d?y 2 

—<4+n*y=0. 

lid 
Since for this DE sinn@ and cos né are the solutions, the solutions of (8.1) 
are sin(ncos~! a) and cos(ncos~! x). The solution T;,(x) = cos(n cos~! a) 
is a polynomial in x of degree n, and is called the Chebyshev polynomial 
of the first kind. To find its explicit representation, we need the following 
recurrence relation. 


Theorem 8.1 (Recurrence Relation). 
Tn4i(2) = 2aT, (x) —Th-1(a), n> 1. (8.2) 
Proof. The proof is immediate from the identity 


cos((n+1) cos~! #)+cos((n—1) cos~! 2) = 2cos(n cos~' x) cos(cos~! x). 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_8, 
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Since Tp(x) = cos(0) = 1, Ti (x) = cos(cos~+ 


(8.2), it immediately follows that 


x) = x from the relation 


To(x) = 207-1, T3(x)=4e°-—32, T(x) = 80+ — 8a? +1. 
Now we shall show that 


(n —m-—1)! 


m! (n — 2m)! 


Tn(x) = cos(ncos~* (-1)” ay", aS 1, 


x“) = 


(8.3) 


Tryi(t) = 7 a 1)" oe 
[+=] 
(n—1) ww (-1)™(n-—1—m-—1)! pena 
a x m! (n —1— 2m)! 2) 
(2 ™(n—m 
7 2 a“ 7 a | a Z — anyon 
[4]41 
(n 1) > ( n(n i 1)! n+1—2m 
3 x m1 (wa ams en 
Thus, if n = 2k, then [4] = [+] +1=k= [2] , and we get 
Tn+1(2) 252] 
1 n+1 | m(t—m—1)\(n-—m)(n+1 eines, 
~ 3 22) et pe g-}) m! a (22) 
a4 


Similarly, ifn = 2k+ 1, then [4] =k, [24] +1=k+41, and we find 
Ta (@) 


(n —m—1)!(n — m)(n + 1) 


1 1 
=e 9 n+1 — —1 m 
3! 2 lala 5 ) m! (n—2m+ 1)! 


(2 eal 


5] 


4(—1)| 


Chebyshev, Hermite, and Laguerre Polynomials 59 


Next for Chebyshev polynomials of the first kind we shall prove the 
following results. 


Theorem 8.2 (Rodrigues’ Formula). 


= Sar, (8.4) 


1— 72)1/2 
Cee Ale 


Tr(a) = 


Proof. Set v = (1 —2?)"—1/?, to obtain (1 — x?)u’ + (2n — 1)ux = 0. 
Differentiating this relation (n + 1) times, we obtain 


(1 — 2?) D"*?y — 382D"t"y + (n? -1)D"v=0, D=—. 


Let w = (1 — 2?)!/2D"y, to get 
(1—2?)w” — aw! + n?w 
= (1 —2?)¥2 [(1 — 2?) Dy — 82D" 1p + (n? — 1) Dv] = 0. 


Thus, both w(a) and T,,(x) are the polynomial solutions of the Chebyshev 
E (8.1), and hence T,,(”) = cw(x), where the constant c is yet to be 
determined. 


Since in view of Leibniz’s rule 


(1 = ey rp _ gee 


: me pia bayVpia a2 
yn p> ut - ho ous (e— 1)""4(0-+ 1, 


the coefficient of x” in the right side of the above relation is 
“ (n—1/2\ (n-1/2 2n—1 
ja0 J mJ n 


where the last identity follows from Vandermonde’s equality. Thus, on 
comparing the coefficients of 2” in both sides of T;,(x) = cw(a) we find 
c= (-1)2"n!/(2n)!. so 


Theorem 8.3 (Generating Function). 


1-# : 
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Proof. In the expansion 


(1-2) -—1t@2-—)7 = -#*) s i"(22 — 1)" 


n=0 


clearly the constant term is 1, and the coefficient of t” is 


Hermite polynomials. For the Hermite DE of order n, ice., 
y” —2axy' + 2ny =0 (8.6) 


we follow exactly as for Legendre polynomials. Indeed, in the case a = n 
the recurrence relation (4.13) can be written as 


_ (s+2)(s+1) 


This relation with c,, = 2” gives 


(-1)™ nl gn—2m 


Thus, Hermite polynomials of degree n represented as H,,(a) appear as 


a a j(20)"-2™. (8.7) 


Ho(z)=1, Hy(x)=22, Ho(2)=4a?-2, H3(x) = 8x? — 122. 


Now for Hermite polynomials we shall prove the following result. 


Theorem 8.4 (Rodrigues’ Formula). 


2 d” 2 


H,(a) = (—1)"e” aah er. (8.8) 
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Proof. We note that the DE (8.6) can be written as 
—27,7\' a? 
(c y ) +2ne~* y=0. (8.9) 
Let y = (—1)"e* D"e-*", (D = d/dz) so that 
F 2 =, _ 2 
y’ = (-1)"e” (2xD"e 7" +)" (De ” )) ; 
and hence 
/ 2; 
(ev) = (-1)" jabre* + 2aD"(De-®’) + D™*(—22e-*”) 
— 2n(-1)" De = —Ine~*’y. 


2 


Thus, (—1)"e" D"e-®” and H,,(x) both are solutions of the DE (8.9). But 
this is possible only if H,(a#) = c(—1)"e*” D®e-*”, where c is a constant. 
Finally, a comparison of the coefficients of x” on both sides givesc=1. & 


Laguerre polynomials. For Laguerre’s DE of order n, i.e., 


cy” +(a+1—a2)y’+ny =0 (8.10) 


the solution yi(x) obtained in (6.1) reduces to a polynomial of degree n. 
This solution multiplied by the constant [(n+a-+1)/[n! T(a+1)] is called 


the Laguerre polynomial L© (2) and can be written as 


D(z) =T(nta+1) >- ot (8.11) 


In the particular case a = 0, Laguerre polynomial of degree n is simply 
represented as L,,(x) and reduces to 


ne > = (")(-2y™, (8.12) 


Problems 


8.1. Verify that the nth degree Chebyshev polynomial of the second 
kind defined by the relation 


_ sin((n +1) cos! x) 


Un(2) sin(cos~! a) 
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satisfies the DE 


Lecture 8 


(1 —2?)y"” — 3ay' + n(n + 2)y = 0. 
Show that 
. 1 
(i) Un(2) = nar ent() 
(ii) U, ( ) ~\ 1) (n m)! (2 i 2m 
ll n = ——— ee 
" come m! (n — 2m)! " 
af —2)" (n+ 1)! : 
Un “) — 1— /2 i 2 n+1/2 
(8) Ua (a) = at 2) 
(Rodrigues’ Formula) 
(iv) ee => U,,(x)t" (Generating Function) 
(v) Un4i(a) = dU n(n ae ), Up(@) =1, Ui(x) = 2x 
(Recurrence Relation). 
8.2. For Hermite polynomials show that 
oD = tala) (Generating Function) 
(ii) Ay4i(x) w oeHal oe Ao(x)=1, Ay(x) = 2a 


(iii) Al (x) = 2nHy,-1(2). 


(Recmmende Relation) 


8.3. For Laguerre polynomials show that 

Zmr—a d” 

(i) LS) (2) = a Lon a (Rodrigues’ Formula) 
n! dx” 

(ii) (1—#)7*-*exp (-* —5)- > L‘) (x)t” (Generating Function) 
re a 2n +a+ 1-2 a 1. a 
(ii) LE) (@) = a a 2) —— Ls D2); 

L (2) =1, LW (2) = 1 +a-—2«x (Recurrence Relation). 

Answers or Hints 

8.1. (i) Differentiate T,,41(x) = cos((n + 1) cos~! 2) (ii) Use (8.3) and 


(i) (iii) Use (8.4) and (i) (iv) Expand (1— 


in the relation sin(n + 2)6 4 


[2t2 —t?])~+ (v) Set 0= cos“! ax 
t sin nd = 2sin(n + 1)0cos 0. 
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8.2. (i) Expand e~ e2*¢ (ii) Differentiate both sides of (i) with respect 
to t and equate the coefficients of t” (ii) Differentiate (8.8). 


8.3. (i) Use Leibniz’s rule (ii) Expand (1—t)~!~* exp (-24) (iii) Dif. 
ferentiate both sides of (ii) with respect to ¢ and equate the coefficients of 
nae 
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Bessel Functions 


Bessel’s differential equation (2.15) with a = n first appeared in the 
works of Euler and Bernoulli whereas Bessel functions, also sometimes 
termed cylindrical functions, were introduced by Bessel, in 1824, in the 
discussion of a problem in dynamical astronomy. Since many problems of 
mathematical physics reduce to the Bessel equation, in this lecture we shall 
investigate it in somewhat more detail. 


In the Bessel DE (2.15) the functions 


2_ 2 
xpi(e) =2() =1 and 2*po(x) = x” (- = )-28-2 
x 


are analytic for all x, and hence the origin is a regular singular point. 


Thus, in view of Theorem 5.1, we can assume that a solution of (2.15) 
can be written as y(x) = 2” >” _9 Cmz™. Now a direct substitution of this 
in (2.15) leads to the equations 


co(r + a)(r — a) = 0 


a(l+r+a)(l1+r—a)=0 
Cm(m+r+a)(m+r—a) = —Cm—2, m=2,3,-°°. (9.1) 
We assume that co 4 0, so that from the first equation r; = a and rg = —a. 
First, we shall consider the case when r; — rg = 2a is not an integer. 


For this, we see that c; = 0 (2a 4 £1), and for r = a and r = —a, (9.1) 
reduces to 


m(m + 24a)Cm = —Cm—2, m= 2,3,--° (9.2) 


and 
m(m — 2a)Cm = —Cm—2, m= 2,3,--- (9.3) 


respectively. From these relations we easily obtain two linearly independent 
solutions y;(x) and y2(a”) which appear as 


vila) = [1s + ont] ete 
MO | Baal” * MOF ae+a2l : 
and 
_ 1 2 1 4 —a_ 
ye(z) = E 2(1—ayll” * 241—a(2—ayal” le - 
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In the above solutions we take the constants 


1 . 1 
°- sR pa 4 $= :EG Le 
to obtain ™ 
yi(z) = Ds aa ae (9.4) 
ana _ ; 
mola) = So ts). (9.5) 


These solutions are analytic for |z| > 0. The function y;(a) is called the 
Bessel function of order a of the first kind and is denoted by Ja(x); yo(x) 
is the Bessel function of order —a and is denoted by J_,(x). The general 
solution of the DE (2.15) is given by y(a#) = AJa(a) + BJ_a(x), where A 
and B are arbitrary constants. 


Now we shall consider the case when r; — rg = 2a is a positive odd 
integer, i.e., 2a = 2n + 1. Then, for r =a, c; = 0 and as before from (9.1) 
we get 


ioe (—1)™ w\ 2m+n4+1/2 
wih. 
41/2(2) 2 AT nas® 5) (9.6) 
For r = —a we have —a = —n — 1/2; then co and c2gn41 are both arbitrary. 


Finding the coefficients cam, m = 1,2,--- and Con+am41, m= 1,2,--- from 
(9.1) in terms of co and c2n41 leads to the solution 


y(t) cyn P12 3 — (SLE (5 a n) mn 


22m [ (5 —n+ m) 
= —1)"T (n+ 3) 
—n—-1/2 ( 2 2n+1+2m 
+Can 410 ye pial F (cea am TP (ca ras 5) x 
=0 3 
= AJ_n—1/2(@) + BIn+1/2(2), (9.7) 
where A = cp27"~ 1/27 ($—n) and B= getl/2p (2 +n) con41. Since co 


and ¢2n41 are both arbitrary, A and B are arbitrary constants, and hence 
(9.7) represents the general solution of (2.15). 


If we take 2a as a negative odd integer, i.e., 2a = —2n — 1, then we get 
ry = —n—1/2 and re = n+ 1/2, and hence for r2 = n + 1/2 we have the 
same solution as (9.6), and for r; = —n — 1/2 the solution is the same as 
(9.7). 


Next we consider the case when a = 0. Then the exponents are r; = 
r2 = 0. The first solution y;(a) in this case is easily obtained and appears 
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as 


H(z) =/(a= >) — (<)". (9.8) 


To obtain the second solution we return to the recurrence relation (9.1), 
which with co = 1 gives 


(-1)" 


2m ~ 4 2)2(r + 4)? (r + 2m)? 
and hence 
1 m 
Cam —— 
Cam 7 2 pak r+ =: 
Thus, we find 


3 


z]R 


dam = Com (0) = —C2m (0) 


> 
Il 


1 


and now Theorem 5.1(ii) gives the second solution y2(), which is denoted 
as J°(x), 


ya(«) = J°(x) = Jo(z) n|a| — 5 <> (>. :) (<q). (9.9) 


m=1 


Finally, the general solution in this case can be written as y(a) = AJo(a) + 
Bsa). 


The remaining case, namely, when r; — rg is an even integer, i.e., when 
2a = 2n is very important, which we shall consider now. For r; = n, there 
is no difficulty and the first solution y;(x) can be written as yi(“) = J,(2). 
However, for the second solution y2(a) corresponding to the exponent rz = 
—n we need some extra manipulation to obtain 


w—1 


(7+ In |5]) Jn(x) - ~ Cu 


aloe) | 


y(t) = = 


(9.10) 


where 6(0) = 0, 6(m) = 377.1 (1/k) and ¥ is the Euler constant defined by 
y= im (o(m) — Inm) = 0.5772157---. 
This solution y2(xz) is known as Weber’s Bessel function of the second 


kind and is denoted by Y;,(a). In the literature some authors also call Y;,(x) 
the Neumann function. 
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Thus, the general solution in this case can be written as y(x) = AJy,(x)+ 
BY,,(2). 


The Bessel functions of the third kind also known as Hankel functions 
are the complex solutions of the DE (2.15) for a = n and are defined by 
the relations 

H (2) = Jn(ax) + i¥n(a) (9.11) 


and 
H®) (2) = Jn(x) — t¥n (a). (9.12) 


The modified Bessel function of the first kind of order n is defined as 
I(x) =i-" Jpn (ix) = e-""*/? J, (iz). (9.13) 


If n is an integer, [_,(%) = I,(x); but if n is not an integer, [,(a) and 
I_,(«) are linearly independent. 


The modified Bessel function of the second kind of order n is defined as 


lf as 7 a , n£0,1,2,:: 
2 sin nt 
K, (2) = Len L 6 (9.14) 
in oS , RET. 
pon 2 sin pt 
These functions are the solutions of the modified Bessel DE 
gy" + ay! — (2? + n?)y =0. (9.15) 


The generating function for the sequence {Jp(x)}°2_., is given in the 
following theorem. 


Theorem 9.1 (Generating Function). 


— (50 (« 7 *)) = > Jn (ayt". (9.16) 


Proof. We shall expand the left-hand side of (9.16) in powers of t and 
show that the coefficient of t” is J,(a). In fact, we have 


oo(ie(-9) 


lI 
ro) 
% 
Ko} 
ein 
= 8 
Sw 
8 6 
4 
uo} 
on 
wo 
+ 
Wine 


str {8-7 


= Ley) 
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The coefficient of t” in the above expression is 
Yee GY 
Am! (n+ m)! \2 , 
which, by definition, is the same as J,(x). 


If in (9.16) we replace t by —1/r, then it is the same as 


ap & (--+)) = > Ayer = So le)” 


and hence it is necessary that 
JIn(x) = (-1)"J_n (2). (9.17) 


As in the case of Legendre polynomials, for Bessel functions J;,() also 
several recurrence relations are known. In the following theorem we shall 
prove one and give a few others as problems. 


Theorem 9.2 (Recurrence Relation). 
ed, (2) = nd_(2) — tdnsi(2)- (9.18) 


Proof. From the definition of J,(x) in (9.4), we have 


In(x) = s ee gy" 


m=0 


and hence a 

—1)™(2m +n) 1 px, 2m+n-1 
Til io are (5) 

~ SS (-1) 

7 —\)ym r\ 2m+n 
tJ,(z) = aay 
fore) (=i) r\ 2m+n—-1 
+9 Gx ion ray (2) 
co (<1 w\ 2m+n+1 

= nJy(x) ae eyes (5) 


= nJpn(x) — tIn41(2). a 


Finally, we note that when x is very small then from (9.5) with a = 
mn, Y2(x) ~ constant x «~”; from (9.8) Jo(~) ~ constant; and from (9.9) 
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J°(x) ~ In|z|. Thus, when a = n (> 0) the second solution of (2.15) for 
very small 2 can be approximated by 
In|ja| if n=0 


constant x . 
ze” it m>1, 


Hence, the second solution tends to co as x — 0. Similarly, the functions 
Y,(a) and K,,(a) are unbounded at x = 0. 


We also note from the definition of Ja(x) in (9.4) and the derivation of 
(9.18) that the recurrence relation (9.18) in fact holds for all real numbers 
n, i.e., n need not be an integer. 


Problems 


9.1. Prove the following relations: 
(i) ad), (2) = —nJn (x) + 2In—1(2) 
(ii) 2, (@) = In-1(@) — In4i(2) 
(iii) 2nJn(x) = 2(Jn—1(@) + Jn4i(zx)) 


s(t" In) = 0" Ingo) 
(1) 2 eSn(a)) = 2" In-a(a) 


(vi) + (0Jn(2)Jnsa(2)) = 2(In (x) — Jngi(2)) 


(vii) £ (F(a) + J24,(2)) =2 (2320) _ _ ~ J ,s(e)) 


(viii) Jj (x) + 23? (x) + 2J2(x) +--+ = 1, and hence |Jo(x)| <1, |Jn(x)| < 
1/V2. 
9.2. From the definition of J,(x) show that 
2 

(i) Sijo(a ae — sine 

2 
(ii) J_ayo(a Tq Cost 
toh [2 (sine P 
ll 3/2\e) = = e OS & 

2 __ COST 
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zx 
(v) PY Ind =e" Jae), Sa. 
9.3. Ina study of planetary motion Bessel encountered the integral 


y(x“) = a cos(n@ — x sin 0)dé. 
0 


7 
Show that y(x) = J,(z). 


9.4. Show that for any a > 0, the function 
y(a) = oy cos(a cos 9) sin?” 6d0 
0 


is a solution to the Bessel DE (2.15). 


9.5. Show that the transformation x = at’, y = t’w, where a, 3 and 

7 are constants, converts Bessel’s DE (2.15) to 
od'w 
dt? 


d 
+ (2y4 Li t (a B77? + 4° — a7 A? )w = 0. (9.19) 


For 6 =1, y=0, a= n (nonnegative integer) (9.19) reduces to 


d?w dw 
aa aia 2\w = 0. 2 
7) = (a n-)w =0 (9.20) 
(i) Show that the solution of the DE 
wm 
Te +t”w=0, m>0 


can be expressed as 


2 9 
— 71/2 m+2)/2 m+2)/2 
w(t) =t i (4 Tj (+2) (= st! 2) 4+ BIR 9 penaeo) (= +2)/ )) ; 


(ii) Express the solution of DE 


dw 


in terms of Bessel functions and deduce the relations given in Problem 9.2 
Parts (i) and (ii) 


9.6. Show that the general solution of the DE 


y =a 4+y? 
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is given by 


J_3/4 ($2? ) + CJ3/4 ($2 
Lyd 


= 2 
WH * days (32?) — Jaya (20?) 


cs mee 
ay 


where c is an arbitrary constant. 


9.7. Consider a long, flat triangular piece of metal whose ends are 
joined by an inextensible piece of string of length slightly less than that of 
the piece of metal (see Figure 9.1). The line of the string is taken as the 
x-axis, with the left end as the origin. The deflection y(a) of the piece of 
metal from horizontal at «x satisfies the DE 


Ely" +Ty=0, 


string 


a 


Figure 9.1 


where T is the tension in the string, E is Young’s modulus, and J is the 
moment of inertia of a cross section of the piece of metal. Since the metal 
is triangular, J = ax for some constant a > 0. The above equation thus 
can be written as 


ay" + k*y =0, 


where k? = T/Ea. Find the general solution of the above equation. 


9.8. Consider a vertical column of length @, such as a telephone pole 
(see Figure 9.2). In certain cases it leads to the DE 


where F is the modulus of elasticity, J the moment of inertia at the base 
of the column about an axis perpendicular to the plane of bending, and P 
and k are constants. 
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y 2 Vertical Column 
¢ 


Figure 9.2 


Find the general solutions of the above equation. 


9.9. A simple pendulum initially has the length @) and makes an angle 
4 with the vertical line. It is then released from this position. If the length 
of the pendulum increases with time t according to ¢ = @) + et, where € isa 
small constant, then the angle @ that the pendulum makes with the vertical 
line, assuming that the oscillations are small, is the solution of the initial 
value problem 


d0 dé dé 
(Co + et) > +2e— + 90=0, 0(0) = 4, ae 


dt? dt Co 


where g is the acceleration due to gravity. Find the solution of the above 
initial value problem. 


9.10. The DE 


@E dE 
2 2 VY 
— — pa— —k*r"E=0 

daz ae 
occurs in the study of the flow of current through electrical transmission 
lines; here yz, v are positive constants and F represents the potential dif- 
ference (with respect to one end of the line) at a point a distance x from 
that end of the line. Find its general solution. 


9.11. Consider the wedge-shaped cooling fin as shown in Figure 9.3. 
The DE which describes the heat flow through and from this wedge is 


a d 
aa +a — pry = 0, 
where z is distance from tip to fin; 7, temperature of fin at x; To, constant 
temperature of surrounding air; y = T — To; h, heat-transfer coefficient 
from outside surface of fin to the surrounding air; k, thermal conductivity 
of fin material; @, length of fin; w, thickness of fin at its base; 6, one-half 
the wedge angle; and ps = 2hsec(l0)/kw. 
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Figure 9.3 


Find the general solutions of the above equation. 


9.12. Consider a horizontal beam of length 2@ supported at both 
ends, and laterally fixed at its left end. The beam carries a uniform load 
w per unit length and is subjected to a constant end-pull P from the right 
(see Figure 9.4). Suppose that the moment of inertia of a cross section of 
the beam at a distance s from its left end is J = 2(s+ 1). If origin is the 
middle of the bar, then the vertical deflection y(x) at x is governed by the 
nonhomogeneous DE 


a 1 
2E(a+1 +055 —Py= gute +£)? —w(a + £), 


where E is Young’s modulus. 


W 


{yy ys dd 


Figure 9.4 


Find the general solutions of the above equation. 


Answers or Hints 


9.1. (i) See the proof of Theorem 9.2 (ii) Use (9.18) and (i) (iii) Use 
(9.18) and (i) (iv) Multiply the relation (9.18) by «~"~! (v) Multiply the 
relation in (i) by 2”~! (vi) Use (9.18) and (i) (vii) Proceed as in (vi) 
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(viii) Use (vii) to obtain 4(J§(x) + J2?(x)) + 4 (J? (x) + J2(x)) +--+ = 0. 
Finally use Jo(0) = 1, Je(0) =0, k> 1. 


9.2. For (i) and (ii) use 27"*1mID'(m + 3/2) = (2m 4+ 1)!\/7 (iii) Verify 
directly, or use Problem 9.1 (iii) for n = 1/2 and then use (i) and (ii) 
(iv) Similar to that of (iii) (v) Use Problem 9.1(v). 


9.3. Set t =e’ in (9.16) and then use (9.17). 

9.4. Verify directly. 

9.5. «2 = at?, y = tw imply that at = an te + yw), arty = 
Beth ((v- B+ ijt Poe 4 pr Hew 4 4 dy-8 4 9 (y — Bywt? 8 ') 


(i) Compare pee +t™t?w = 0 with (oth (ii) Compare poe +?w=0 
with (9.19). 


9.6. The transformation y = —u’/u converts the DE y’ = x? + y? to 
u” + 2?u = 0. Now use Problem 9.5(i), Problem 9.1(i) and (9.18). 


9.7. «1/2 (AJ; (2ke/?) + BU_y (2ka!/?)) . 
9.8. Use z= y—a, 2u = k/f, v = /P/EI to convert the DE as 


ae Gz 4 pe2H% ~ — 0. Now use t = ve” to obtain ae + te + oe = 0. 
Finally, compare this with (9.19). 


9.9. 6(t) = seg [An (EVE Fa) + BI re where 


VloI"(6)—(€/2,/9) J-1(c) (€/2VG) Ji (c)—VE0 II (e) 2y/ Glo 
A= Ji (c) J”, (c)—J-1(e) J7 (ce) %, B= Tiled”, (e)—I=1(e) IV (e) 29 NOEHO! Ap and c = ar 


9.10. The transformation « = at®, y = t’w, where a, @ and 7¥ are con- 
stants, converts (9.15) to 


22 4 (Dy + 1)the + (—02 97428 + 4? — n262)w = 0. (9.21) 
Ea) = 2 t?? Ala yyy (Be?) + BK aay (Be) . 


9.11. Compare with (9.21) to get y(x) = Alp (2,/fiz/?)+BKo (2,/fix'/”) . 


9.12. y(x) = 21? [An (\/260 2) +BKy (\/3F0 v2)! — Bet 0? + 


7a(P -—2E)(x+ 0) — Bu. 
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Hypergeometric Functions 


In this lecture we shall study the hypergeometric DE (3.17) and its 
solutions, known as hypergeometric functions. This DE finds applications 
in several problems of mathematical physics, quantum mechanics, and fluid 
dynamics. 


A series of the form 


ab, Aa +1)0(>+1) 9, aat1)(a+ 200+ YO+2) 5 


ea eee ijar e(e+ 1)(e+2) Bl 
— (yr P@tm btm) im) TO _ 
= Tietmm  |T@Tre 


(10.1) 
is called a hypergeometric series. 


The ratio of the coefficients of «+! 


and x” in the series (10.1) is 
(a+ m)(b+m) 


a 10.2 

(c+ m)(m + 1) oe 
which tends to 1 uniformly as m — oo, regardless of the values of a, b and 
c. Hence, by the ratio test, the series (10.1) has unit radius of convergence 
in every case. Also, since (10.2) can be written as 


the series (10.1) converges absolutely at « = +1 by the Gauss test if c > 
a+ b. 


The hypergeometric series is commonly designated by F'(a,b,c,a) and 
in this form it is called a hypergeometric function. 


In the hypergeometric DE (3.17), a, 6, and c are parameters. It is 
clear that « = 0 and 1 are regular singular points of (3.17), whereas all 
other points are ordinary points. Also, in the neighborhood of zero we have 
Po = ¢, qo = 0 and the indicial equation r(r — 1) + cr = 0 has the roots 
ry =Oandrg =1-—ce. 
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On substituting directly y(z) = 2” > _9 ¢mv™ in the equation (3.17), 
we obtain the recurrence relation 


(r+1+m)(r+c+m)emyi = (r+atm)(r+b+m)cm, m=0,1,---. (10.3) 


For the exponent rj = 0, the recurrence relation (10.3) leads to the 
solution coF'(a,b,c,2). Taking co = 1, we find the first solution of the DE 
(3.17) as 

y(a) = F(a, b,c, x). (10.4) 


The second solution with the exponent rz = 1 — c when c is neither zero 
nor a negative integer can be obtained as follows: In the DE (3.17) using 
the substitution y = 21~°w, we obtain 


a(1—a)w" + [e. — (a, +b) + 1)2]w’ — aibiw = 0, (10.5) 


where cy = 2—c, a4, =a—c+t+1, b} = b—c+1. This DE has a series 
solution w(a) = F(a1,61,¢1,2), and hence the second solution of the DE 
(3.17) is 


y(a) = a °F(a—c+1,b—c41,2-¢,2). (10.6) 


The general solution of the DE (3.17) in the neighborhood of 7 = 0 is a 
linear combination of the two solutions (10.4) and (10.6). 


Solutions of the DE (3.17) at the singular point « = 1 can be obtained 
directly or may be deduced from the preceding solutions by a change of 
independent variable t = 1 — x. Indeed, with this substitution DE (3.17) 
reduces to 


d? 
dt? 


< 
Q 
> 


t(1 — t) + [cy — (a+ b+ 1)t]— — aby = 0, (10.7) 
where cj =a+b—c+l. 
Thus, we have the solutions 
y(z) = F(a,b,a+b—c4+1,1-2) (10.8) 


and 


y(x) = (1 —2)*-* °F(ce— b,c—a,c—a—b4+1,1-2) (10.9) 


provided c — a — b is not a positive integer. 


The hypergeometric equation (3.17) has an interesting property that the 
derivative of a solution satisfies an associated hypergeometric DE. Indeed, 
differentiating (3.17), we obtain 


a(1—a)y" + [e+1—(a+1+4+5b414 l)aly” —(a+1)(+ ly’ =0, 
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which is a hypergeometric DE in y’ in which a, b, c have been replaced by 
a+1, b+1, c+1, respectively. Thus, it follows that 


d 
ae (oe 2) = AF(a+1,b4+1,c+1,2), (10.10) 
a 


where A is a constant. 


Comparing the constant terms on both sides of (10.10), it follows that 
A= b/c. Hence, the following relation holds 


d 1 
Gh (ee 2) - as F(a+1,64+1,c+1,2). (10.11) 


In general for the mth derivative it is easy to find 


d™ T(a+m)T(b+m) T(c) 


<n F(a, 6, ¢, 2) = T(c+m) Ta) T(b) 


aa F(a+m,b+m,c+m, 2). 


(10.12) 


Like Bessel functions (cf. Problem 9.3), hypergeometric functions can 
also be represented in terms of suitable integrals. For this, we shall prove 
the following theorem. 


Theorem 10.1 (Integral Representation). 


1 1 
F(a.b.c.2) = ————— 1—t)o-o 18-11 — xt) ~ “dt b> 0. 
(a, b,c, x) ore ) (1 — at) », ¢€>b>0 
(10.13) 


Proof. From the relation (3.7) and the definition of Beta function (3.6), 
we have 


I 


F(a, b,c, 2) 


= T(a+m) (/T(b+m) T(ce—b) /T(b) T(e— 8) “m 
x T'(a) m! ( [T(c+m) / P(e) ) 


~. I(a+m) Bib +m,c—b) ,, 
Ds T(a)m! Bib,c—b) 


1 =. T(a+m) : pi pe 
Se eee L—*° ode 
B(b,c— b) py T(a) ml | 2) 


Thus, on interchanging the order in which the operations of summation and 
integration are performed, we obtain 


F(a,b,c,2) = ae | Lao {> erat oon dt. 


m= 
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However, since 


the relation (10.14) immediately leads to (10.13). | 


As a consequence of (10.13), we find 


1 1 
F(a,b,c,1) = Bee | (1 — t)2-2-8-1 5-14 


Blée~¢—b.0)_ Tie=a— 0) Fie) 
Bib,e—b)  Tl(e—a)T(e—6) 


provided c—a>b>0. 
Next we shall prove the following relation. 


Theorem 10.2 (Recurrence Relation). 
F(at+1,b,c,x) — F(a,b,¢,x) = Lies F(a+1,b+1,c+1,2). (10.15) 
Cc 


Proof. From (10.1), we have 


F(a+1,b,c,2)—F(a, b,c, x) 


— oe htm fla+mt+1) Ta+m)) mo 
= Loreen er a 


_ . T(a+m)T(b+m)T(c)m_,, 
= x T(c+m) mIT(b)T(a) a 


I(a ar m) T(b qe m) T(c) m—1 
Tet m)(m—1ITQ) Patt)” 


1 (a+m+1)T(b+m+1)T(e+1) ,, 
ae eae 
T(c+m+1) mIT(b+1)T(a+1) 


= «& 


c 
1 

= —be F(a+1,b4+1,c+1,2), 
c 


which is the right side of (10.15). a 


Legendre polynomials can be expressed in terms of hypergeometric func- 
tions. We provide this relation in the following result. 


Theorem 10.3. The following relation holds: 


P, (x2) = F(—n,n+1,1,(1—2)/2). (10.16) 
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Proof. From the Rodrigues formula for Legendre polynomials (7.9), we 
have 


=. E yn ft val »\ | 
te faa" {1-9 + Paap] 


wl 


n! dx” 


= [aaa $a 4 a ye 


(—n)(n4+1) fl—2\ . (—n)(—n 4 1)(n + 1)(n +2) (1-2\? 
a1 D ); oo ( D ) 7m 
= F(-n,n+1,1,(1-2)/2). a 


In the DE (3.17) if we use the substitution 7 = t/b, then the hypergeo- 
metric function F(a, b,c,t/b) is a solution of the DE 


t\ dy a+l1 dy 
fis) 2 2 lheols 7 ce ee 
( 5) te le (1+ ) | 4 ae 
Thus, letting b — oo, we see that the function limp. F(a, b,c,t/b) is a 
solution of the DE 


d?y dy 
tae + (e-t)a, —ay=0. (10.17) 


Next from (10.1), we have 


r(osed)~ (Srcatan era)” Fa 


and since 


. T(b+m) 
] ———~__ = 1 
hanes pm T(b) ? 
it follows that 


: t = Cae m) m T(c) 
jim («...5) => (> Teen) al T(a) = F(a,c,t), say. 


m=0 
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The function F(a, c,t) defined in (10.18) is called a confluent hypergeo- 
metric function, and the DE (10.17) is known as confluent hypergeometric 
equation. 


Finally, we note that the second solution of the DE (10.17) is t!~°F(a— 
c+1,2-—<¢,t). 


Problems 


10.1. Express the solutions of the following DEs in terms of F(a, b, c, x) 
i) a(1—a)y” —3y' + 2y=0 
ii) 2a(1—2a)y” + (1—2)y’ + 3y=0 
iii) «(1 —a)y” + (2-32)y’-—y=0 


10.2. Show that in the DE (3.17) the change of the dependent variable 
y = (1—2)°-*~u leads to a hypergeometric equation having the solutions 


y(x) = (1—2)*-*°F(c— a,c— b,c, 2) 


and 
y(z) = a °(1—2)* °F(1—a,1—6,2-<¢,2). 


Further, show that these are identical with (10.4) and (10.6), respectively. 


10.3. Setting x = 1/t in the DE (3.17), find the exponents at infinity, 
and derive the solutions 


y(t) =a “F(a,a—c+1,a—b+1,1/z) 


and 
y(z) = 2 °F (b,b-—c+1,b-—a+1,1/2). 
10.4. Show that the DE 


(a* + aya + a2)y” + (agx + a4)y’ +asy =0 


can be reduced to the hypergeometric form by a suitable change of variable 
provided the roots of x? + a,x + a2 = 0 are distinct. 


10.5. Use the result of Problem 10.4 to show that the Legendre 
equation (3.19) with a =n can be reduced to the hypergeometric form 


t(1 —t)y” + (1 — 2t)y’ + n(n + 1)y = 0 


by the substitution « — 1 = —2t. Hence, establish the relation (10.16). 
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10.6. Use the transformation t = (1 — x)/2 to convert the Chebyshev 
equation (3.15) into a hypergeometric equation and show that its general 
solution near x = 1 is given by 


1 1-2 img? 1 13 1-2 
=| ama, F See 
y(x) = cp (« a, 59 J+af *) (+5. G+ Ss ) 


10.7. Show that Jacobi’s DE 


a(1—a)y” + [a—(1+b)a]y’ +n(b+ ny = 0 


is a hypergeometric equation, and hence its general solution near « = 0 can 
be written as 


y(z) =, F(n + 6, —n, a, 2) + can *F(n+ b-—a+1,1—n—a,2—a,2). 


10.8. Prove the following recurrence relations 


b 
(i) F(a,b,¢,2) — Pla,b,e— Lyn) = -~Z— F(a 1,b+ Les La) 
~b 
(ii) PES Pek rei ei 
c(c + 1) 
hy 
(iii) F(a—1,b+1,¢,2) Pete es bet aie. 


c 


10.9. In the analysis of a deformation due to a uniform load on a 
certain circular plate, the following equation occurs: 


a?(1— (ex)*)\p” + 2(1 — (ex)* — 3k(ex)") gp’ — (1 — (ex)* + 3ku(ex)*)¢ = 0, 

(10.19) 
where e, k, and v are constants; x is proportional to the distance from the 
center of the plate, and ¢ is the angle between the normal to the deformed 
surface of the plate and the normal to that surface at the center of the 
plate. Show that the successive substitutions z = er, ¢ = z~, z* =o 
transform (10.19) to the hypergeometric equation 


d? k+2 2+ 3k d 3(u+1 
woof [HEP (14 BH) owes 


y=0 

with c= (k+2)/k, a+b = (24+ 3k)/k, ab = 3(u4+ 1)/k. Hence, if a and 6 
are the roots of kA? — (2+ 3k) + 3(v + 1) = 0, the solution of (10.19) can 
be written as ¢(x) = exF (a, 3, (k + 2)/k, e*x*). 


Answers or Hints 


10.1. (i) F(—2,1,—3,2) (ii) F(1,-3/2,1/2,2) (iii) F(1,1,2, 2) 
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(iv) F(1/2,1,1/2,—2). 
10.2. Substitute y = (1 — 2)°-*~°u in the DE (3.17) to get 
x(1—a)u" + [e—(e-at+c—b+4+ l1)aju’ —(c—a)(c— b)u=0. 


The identities follow from the uniqueness of the initial value problems for 
(3.17). 


10.3. Substitute « = 1/t in the DE (3.17) to get 


d? 


mre t [(a t b 1) (c Nilay $ - PEDy = 0. 


For this DE t = 0 is a regular singular point and the exponents are a and 
b. 


10.4. If 2? +a:2 + a2 = (x —a)(x — 6), then use the substitution t = 
(a —a)/(b—a). 


10.5. Problem 10.4 suggests the substitution t = a. 


10.6. For this also Problem 10.4 suggests the substitution t = a. 


10.7. Compare the coefficients to gett a=n+b,b=—-—n,c=a. 
10.8. Use (10.1) directly. 


10.9. Verify directly. 


Lecture 11 


Piecewise Continuous 
and Periodic Functions 


Mathematical problems describing real world situations often have so- 
lutions which are not even continuous. Thus, to analyze such problems 
we need to work in a set which is bigger than the set of continuous func- 
tions. In this lecture we shall introduce the sets of piecewise continuous and 
piecewise smooth functions, which are quite adequate to deal with a wide 
variety of applied problems. Here we shall also define periodic functions, 
and introduce even and odd extensions. These terms will be used in later 
lectures repeatedly. 


Recall that for a given function f(a) the right-hand and the left-hand 
limits at the point xo are defined as follows: 


f(vot)= lim f(x) = lim, f(a), 


Lr 2% L>LO+ 
xL> xO 
and 
f(o-) = lim f(x) = _lim_ f(a). 
z= 2x0 L—Lo— 
xL< xO 


We say f(x) has the limit at = x provided f(ao+) = f(ao—). The 
function f(z) is said to be continuous at a point xo provided limz.2, f(x) = 
f(xo), and it is continuous in an interval a < x < £ if it is continuous at 
each point « for a < a < ( (see Figure 11.1). 


Bae) xo 
continuous at xo discontinuous at x9 


ro 
discontinuous at xo 


Figure 11.1 


As an illustration, consider the function f(x) = cosl/#, 0 <a < 1. 
For this function f(0+) does not exist. In fact, as « > 0+, f(x) oscillates 
between —1 and 1. To see this let 7, = 1/(2nm), n = 1,2,---. Then, 
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In > Oasn > ~o, but f(a,) = cosl/a, = cos(2n7) = 1. Also, let 
Yn = 1/[(2n+ 1)r], n = 1,2,---. Then, yn — 0 as n > c but f(yn) = 
cos 1/Yyn, = cos(2n+1)a = —1. As another example, for the function f(x) = 


1/z, 0<a<1, f(O+) =limg041/x = +00. 


Definition 11.1. A function f(z) is called piecewise continuous (sec- 
tionally continuous) on an interval a < a < £ if there are finitely many 
points @ = % < 4% <-++< 2, = such that 

(i). f(x) is continuous on each subinterval 79 < © < 4%, 4% <a < 
Z2, °°, In-1 < L< Tp, and 

(ii). on each subinterval (v,-1, 7) both f(a,-1+) and f(x,—) exist, i-e., 
are finite. 


Note that the function f(x) need not be defined at the points xp. 


We shall denote the class of piecewise continuous functions ona < xz < 9 
by Cy (a, B) * 


Example 11.1. Consider the function 


2, O0<e<1 
f(@)=¢ -1, l<a<2 
g@-1, 2<2e<3. 


We shall show that f(a) is piecewise continuous on 0 < x < 3. Note that 
for this function 7 = 0, 71 = 1, vg = 2, x3 = 3 (see Figure 11.2). 

On 0 <a <1: f(z) = 2° is con- 
tinuous on 0 < aw < 1, and f(0+) = 
lim, 0427 = 0, f(1—) = lim,_1_ 2 


On 1 <a < 2: f(x) = —1 is con- 
tinuous on 1 < x < 2, and f(1+) = 
lim, 14 f(@) = limzg14(-1) = -1, 


f(2—) = limz2_ f(x) = -1. 
On 2-< 2 < 3: fla) =2 
continuous on 2 < « < 3, and f(2+) = 
1, f(3-) =2. 
Hence, f(x) € C,(0,3). Figure 11.2 


Remark 11.1. (i). f(z) is not defined at x = 0 and 2. 


(ii). One can integrate a piecewise continuous function interval-wise, e.g., 
for the above function: 


[ teres [Paes [ 1ae+ f Ide = 2. 
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Example 11.2. The function f(x) = cos1/z, 0 < x < 1 is continuous 
on 0 <a < 1. However, since lim,_.94 f(x) does not exist, f(a) ¢ Cp(0, 1). 
Similarly, f(x) = 1/x ¢ C,(0,1). 


Example 11.3. For the function f(x) = x? sin1/z, 0 < x < 1 we 
have x = 0, x, = 1. Clearly, on 0 < x < 1 this function is continuous, 
and f(1—) = lim,—1- 2?sin1/z = 1?sin1/1 = sin1. We shall show that 
f(0+) = limz40;27sin1/x = 0. For this note that for z > 0, —1< 
sin 1/a <1, and hence 


2 


. 1 
or aS x sin — < x 
x 


rl 


so by the sandwich theorem lim,_.9+ x? sin 1/x = 0. Thus, f(x) € C,(0, 1). 


Definition 11.2. A function f(x), a < x < (3 is said to be piecewise 
smooth (sectionally smooth) if both f(x) and f’(x) are piecewise continuous 
on a < « < #. The class of piecewise smooth functions on a < xz < £ is 
denoted by C) (a, 8). 


Note that f’(a) is piecewise continuous means that f’(a) is continuous 
except at S0,°+-, Sm (these points include 2o,---, 2, where f(x) is not con- 
tinuous) and on each subinterval (s,-1,8,) both f’(s,-1+) and f’(s,—) 
exist. Here f’(s;+) = limz_..,4 f'(x) and f’(s;—) = limz_.,,_ f’(z). 


Example 11.4. Consider the function 


se) ={ +1, -l<2<0 


sinz, 0<a<7/2. 


Clearly, f(x) € C,(—1,7/2), x = —-1, v1 = 0, ro = 1/2 (see Figure 
11.3(a)). Since 

mg» jd, -l<e<0 
sa) ={ cost, O<a<7/2 


we have so = —1, 5; =0, 52 = 7/2 (see Figure 11.3(b)). 


xz 4 Of 


-1 0 a/2 =I) 0 mr/2 
Figure 11.3 (a) Figure 11.3 (b) 


On -1 <a <0: f(a) =1 is continuous, and f’(—1+) = 1, f’(0—) =1. 
On0 <a < 7/2: f’(x) = cos xz is continuous, and f’(0+) = 1, f’(a/2—) = 
0. 
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Thus, f’(x) € Cp(—1, 2/2). In conclusion, f(x) € Cj(—1, —7/2). 


Example 11.5. Consider the function 


(x) 0.01, -O1l<a2<0 
. z*cosl/z, 0<2<0.1 


(see Figure 11.4). 


Clearly, f(x) € Cp(—0.1,0.1), and 


re={ 0, -O1l<2<0 


Figure 11.4 


2xcosl/a+sinl/xz, O0O<a<0.1. 


If f’(x) € C,(—0.1,0.1), f’(0+) must exist. But, f’(0+) does not exist. In 
fact, lim, 04 2x cos 1/x = 0 by the sandwich theorem, but lim,_.94 sin 1/x 
does not exist, because sin1/a oscillates between —1 and 1 as x — 0. 
For this, let x, = 1/[(2n+ $)z], yn = 1/[(2n + 3)x] so that xz, - 

+, Yn + 0+ as n > ov. Clearly, sinl/z, = 1, sinl/y, = —1. Thus, 
f'(x) ¢ C,(—0.1,0.1), and hence f(a) ¢ C}(—0.1,0.1). 


Rule of Thumb. If f(z) is defined in pieces, where each piece is 
differentiable twice in a slightly larger interval, (e.g., (—co,00)), such as 
polynomials in x, e*, sina, etc., then f(a) is piecewise smooth. For exam- 
ple, the function 
4%4+2, O0<a<l 
fla) = { ec, Lege 2 


is piecewise smooth. 

Definition 11.3. <A function f(z) is said to be periodic with period 
w if f(a +w) = f(x) for all w. For example, f(x) = cos is periodic with 
period 27. In fact, f(a + 2m) = cos(a + 27) = cosa = f(x) for all x. For 


n > 1 the function f(z) = sinnz is periodic with period 27, f(a +27) = 
sin n(x + 27) = sin(na + 2n7) = sinna = f(z). 


Clearly, the expression 
a co 
eds y; (a, cos na + by, sin nx) 
n=1 
is periodic with period 27. 


Any function f(x) defined on —m < x < 7 can be extended to a periodic 
function F(a) with period 27. The function F(x) is called the periodic 
extension of f(x). 
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Example 11.6. For the function 


fla) = { 0, -m7<2<0 


x, O<a<T 


0 
Figure 11.5 


Remark 11.2. Ifa function f(x), — 7a <a <7 can be extended to a 
periodic function with period 27, we must have f(—7) = f(z) 


Example 11.7. For the function f(x) = x7, —7 < x < 7 the extension 
F(x) is given in Figure 11.6. 


0 
Figure 11.6 


Finally, we recall that if a function g(x) is odd, i.e., g(—x) = —g(a) then 
J&, 9(a)dx = 0, and if g(z) is even, ie., g(—x) = g(x) then f° g(a)dz = 
aT, g(x)dx. Further, if g(a) is defined only on (0,a) we can extend it as 


follows: 
g(z), O0<a<a 
Jo(x) = 
—g(-2), -a<a<0. 


Clearly, go(a) is an odd function, and hence it is called an odd extension of 
g(x). We can also extend g(x) as 


_ g(x), O<a<a 
ge(2) = g(-"), -a<a<0. 


Since, ge(a) is even it is called an even extension of g(x). 
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Graphically, the even extension is made by reflecting the graph in the 
vertical axis. The odd extension is made by reflecting first in the vertical 
axis and then in the horizontal axis (see Figure 11.7 for the function x, 0 < 
x <1). 


—1 1 
even extension 


odd extension 


Figure 11.7 


Problems 


11.1. (i) Show that the function f(x) = \/xcos(1/x?) is piecewise 
continuous on the interval (0, 1). 


(ii) Is the function f(x) = sin(1/x?) piecewise continuous on the interval 
(0,1)? Justify your answer. 


11.2. Consider the function f(x) = x? sin?(1/x) on the interval (0,1). 


(i) Show that f(a) is piecewise continuous on the interval (0,1). 
(ii) Is f(a) piecewise smooth on the interval (0,1)? Justify your answer. 


11.3. Show that the function 


Oa ae for O0<a<l 


wh for l<a<2 


is piecewise continuous but not piecewise smooth on (0, 2). 


11.4. Using l’Hospital’s rule find f(0+) and f’(0+) for the function 


ic r#0 


Deduce that f(a) is piecewise smooth on the interval (0, 1). 


11.5. Consider the function 


_ J a(cos(nz)+sin(Inz)), 0<a2<1 
jey=| Sees 
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Compute f’(x) for 0 < a < 1 and deduce that f(a) is not piecewise smooth 
on the interval (0, 1). 


11.6. Prove that if f(x) and f’(x) are both even functions, then f(x) 
is a constant. 


Answers or Hints 
11.1. (i) See Example 11.3 (ii) Take x, = [(2n+4)m]~¥/?, yn = [(2n - 
ae 


11.2. (i) f(0+) = 0 (ii) No. For f’(x) = 2zsin?(1/zr) — sin(2/z) take 
In = 2[(2n+ $)a]-*, Yn = 2[(2n— §)a] 1. 


11.3. f’(1) is undefined. 
11.4. f(0+)=—1, #'(0+) =—1/2, f(x) € C5 (0,1). 


11.5. f’(x) = 2cos(Inz) oscillates between —2 and 2 as x — 0+. Take 


In = gear Yn = eT (2nt1)r | 


11.6. Differentiate f(x) = f(—a) and use f’(x) = f’(—2). 


Lecture 12 


Orthogonal Functions 
and Polynomials 


In this lecture first we shall introduce orthogonality of functions, which 
is a generalization of orthogonality of vectors in the sense that the sum 
of products in the scalar multiplication (dot product) of vectors will be 
replaced by the integral of products, and then show that the Legendre, 
Chebyshev, and Hermite polynomials are orthogonal. The orthogonality of 
Laguerre polynomials and Bessel functions will be shown in the next lecture. 
Orthogonality of functions plays a fundamental role in constructing Fourier 
series, which we shall discuss in detail later. 


We begin with the following definition. 
Definition 12.1. The set of functions {¢,(x) : n = 0,1,---} each of 


which is piecewise continuous in an infinite or a finite interval [a, 3], is said 
to be orthogonal in [a, 3] with respect to the nonnegative function r(x) if 
B 
< bm; Pn r= | r(t)om(x)on(x)dx =0 forall mAn 


a 


and 5 
| r(x)¢2(x)dxe # 0 forall n. 


The function r(x) is called the weight function. 


We shall always assume that r(x) has only a finite number of zeros in 
(a, 3] and the integrals pe r(z)¢n(a)dx, n = 0,1,--+ exist. 


The orthogonal set {¢,(z) : n =0,1,---} in [a, G] with respect to the 
weight function r(x) is said to be orthonormal if 


B 
[roe eyae = 1 for all n. 


Thus, orthonormal functions have the same properties as orthogonal func- 
tions, but, in addition, they have been normalized, i.e., each function ¢, (2) 
of the orthogonal set has been divided by the norm of that function, which 


is defined as 
B 1/2 
lon] = (/ root) : 
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Example 12.1. The set 
{1, cosna, n=1,2,---} 


is orthogonal on 0 < x < a with r(a) = 1. Indeed, for m 4 n, we have 


l 


| cos mx cos nxdx = | [cos(m — n)x + cos(m + n)a]dx 
0 0 


sin(m—n)x — sin(¢m+n)r]|" 
m—-n men 


0 
ae =n)n 04 sin(m+n)r 5 a 


m—-n men 


Now since 


wT 1/2 
Igo = (/ de) We 
(0) 
T 1/2 T 1/2 
1 2 
len = ([costneae) = (f+ ae) =F, 
0 0 2 2 


it follows that the set 


1 /2 
—, 1/-cosnz, n=1,2,--- 
JT T 


is orthonormal on 0 < % < 7 with r(x) = 1. 


l| 


Example 12.2. The set 


/2 
—sinnz, n= Lah 
T 


is orthonormal on 0 < # < 7 with r(x) = 1. 


Example 12.3. The set 


1 1 1 
—_,, —cosnz, —sinnz, n=1,2,--- 


is orthonormal on —7 < x < 7 with r(a) = 1. For this we need to check 


[ ( ae war a : © Fi : 
—]}) dx=1 —cosnzxz) dx =1 —sinnz) dr = 1 
—a \V =) , I. (= ) a (=z ) 


a : x : cos nad: 0 a : x : si d 0 
— x — nadx = 0, — x —=sinnadzx = 0, 
_7 Van Var _7 Vn VT 
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7 1 1 7 1 1 
[ qqeosmeszeos made = 0, [sesame resin made =0, meén 


and 
Tv 


1 
cosnz —=sinmadx=0, mn. 


i. vu 


Orthogonality of Legendre polynomials. We shall use 
Rodrigues’ formula (7.9) to show the orthogonality of Legendre polynomials 
n [—1,1] with r(x) = 1. Indeed, from (7.9), we have 


ann! f Py(0)Pa(a)ae = | Pyle — (a? —1)"de. 


= —1 


Now an integration by parts gives 


[ P,,(x) (a? — 1)"d 
Caf m daz” x BG 


d™—1 


m—1 
—. 2 _1)"dr. 
ae —f4 Pe ij qr Ne: 


However, since d"~1(x? — 1)"/dx"~1 contains a factor (x? — 1), it follows 


that 
1 1 d qr-i 
Nal — mesa es ee) _ n 
2 nl Pra) Pa (ode I. mem) jan (a* — 1)"dz. 


We can integrate the right side once again, and continue until we have 
performed n such integrations. At this stage, we find 


2" n! [. P,,(x)P.,(a)dx = (—1)" a (SP) (x? —1)"dex. (12.1) 


There is no loss of generality if we assume that m <n. If m < n, then 
d” P(x) /dx" = 0 and it follows that 


[ Pm («)Pn(x)dx = 0. 


Further, if m =n, then once again from (7.9), we have 


= Py(z) 


d” 1 dn 
—_ P(x) = —_—_ 
dx” (2) 27 mn! dx?” 


and (12.1) gives 


a Foy ee ee i (a? — 1)"de. (12.2) 


(2n)! 


2” n! 


(x? —1)"= 
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Let y = x in the integral f.@ — 1)"dz, to obtain 


fe — 1)"dx 2 fe —1)"de = (—1)” fo — y)"y-2dy 


= (-1)"B (n+ ia 5) = oes 


I 


Thus, (12.2) is the same as 


1 Qn)! al (5 7 
[Pia = Pl eh ot a) nal 


Orthogonality of Chebyshev polynomials. We shall show 
that Chebyshev polynomials of the first kind T,,(x) = cos(ncos~! x), n = 
0,1,--- are orthogonal in [—1,1] with r(x) = (1 — a?)~'/?. For this, it 
suffices to note that 


I= [0-2 1? na) Ta (ote 


1 
= ‘i (1 — 2?)~1/? cos(mcos~! x) cos(n cos! «)da 
23 


[cosmo cosndd@ (x = cos @) 
0 

n 

=nF#0 

n= 0. 


Similarly, it follows that Chebyshev polynomials of the second kind 
Un(x), n = 0,1,--+ are orthogonal in [—1,1] with r(x) = (1 — 2?)/?. In 
fact, we have 


[ (1 = 2?)?Um(2)Un(2)de = { . man 


Orthogonality of Hermite polynomials. We shall show 
that the set of Hermite polynomials {H,,(x), n = 0,1,---} is orthogonal in 
(—co, 00) with r(x) = e~®*. Since H,,() is a solution of the DE (8.9), we 
have ; 

(e"'H1(2)) +2ne~® H,(x) = 0. (12.3) 


Multiplying (12.3) by H,,,(a) and integrating from —oo to oo, we find 


[o<) 


a (cH (2) Hya(a)da = -2n f e-*” H, (2) Hm (x) dz, 


—oo —oo 
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which is the same as 


eH! (2) Hn (2) 


and hence 
i, e-® HI (a) H!, (a)de = 2n / eH, (a)Hm(a)de. (12.4) 


Interchanging m and n in (12.4) and subtracting the resulting equation 
from (12.4), we obtain 


(2n — 2m) /- e7® Hy (x) Hn (x) dx = 0. 


—co 


Thus, if m 4 n, we get 


Next we shall show that 


In -| e-* H2(x)dx = 2" n! Vr. (12.5) 


—oco 


In view of Problem 8.2(iii), we have 


co co d” 
i; / "Hy (a) Hn (eax =f e* H,(2)(—1)"e* ~ pe de 


—oo 5 d 
co d”™ 
= ‘(1% i. H,,(2) ane de 
hn d®-1 = co love) qr-1 -_ 
= (-1) fio 7 n(@) 5 —e * dx 
co q-1 5 

= 2nHy_1(x)——~e* d 

(tt fant, alo) ede 
= 2nI,-1 = 2n(2n — 2)I,-2 =--+ = 2n(2n — 2)---2 Ip 


= I" wl hp. 
(12.6) 
Now since Ip = f™ e-® dx = V7, (12.5) follows immediately from (12.6). 


—co 


Lecture 13 


Orthogonal Functions 
and Polynomials (Cont’d.) 


As mentioned in the previous lecture here first we shall establish the 
orthogonality of Laguerre polynomials and Bessel functions and then prove 
a fundamental property about the zeros of orthogonal polynomials. 


Orthogonality of Laguerre polynomials. The Laguerre 
DE (8.10) can be written as 


(xttte-ty!)! +na%e~*y = 0. (13.1) 
Since L{") (x) is a solution of (13.1), it follows that 
(o*e*Z"(a)) + nx%e~* L(x) = 0. 
The rest of the proof of 


Vi e*e°L (z)L@ (2)de =0 for m#n 
0 


is similar to that for Hermite polynomials. 


Next, from Problem 8.3(i), we have 


co 1 co d” 
| ea LO (a)LO(a)de = = | Ly (a) ay (ea **) dx 
0 nl Jo dx” 
1 r d™—-1 
_ a —xz,n+a 
—1)r se (n) 
= ( 1) | (2 )) —@ pN+4 gy 


a 2 1 f> IB 1 
| e *x* (L9@)) dx = 6 ede = Ly 
0 


n! Jo n! 
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Orthogonality of Bessel functions. In Lecture 3, as an 
application of Theorem 3.1, we have seen that for all a every solution of 
Bessel’s DE (2.15) has an infinite number of zeros in J = (0,00). This in 
turn implies that for every fixed a the solution J,(a) of the Bessel equation 
has an infinite number of zeros in J = (0,00). Let these zeros be {b,, n = 
0,1,---}, where bo < by <---. We shall show that {Ja(bnx), n = 0,1,---} 
is an orthogonal set in [0,1] with respect to the weight function r(x) = x. 
In fact, we shall prove that 


1 0 if bp Ab, 
tJa(bp®) Ja(bgx)dz =< 1 . 
I : , 5 Ja+1 (bp) if bp = by. 


(13.2) 


For this, first we use the substitution 2 = pt (p > 0 is a constant) in the 
Bessel DE (2.15). Since 


dy dydt _ 1dy d d?y 1 d?y 


dx dtdx pdt dx2 _p? dt2’ 
we have , r 
1 d*y 1 dy 
242+ 49 2 Og 242 2), — 
2 qa t Pilg, + (Pt —a")jy = 0, 
or P d 
y y 249 2 
P= eS a =0 
aq + tae + (p a” )y 


then it follows that the functions u = Ja(~wx) and v = Ja(vx) (w and v are 
distinct positive constants) satisfy the equations 


1 2 
ul + tal + ( 7-2) u=0 (13.3) 

and ‘ 
vl + oy + (v - <) v=0. (13.4) 


Multiplying (13.3) by v and (13.4) by u and subtracting, we obtain 


1 
< (wv vu) 4 (ue v'u) = (v? — p? Juv, 


which is the same as 
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and hence 
=u'(1)Ja(v) — 0’ (1) Ja (ps). (13.5) 


(/? — °) [ cuvdx = (a(u'v — v'u)) ' 


It follows that the integral on the left side is zero if 4 and v are distinct 
positive zeros b, and b, of Ja (x); i.e., then we have 


1 
| LIa(bpx)Ja(bgx)dx = 0. (13.6) 
0 
Now we multiply (13.3) by 2x?u’, to obtain 
do 2 2.52). 2 2.2 Doni 
a ¥ + purus — anu’) = 2pru 
x 


and hence ‘ 


1 
22 | cu'dz = (x?u!” + p22? u? — a?) 
0 


0 


When x = 0 the expression in the bracket vanishes (a?u? = 0, since u = 
Ja(wx) and Ja(0) = 0 if a > 0), and since u’(1) = wd! (uw), we have 


[ mtae = sonny? +5 (1-5) cate 


which from the recurrence relation (9.18) is the same as 
: 1 
‘ J (bpd = 5 J243 (bp). (13.7) 


The following table contains the values of the p-th positive zero bn,» of 
the Bessel function J,,(): 


Dp 1 y 3 4 5 

bo» 2.4048 5.5201 8.6537 11.7915 14.9309 
bi» 3.8317 7.0156 10.1735 13.3237 16.4706 
bo» 5.1356 8.4172 11.6198 14.7960 17.9598 
bz,» 6.3802 9.7610 13.0152 16.2235 19.4094 
ba» 7.5883 11.0647 14.3725 17.6160 20.8269 
bs,» 8.7714 12.3386 15.7002 18.9801 22.2178 


Zeros of orthogonal polynomials. Now we shall consider 
a fixed set of orthogonal polynomials {p,(x), m = 0,1,---} in the inter- 
val [a, 6] with respect to the weight function r(a). We shall represent the 
polynomial p,,(a) as 


Dn (2) Sy baat n=0,1,--- (13.8) 
i=0 
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where bp, ~# 0. Although there are numerous properties of orthogonal poly- 
nomials, we shall prove only that the zeros of each polynomial p,(x), n > 1 
are real, simple, and lie in the open interval (a, 3). For this, we need the 


following theorem. 


Theorem 13.1. Any polynomial 


has a unique representation of the form 


Qn(x -¥ cipi (a 


Proof. We define the following sequence of polynomials 


0 n-1 
an 2 
Qn-1(@) = Qn(x) - 5, Pal) S- a,x 
pore i=0 
at n—2 
Qn—2(x) = Qn—1(2) _ b - ~Pn—i(2) = > a; bi 
aa ae i=0 
qr} - ar 
Qo(x) = Qi(zx) - pi(z) = ag = —po(z) 
bi boo 
Now summing these relations, we obtain 
n-1 n art 
Ye) = ae) Ft, 
i=0 i=1 
which is the same as 
ih qr is qe 
i=1. ™ i=0 7" 


(13.9) 


Thus, in (13.9) the constants c;, 0 <7 <n are determined successively by 


the relations 


n—t - 
Cn-i = TD 7=0,1,---,n 
Onis 


To show the uniqueness, let us assume that 


n 


Qn (x) = x cipi (x >> dip; (a 


1=0 
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and hence 


However, from the orthogonality of the polynomials p,,(a), we find 


B 7 B 
0 =, r(2) (Se "= ante) pj(a)dx = (ej — a) | r(x)p; (a) de, 


i=0 
which implies that c; =d;, 0<j<n. a 


Corollary 13.2. Let Q;(x) be any polynomial of degree k < n. Then, 
B 
r(x)pn(x)Qx(x)dx = 0. 


Proof. From Theorem 13.1 there exist constants c;, i= 0,1,---,k such 
that Q;(x) = 4 cipi(z). Now the result immediately follows from the 
orthogonality of the polynomials p,,(x). a 


Theorem 13.3. The zeros of each orthogonal polynomial p(x), n > 1 
are real, simple, and lie in the open interval (a, (3). 


Proof. Let p,(z) be of fixed sign in (a, 3), then 


B 1 B 
ee i. r(e)pn(a)de = —— i; (2) (2) po(2)de. 


However, this contradicts the definition of the orthogonality. Thus, p,(21) 
= 0 for some x; € (a,(). Next let x; € (a,) be such that po (21) = 
0,0<i<k-1(2<k <n), then Qn_z(z) = pn(x)/(x — 21)" will 
be a a. of degree n — k. Hence, from Corollary 13.2, we have 
fe r(a £)Qn—z(x)dx = 0. But, for k even 


B B pe (a ) 
7 r(@)pn(L)Qn—n(a)dx = / r(a) —"——_ @— mF dz # 0. 
This contradiction shows that the roots of p,(a) in (a, 3) cannot have even 
multiplicity. Finally, let 21, 22,---,a, € (a, 8), 1<1r < nbe the only zeros 
of py(x); then 


Pn(@) = (a — a1)(@ — @2) +++ (@ — r)Qn—r(2), 


where Q,,—,(x) is a polynomial of degree n — r having fixed sign in (a, (3). 
Thus, 
a= x1)"(x _ a2)” ps ts) Qn®) 
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is of fixed sign in (a, 3), and hence 
B 
i r(x)(x — 21)?(@ — x2)? +++ (2 — 2,)°Qn_r(x) dx 
B 
= / r(@)pn (a) (@ — 21)(a@ — @2)---(w—a2,)du F 0, 


which contradicts Corollary 13.2 and so r= n. a 


As a consequence of Theorem 13.3, we have 


i) The Legendre polynomial P,,(x), n > 1 has n real simple zeros in 


1). 
ii) The Chebyshev polynomial of the first kind T,(x), n > 1 has n real 
imple zeros in (—1, 1). 


( 
(—1 
(i 
s 
(iii) The Chebyshev polynomial of the second kind U,,(x), n > 1 has n 
real simple zeros in (—1, 1). 

(iv) The Laguerre polynomial Lk (x ), 2 > 1 has n real simple zeros in 
(0, 00). 

(v) The Hermite polynomial H,,(”), n > 1 has n real simple zeros in 
(—00 


00). 


We conclude this lecture by stating the following theorem. 


Theorem 13.4. If 2, < x2 < --- < ap are the zeros of pp(x), and 
Yi < yo <-+++ < Yn41 are those of pn4i(x), then 


a<yr <1 < yo < 42 < +++ << Yn < Bn < Yn41 < P. 


Problems 


13.1. (i) Show that the functions ¢)(x) = 1 and ¢2(”) = 2” — 1 are 
orthogonal on the interval 0 < « < 1 with r(#) = 1. Further, determine 
constants A and B so that the function $3(x) = 1+ Av+ Bz? is orthogonal 
to both ¢1(x) and @2(2). 

(ii) From the orthogonal functions in part (i) find three orthonormal func- 
tions on the interval 0 < « < 1 with r(#) = 1. 


13.2. Consider the functions ¢;(r) = V2, ¢2() = x and ¢3(x) = 
x? + Ax + B. It is given that $3(x) is orthogonal to both $1(x) and ¢2(z) 
on the interval 0 < a < 1 with r(x) = 1. Find A and B. 


13.3. Find constants aj, 1 = 1,2,3,4,5 so that the set of three 
functions {a1, a2x, a3z* + a4x + as} forms an orthogonal set on [—1, 1] 
with weight function w(a) = 1. 
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13.4. Verify that the set of functions given in Example 12.2 is or- 
thonormal on the interval 0 < « < a with r(x) = 1. 


13.5. Show that the relation (13.6) holds if «4 and v are one of the 
following: 
(i) zeros of J! (a) 
(ii) zeros of xJ),(~) + hJn(x), where h is any constant 
(iii) zeros of Jn+1(x) 
( 


(iv) zeros of Jn—1(x). 


13.6. For the Legendre polynomials show that 


1 n+1 n! 2 
(i) / x” P,(a)dxz = cate 


1 (2n + 1)! 
ee a _ 2n(n + 1) 
(ii) fe Prsi(2)Paaa ite = 
ace. alos 1 3 1 
oS i F(e)de = 355-1) + Gant) * Bn +3) 


(iv) (m+n+4+1) i 2” P,(a)dx = mf gent P (ahd 


1 
= (m—n-+ 2) i v™ Py—2(x)dx 
0 


0 if m<n 
mi D(4m— $n + 3) 
©) f emPy(e)de =) 2 (mon) Pmt Int 9) 
=e if m—n(>0)_ is even 
0 if m—n(>0) is odd 


(vi) f 1 -29)P,@)Pi(alde=0, mAn 


ee ee ! oe el 
(vii) [e — 1)Pa4i(@) Py (x)de = Qn+1Qn+3) 


13.7. Let 21,---,2n be the zeros of the Legendre polynomial P,,(2), 
n > 1. Show that 


(i) II(a#) = (w@— 4)--- (a — ap) = @n)! P,,(x) 
7 1 5 _ Pla 
(ii) fu (x)dx = Gn tiny)? 


13.8. Find results similar to those in Problem 13.7 for the polynomials 
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Tn(z), Un(x), L&?(x) and H,(x), n> 1. 


13.9. For the associated Legendre functions P’”(x) of the first kind 
defined in Problem 7.12 show that 


0, kAn 


/ P(x) Pr" (x)da = 2 (n+m)! 


= —, k=n. 
‘ 2n+1(n—m)!’ ’ 


13.10. <A set {w,(x)} of complex-valued functions of a real variable 
zx is orthogonal in the Hermitian sense in an interval (a, f) if 


a Wn(2)Dn(x)dx =0, men. 


Show that the set 


{peo (=), n=0,+1, 2,0} 


is orthogonal in the Hermitian sense in (a, (3). 


Answers or Hints 
13.1. G) A=-6, B=6 (ii) 1, V3@r—1), /5(62? —62+1). 
13.2. A=-1, B=1/6. 
13.3. a, £40, a2 £0 but arbitrary, aj = —3a5, a4 = 0. 


13.4. Use cos(m — n)x — cos(m + n)x = 2sinma sin nx. 


13.5. Relation (13.5) is the same as 


(v? — p) [, eIn(Ha) In(v)da = pJ},(W)In(v) — vSi,(v)In(). (13.10) 
(i) Use (13.10) (ii) Use (13.10) (iii) Use (13.10) and (9.18) (iv) Use 
(13.10) and Problem 9.1(i) 


13.6. (i) From (7.8), P,(x) = see + Qn-1(x), where Qn—1(a) is a 


polynomial of degree at most n—1 (ii) Use 2? P,_1(x) = eer 


+Q,(a) and (i) (iii) Use (7.13) (iv) Use Problem 7.8(i) and then Problem 
7.8(iii) (v) Use Corollary 13.2 and (7.9) (vi) Integrate by parts and use 
(3.19) with a = n (vii) Use Problem 7.8(iv) and (7.13). 


13.7. From (7.8), Pn(x) = x42 he(« — 21)-++(@ = 2p). 
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13.8. U(x) = s2rTn(2), f0,(1—2?)-/ IP (@)de = poy 
I(x) = yrUn(2),  f2,(1 — 2?)/70P?(@)de = ae 
M(a) = (-1)" nL (a), f° e~*a TP? (x)de = n! T(n +a 41) 


M(x) = +H,p(z), fe? TP? (a)de =. 


~ Or 
13.9. See the orthogonality of Legendre polynomials. 


13.10. Verify directly. 


Lecture 14 


Boundary Value Problems 


So far, we have concentrated only on initial value problems, in which 
for a given DE the supplementary conditions on the unknown function 
and its derivatives are prescribed at a fixed value xp of the independent 
variable x. However, there are a variety of other possible conditions that 
are important in applications. In many practical problems the additional 
requirements are given in the form of boundary conditions: the unknown 
function and some of its derivatives are fixed at more than one value of the 
independent variable x. The DE together with the boundary conditions is 
referred to as a boundary value problem. In this lecture we shall provide a 
necessary and sufficient condition so that a given boundary value problem 
has a unique solution. 


We shall consider the second-order linear DE 


po(x)y” + pi(2)y' + pe(a)y =r(x), 2 € J = [o, 6] (14.1) 


where the functions po(x), pi(@), p2(a) and r(x) are continuous in J. To- 
gether with the DE (14.1) we shall consider the boundary conditions of the 
form 


£:[y] = aoy(a) + ary’(@) + boy(B) + biy'(B) = A 


(14.2) 
f2[y] = coy(a) + cry’(a) + doy(B) + diy’(2) = B, 


where a;, bj, ¢;, dj, 7 = 0,1 and A, B are given constants. Throughout, we 
shall assume that these are essentially two conditions, i.e., there does not 
exist a constant c such that (a9 a1 bo b1) = c(co c1 do d,). The boundary 
value problem (14.1), (14.2) is called a nonhomogeneous two-point linear 
boundary value problem, whereas the homogeneous DE 


po(x)y” + pi(x)y’ + po(x)y=0, ced (14.3) 
together with the homogeneous boundary conditions 
&[y]=0, fly] =0 (14.4) 
will be called a homogeneous two-point linear boundary value problem. 


Boundary conditions (14.2) are quite general and in particular include 
the 
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(i) first boundary conditions, 

y(a) =A, y(G) = B; (14.5) 
(ii) second boundary conditions, 

y(a)=A, y'(B) =B, (14.6) 


or 
y(a)=A, y(G)=B,; (14.7) 


(iii) separated boundary conditions (third boundary conditions), also known 
as Sturm-Liouville conditions, 


/ 
+4 -A 
aoy(a) a (14.8) 
doy(B) + diy'(B) = B, 
where a? +a? 40 and d2 + d? 40; and 
(iv) periodic boundary conditions, 
y(a) = (8), y'(a) =y'(8). (14.9) 


The boundary value problem (14.1), (14.2) is called regular if both a 
and ( are finite, and the function po(x) 4 0 for alla € J. If a = —co 
and/or 3 = oo and/or po(x) = 0 for at least one point x in J, then the 
problem (14.1), (14.2) is said to be singular. We shall consider only regular 
boundary value problems. 


By a solution of the boundary value problem (14.1), (14.2) we mean a 
solution of the DE (14.1) satisfying the boundary conditions (14.2). 


The existence and uniqueness theory for the boundary value problems 
is more difficult than that of initial value problems. In fact, in the case of 
boundary value problems a slight change in the boundary conditions can 
lead to significant changes in the behavior of the solutions. For example, the 
initial value problem y”+y = 0, y(0) = ci, y’(0) = cg has a unique solution 
y(x) = c, cos @+cy sin x for any set of values c;, cg. However, the boundary 
value problem y” + y = 0, y(0) = 0, y(a) = e(4 0) has no solution; the 
problem y” + y = 0, y(0) = 0, y(B) = 6, 0< @ <7 has a unique solution 
y(x) = esina/sin B; while the problem y” + y = 0, y(0) = 0, y(m) = 0 
has an infinite number of solutions y(a) = csina, where c is an arbitrary 
constant. 


Obviously, for the homogeneous problem (14.3), (14.4) the trivial solu- 
tion always exists. However, from the above example it follows that besides 
the trivial solution homogeneous boundary value problems may have non- 
trivial solutions also. Out first result provides a necessary and sufficient 
condition so that the problem (14.3), (14.4) has only the trivial solution. 
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Theorem 14.1. Let yi(x) and yo(x) be any two linearly independent 
solutions of the DE (14.3). Then, the homogeneous boundary value problem 
(14.3), (14.4) has only the trivial solution if and only if 


| # 0. (14.10) 


Proof. Any solution of the DE (14.3) can be written as 
y(x) = cryi (a) + caye(2). 
This is a solution of the problem (14.3), (14.4) if and only if 


flay t+eye] = c1fifyi] t+ colilye] = 0 


(14.11) 
Cslaiyr + coye] = crle[yi] + co€2[y2] = 0. 


However, the system (14.11) has only the trivial solution if and only if 
AO. 


Clearly, Theorem 14.1 is independent of the choice of the solutions yj (x) 
and yo(x). Thus, for convenience we can always take y;(x) and y2(x) to be 
the solutions of (14.3) satisfying the initial conditions 


yi(a)=1, yj (a) =0 (14.12) 


and 
ya(a) =0, h(a) = 1. (14.13) 


Corollary 14.2. The homogeneous boundary value problem (14.3), 
(14.4) has an infinite number of nontrivial solutions if and only if A = 0. 


The following examples illustrate how easily Theorem 14.1 and Corol- 
lary 14.2 are applicable in practice. 


Example 14.1. Consider the boundary value problem 


a i (14.14) 
é:[y] = y1) =0 
éo[y] = y(2) =0. (14.15) 


For the DE (14.14), yi(z) = cosh(x? — 1) and yo(x) = (1/2) sinh(x? — 1) are 
two linearly independent solutions. Further, for the boundary conditions 
(14.15), we have 


1 0 
A= 0. 
cosh3 (1/2) sinh3 - 
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Thus, in view of Theorem 14.1, the problem (14.14), (14.15) has only the 
trivial solution. 


Example 14.2. Consider once again the DE (14.14) together with the 
boundary conditions 


ily] = y’(1) =0 
£2[y] = y’(2) = 0. 


Since y{(x) = 2x sinh(x? — 1) and y$(x) = xcosh(x? — 1), for the boundary 
conditions (14.16), we find 


(14.16) 


0 1 
4sinh3 2cosh3 


Thus, again in view of Theorem 14.1, the problem (14.14), (14.16) has only 
the trivial solution. 


Example 14.3. Consider the boundary value problem 
y” + 2y’+ 5y =0 (14.17) 


f:[y] = y(0) =0 (14.18) 


For the DE (14.17), yi(~) = e~* cos2a and yo(x) = e~*sin2x are two 
linearly independent solutions. Further, since for the boundary conditions 
(14.18), 


> 
l| 


= 0 
=0 


—e 7/2 9 


the problem (14.17), (14.18) besides the trivial solution also has nontrivial 
solutions. Indeed, from Corollary 14.2 if follows that it has an infinite 
number of solutions y(#) = ce~* sin 2x, where c is an arbitrary constant. 


The following result provides a necessary and sufficient condition for the 
existence of a unique solution of the boundary value problem (14.1), (14.2). 


Theorem 14.3. The nonhomogeneous boundary value problem (14.1), 
(14.2) has a unique solution if and only if the homogeneous boundary value 
problem (14.3), (14.4) has only the trivial solution. 


Proof. Let yi(x) and ye(x) be any two linearly independent solutions of 
the DE (14.3) and z(a) be a particular solution of (14.1). Then, the general 
solution of (14.1) can be written as 


y(a) = cryi(x) + cgyo(a) + 2(2). (14.19) 
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This is a solution of the problem (14.1), (14.2) if and only if 


£iferyr + coye + 2] = cri [yi] + c2é1[y2] + fi[z] = A 


(14.20) 
foferyr + coya + 2] = crla[y1] + c2€2[y2] + C2[z] = B. 


The nonhomogeneous system (14.20) has a unique solution if and only if 
A £0, i.e., if and only if the homogeneous system (14.11) has only the triv- 
ial solution. From Theorem 14.1, A 4 0 is equivalent to the homogeneous 
boundary value problem (14.3), (14.4) having only the trivial solution. 


Example 14.4. Consider the boundary value problem 
zy” —y' —4a°y = 1+ 4e4 (14.21) 


4:[y] = y(1) =0 
foly] = y(2) = 1. 


Since the corresponding homogeneous problem (14.14), (14.15) has only the 
trivial solution, Theorem 14.3 implies that the problem (14.21), (14.22) has 
a unique solution. Further, to find this solution once again we choose the 
linearly independent solutions of (14.14) to be yi(2) = cosh(x? — 1) and 
yo(x) = (1/2) sinh(x? — 1), and note that z(2) = —2 is a particular solution 
of (14.21). Thus, the system (14.20) for the boundary conditions (14.22) 
reduces to 


(14.22) 


Cy — 1=0 
cosh3 c, + (1/2)sinh3 cp —2=1. 
This system can be easily solved to obtain c; = 1 and cg = 2(3 — cosh3)/ 


sinh 3. Now substituting these quantities in (14.19), we find the solution of 
(14.21), (14.22) as 


(3 — cosh3) 


. 2 = _ 
sinh sinh(a* — 1) — a. 


y(z) = cosh(a? — 1) + 


Lecture 15 


Boundary Value Problems 
(Cont’d.) 


In this lecture we shall formulate some boundary value problems with 
engineering applications, and show that often solutions of these problems 
can be written in terms of Bessel functions. 


Example 15.1. Consider a string of length a with constant linear 
density p which is stretched along the z-axis and fixed at x = 0 and # =a. 
Suppose the string is then rotated about that axis at a constant speed w. 
This is similar to two persons holding a jump rope and then twirling it in a 
synchronous manner. We shall find the differential equation which defines 
the shape (deflection from the initial position) y(x) of the string. For this, 
we consider the portion of the string on the interval [x, «+ Az], where Ax 
is small. In what follows, for simplicity, we assume that the magnitude T 
of the tension T acting tangential to the string is constant along the string. 
Now from Figure 15.1 it is clear that the net vertical force F’ acting on the 
string on the interval [a,x + Aa] is 


Figure 15.1 


F=Tsin 62 —Tsin@,. 


If the angles 0, and 62 (measured in radians) are small, then we have 
sinfg ~ tang ~ y'(a+Az) and sind, ~ tand, ~ y'(2) 


and hence 
F 2 Tly'(a@+ Aa) — y'(2)). (15.1) 


The net force F can also be given by Newton’s second law as F = ma. 
Clearly, the mass of the string on the interval [7,7 + Aa] is m = p Ax, and 
the centripetal acceleration of a point rotating with angular speed w in a 
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circle of radius r is a = rw”. Since Az is small, we can assume that r = y. 
Thus, another formulation of the net force is 


F ~ —(pAz)yw?, (15.2) 


where the minus sign indicates the fact that the acceleration points in the 
direction opposite to the positive y direction. From (15.1) and (15.2), we 
get 


or 


which as Ax — 0 leads to the differential equation 


d’y 2 

Since the string is fixed at the ends, the solution y(x) of (15.3) must also 
satisfy the boundary conditions y(0) = 0, y(a) = 0. Thus, the shape of the 
string y(a) can be determined by solving the boundary value problem 


HY 0, y(0)=yla) =0. (15.4) 


Clearly, y(x) = 0 is a solution of (15.4). However, in Lecture 19 we shall see 
that for some special values of w the problem (15.4) has nontrivial solutions 
also. 


Finally, we note that if the magnitude T of the tension is not constant 
throughout the interval {0, a], then the boundary value problem which gives 
the deflection curve of the string is 


“ (rH) + pw*y=0, y(0)=y(a) =0. (15.5) 


Example 15.2. Consider the problem of a vertical column of uniform 
material and cross section, bent by its own weight. Let a long thin rod be 
set up in a vertical plane so that the lower end is constrained to remain 
vertical (Figure 15.2). Suppose the rod is of length a and weight W, and 
has the coefficient of flexural rigidity B (> 0). Then, if p = dy/dx, the 
equation describing this system can be written as 


@p W(a—-z) 
dx? Boa 


p(0) =0 = p'(a). (15.7) 


p=0 (15.6) 
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x 


Rod 


Figure 15.2 


One possibility that is always present is that the rod does not bend at 
all, which is just another way of saying that the problem has only the trivial 
solution; i.e., p(x) = 0. One would expect that if the rod is short enough 
(just how short it would need to be depends on the constants W, and B, of 
course) the rod cannot bend at all, which is to say that the trivial solution 
is the only solution of the problem, and the problem is accordingly said to 
be stable. However, for all sufficiently large a, the rod can bend and the 
problem has a nontrivial solution. Clearly, then uniqueness no longer holds 
for the boundary value problem. 


Equation (15.6) can be transformed into Bessel’s equation by the sub- 
stitution 


2 (wi? 
é= 5 (5) (a—x)9/?, p=nla—-«)'/?, (15.8) 
In fact, it leads to the equation 
d?n  1dn 1 
a ca * (tag) 9-8 oe 


whose solution can be written as 


m(§) = AJij3(€) + BJ-1/3(€), 
and hence the solution of (15.6) is 


p(é) = (a — 2)*/?[AJ, /3(€) + BI_1/3(8)]. (15.10) 


Now it a simple matter to see that p’(a) = 0 only if A = 0, and p(0) = 0 
provided J_,/3(€) = 0 at € = (2a/3)(W/B)'/?. Since 


1a 1 a2w\? 
50 8 356-945 \ B 


; 1 a*W 
+-+-+(-1) OEE | a 


J_1j3(€) = 1 
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the rod remains stable provided a?/B is less than the first zero, say, € of 
(15.11). An easy computation shows that €; = 7.84---, and hence the rod 
will not bend by its own weight—.e., it will remain stable—provided 


B\ i? 
2.80--+) | = ‘ 15.12 
a < @.80--) (=) (15.12) 
In a similar situation the following problem occurs: 
ao R? 7 
qe t agt— 3) o=0 (15.13) 
(0) =0= ¢'(a). (15.14) 
For this problem equations (15.8)—(15.12) take the following form: 
1 
f= sage) e=na—s)'?, (15.15) 
d?n = 1dy 1 
a ait en ———— = 15.1 
ae eae + (1~ age) 7=9 ae 
HE) = (a — 8)? [AJ 4(€) + BI_1pa()], (15.17) 
1 Ra! 1 R?at\* 
Jal) =1- sea + aed ( AC ) 


, 1 re \” 
+++++(-1) oe (SS) r 
(15.18) 
(AG) 


“wh (15.19) 


a<y 


where ¥ is a number very close to 2. 


Example 15.3. Consider a wedge-shaped canal of uniform depth that 
empties into the open sea (see Figure 15.3). Assume that the water level at 
the mouth of the canal varies harmonically, i.e., the depth at the mouth of 
the canal is given by H coswt, where H and w are positive constants. This 
assumption simulates the motion of the tides. Now the function h(z,t), 
which gives the depth at a distance x from the inland end of the canal at 
time t, has the form h(a, t) = y(#) coswt, where y(x) satisfies the DE 


ay” + ay! +k?2?y =0, (15.20) 


where k > 0 is a constant. 
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i ee 
a 


I h(a,t) = H coswt 


b=axz 
Figure 15.3 


Comparing (15.20) with (9.20), we find that its solution can be written 

as 
y(x) = AJo(kx) + BI? (ka). (15.21) 
Since at 7 = 0 the depth of the water must be finite at all times, limz_.9 y(x) 


has to be finite. However, since lim,—,9 | J°(ka)| = 00, we need to assume 
that B = 0. Hence, the depth h(x, t) can be written as 


h(x, t) = AJo(kx) cos wt. (15.22) 


Next using the condition that the depth at the mouth of the canal is 
Hf coswt, we have 


H coswt = h(a, t) = AJo(ka) cos wt 


and hence A = H/Jo(ka) provided Jo(ka) 4 0. Thus, the depth h appears 
as 


Jo(ka 
Jo(ka 
Clearly, from (9.8) we have Jo(0) = 1 and hence Jo(a) 4 0 at least for 


sufficiently small « > 0. Thus, the solution (15.23) is meaningful as long as 
ka is sufficiently small. 


nN 


h(a,t) =H 


cos wt. (15.23) 


nN 


Example 15.4. Now in Example 15.3 we assume that the depth of the 
canal is not uniform, but varies according as ¢(a#) = Gx. Figure 15.4 shows 
the lengthwise cross section of the canal. 


Figure 15.4 
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Again we assume that the water level at the mouth of the canal varies 
harmonically. Then the depth has the form h(«,t) = y(x) coswt, where y 
satisfies the DE 

xy” + 2ay' + kay = 0; (15.24) 


here k > 0 is a constant. 


Comparing (15.24) with (9.19), we find that its solution can be written 
as 


y(a) = Ag 7, (2ka1/?) +BaV/?2z_, (2k2"/?) . (15.25) 


Since at x = 0 the depth of the water must be finite at all times, we need 
to assume that B = 0. At t = 0 we have h(a,0) = Ga. In particular, 
Ba = h(a, 0) = y(a) = a~/?, AJ, (2ka!/?) and hence A = Ba/?/J,(2kal/?). 
Thus, the solution appears as 


3/2 »—1/2 Ji (2ka1/?) 


h(a, t) — Ba Fy apanay Ps 
which is meaningful as long as 2ka!/? is small. 
Problems 


15.1. Solve the following boundary value problems: 
(i) y” —y=0 a y” +4y' +7y=0 
y(0) =0, yl) =1 y(0) =0, y’1)=1 


es — 6y’ + 25y = 0 . xy" + Txy’ + 3y =0 
C9) (0) = 1, w(n/4) =0 () ya) =1, y@)=2 
y’ +y=0 y+ = x 
(v) y(0) + y'(0) = 10 (vi) 
0) =0 2)= 
y(t) + 3y'(1) = y( y(m/2) 
” a yi ty ty=2 
(vii) Hl 0) as ‘ iesaien (viii) y(0) + 2y'(0) =1 
WO) = 0, y(2) = y(1) — (1) = 8. 
15.2. Solve the following periodic boundary value problems: 
y” + 2y' + 10y =0 y" +7?y=0 
(i) y(0) = y(x/6) (ii) y(-1) = (1) 
y'(0) = y'(x/6) y'(-1) =y'(1). 


15.3. Show that the boundary value problem y” = r(x), (14.8) has a 
unique solution if and only if 


= agdo (3 a a) + aod, — a;do x 0. 
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15.4. Determine the values of the constants 3, A, and B so that the 
boundary value problem y” + 2py’ + gy = 0, y(0) = A, y(G) = B with 
pp” — q <0 has only one solution. 


15.5. Show that the boundary value problem y” + p(x)y = q(x), (14.5) 
where p(x) < 0 in [a, 3], has a unique solution. 


15.6. Let z(a) be the solution of the initial value problem (14.1), 
z(a) = A, 2'(a) = 0, and y2(x) be the solution of the initial value problem 
(14.3), (14.13). Show that the boundary value problem (14.1), (14.5) has a 
unique solution y(a) if and only if y2(@) 4 0 and it can be written as 


15.7. Let yi (x) and y2(x) be the solutions of the initial value problems 
(14.3), y1(a) = a1, yf(a) = ao and (14.3), y2(8) = —di, y$(B) = do, 
respectively. Show that the boundary value problem (14.3), (14.8) has a 
unique solution if and only if W(y1, y2)(a) 4 0. 


15.8. Let yi(x) and y2(x) be the solutions of the boundary value 
problems (14.3), (14.2) and (14.1), (14.4), respectively. Show that y(#) = 


d 


yi(x) + ya(z) is a solution of the problem (14.1), (14.2). 
15.9. For the homogeneous DE 
Loly] = (27 +1)y" — 2ary’ + 2y = 0 (15.26) 


x and (a? — 1) are two linearly independent solutions. Use this information 
to show that the boundary value problem 


Loly] =6(@7 +1), yO)=1, y(1)=2 (15.27) 
has a unique solution, and find it. 


15.10. A telephone cable stretched tightly with constant tension T’ 
between supports at « = 0 and x = 1 hangs at rest under its own weight. 
For small displacements y the equation of equilibrium and the boundary 
conditions are 


y’ =—-mg/T, 0<a<1, y(0)=0=y(1), (15.28) 


where m is the mass per unit length of the cable, and g is the gravitational 
constant. Show that the solution of (15.28) can be written as y(a) = 
mgu(1— «)/(2T), i.e., the telephone cable hangs in a parabolic arc. 


15.11. In the construction of large buildings a long beam is often 
needed to span a given distance. To decide the size of the beam, the 
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architect needs to calculate the amount of bending the beam will undergo 
due to its own weight. If E represents the modulus of elasticity of the beam 
material, I is the moment of inertia of a cross section about its center axis, 
2a is the length of the beam, and W is the weight per unit length, then 
the differential equation used to find the sag curve for a beam supported 


at both ends is , 
WwW 
Ely" =aWz — > ; 


where y denotes the vertical sag distance per horizontal x unit. If the 
beam is resting on two supports at its ends (simple beam), then the natural 
boundary conditions are y(0) = 0, y(2a) = 0. Show that the solution of 
this boundary value problem is 


Verify that y/(a) = 0 and give its interpretation. 


15.12. The equation of equilibrium of a tightly stretched and initially 
straight elastic string embedded in an elastic foundation of modulus k > 0 
is given by 

y" — (k/T)y = 0, 


where y is the deflection of the string. Here the weight of the string is 
neglected, the deflections are assumed to be small, and the tension T’ is 
considered as a constant. The end a = 0 of the string is fixed, i-e., y(0) = 0, 
and at the end z = a there is a displacement given by y(a) = 3 > 0. Show 
that y(v) = 8 sinh(,/k/T)a/sinh(,/k/T)a is the solution of this boundary 
value problem, and maxo<z<a y(x) = y(a) = B. 


15.13. A gas diffuses into a liquid in a narrow pipe. Let y(a) denote 
the concentration of the gas at the distance x in the pipe. The gas is 
absorbed by the liquid at a rate proportional to y’(x), and the gas reacts 
chemically with the liquid and as a result disappears at a rate proportional 
to y(x). This leads to the balance equation 


y” —(k/D)y = 9, 


where & is the reaction rate and D is the diffusion coefficient. If the initial 
concentration is a, i.e., y(0) = a and at « = a the gas is completely 
absorbed by the liquid, i.e., y(a) = 0, show that y(#) = asinh[{,/k/D(a — 


x)|/ sinh[,/k/ Dal. 


15.14. A long river flows through a populated region with uniform 
velocity u. Sewage continuously enters at a constant rate at the beginning 
of the river x = 0. The sewage is convected down the river by the flow and 
it is simultaneously decomposed by bacteria and other biological activities. 
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Assume that the river is sufficiently narrow so that the concentration y of 
sewage is uniform over the cross section and that the polluting has been 
going on for a long time, so that y is a function only of the distance x 
downstream from the sewage plant. If the rate of decomposition at x is 
proportional to the concentration y(x) and k is the proportionality constant, 
then y satisfies the DE 


y” — By’ —a’y =0, 


where 3 = u/D and a? = k/(AD), A is the cross-sectional area of the river, 
and D > 0 is a constant. If the concentrations at « = 0 and x = a are 
known to be y(0) = yo, y(a) = y1 (< yo), then show that the concentration 
in the stream for 0 < x < ais 


Bal? ho 
yay = OPO? lance ba = ——__ oe 


where 0 = \/(? + 4a?/2. 


15.15. Suppose a hollow spherical shell has an inner radius r = a and 
outer radius r = 2, and the temperature at the inner and outer surfaces 
are Ua and ug, respectively. The temperature u at a distance r from the 
center (a <r < ) is determined by the boundary value problem 


inh @ 
sinh 6a es 


du ‘i du 
"er dr 


Show that 


15.16. A steam pipe has temperature ug at its inner surface r = a 
and temperature ug at its outer surface r = G. The temperature u at a 
distance r from the center (a < r < (3) is determined by the boundary 
value problem 


r—~+—=0, u(a)=Ua, ul) = uz. 
Show that 
In(a/) , 


15.17. For the telephone cable considered in Problem 15.10, the large 
displacements y are governed by the equation and boundary conditions 


u(r) = 


"=o it+(y?, O<a2<1, y(0)=0=y(1). (15.29) 
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Show that the solution of (15.29) can be written as 


L mg mg 1 
Geshe = doah | te he 
y(x) ae {cos agi oe | a (« 5) \, 


i.e., the telephone cable hangs in a catenary. 


Answers or Hints 
2 sinha /:: e2-2) sin /3ax wists ah Se 3 
15.1. (i) sinha (ii) oa (iii) te3 sin 4x (iv) aay 
[(16—-2-8)g-3+V6 4 (2V6 _16)a-3-V6] (vy) st __ [{5(sin 1 +3 cos 1) — 
2} cos a + {5(3sin 1 —cos 1) +2} sina] (vi) 2cosa+ (3 = =) sin +a? —2 
(vii) e~* [2+ (Ze? — 1) a] + a — 2 (viii) e(1—2)/2 cog Bx 
+a —1. 


18 
3 cos 34 /3sin eI 


15.2. (i) Trivial solution (ii) cy, coswa + cosinax, where c, and cz are 
arbitrary constants. 


15.3. For the DE y” = 0 two linearly independent solutions are 1, +. Now 
apply Theorem 14.3. 


= Be?®—Acos,/q-p?2h . 
nt px / Qe Ee a — 2: 
Lene Oe oe eP* A cos /q— pra sin \/q—p28 sin Vg ~ per) . 


15.5. Let y(xz) be a nonnegative solution of y” + p(a)y = 0, y(a) =0 = 
y(G). Then, at the point x; € (a,) where y(x) attains its maximum 
y" (a1) + p(w1)y(a1) < 0. 


15.6. The function y(x) = z1(x) + cyi(x) is a solution of the DE (14.1). 


15.7. Use Theorem 14.3. 
15.8. Verify directly. 


15.9. Use variation of parameters to find the particular solution z(a) = 
z* + 3x”. The solution of (15.27) is c+ + 227 — 22 +1. 


15.11.|y| max = ly(a)| = ne. 
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Green’s Functions 


The function H(x,t) defined in (2.12) is a solution of the homogeneous 
DE (2.1) and it helps in finding an explicit representation of a particular 
solution of the nonhomogeneous DE (2.8). In this lecture, we shall find an 
analog of this function called a Green’s function G(x, t) for the homogeneous 
boundary value problem (14.3), (14.4) and show that the solution of the 
nonhomogeneous boundary value problem (14.1), (14.4) can be explicitly 
expressed in terms of G(z,t). The solution of the problem (14.1), (14.2) 
then can be obtained easily as an application of Problem 15.8. 


In what follows throughout we shall assume that the problem (14.3), 
(14.4) has only the trivial solution. Green’s function G(,t) for the bound- 
ary value problem (14.3), (14.4) is defined in the square [a, 6] x [a, 6] and 
possesses the following fundamental properties: 

(i) G(a,t) is continuous in [a, 3] x [a, f], 


(ii) OG(a,t)/Ox is continuous in each of the triangles a < 7 <t < 6 and 
a<t<a< (; moreover, 


OG OG ib 
si ~ 2) = 
where 
OG , 4 OG(a, t) OG cos pe OG(a, t) 
Fa —(t",t) = a ; Da and Aa (t~,t) = ase a. 
za>t weet 


(iii) for every t € [a, GB], z(x 


) x,t) is a solution of the DE (14.3) in 
each of the intervals [a,¢) and (¢, a 
2 ae 


(iv) for every t € fa, J], 2(x 
(14.4). 


These properties completely characterize Green’s function G(,t). To 
show this, let yi(a%) and y2(x) be two linearly independent solutions of 
the DE (14.3). From the property (iii) there exist four functions, say, 
Ai(t), A2(t), wi(t), and p2(t) such that 


G(x,t) = yi(@) Ar (t) + yo(x)Ao(t), a<a<t 


yi(x) u(t) + yo(a)uo(t), t<a< fp. (16.1) 
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Now using properties (i) and (ii), we obtain the following two equations: 


yi(t)Ar(t) + yo(t)Aa(t) = yi (tea (t) + yo(t) a(t) (16.2) 


yi (t)er(t) + yo(t)uo(t) — yi (t)Ar(t) — yo(t)Aa(é) (16.3) 


~ po(t)’ 
Let V(t) = fi (t) — Ax (t) and V(t) = [12 (t) —o2(t), so that (16.2) and (16.3) 
can be written as 


yi(t)iy (t) + yo(t)v2(t) = 0 (16.4) 
vi (a(t) + vb(Ove(t) = ——. (16.5) 
po(t) 


Since yi(a) and y2(a) are linearly independent the Wronskian W (y1, y2)(t) 
+ 0 for all t € [a, Z|. Thus, the relations (16.4), (16.5) uniquely determine 
vi(t) and v(t). 


Now using the relations j1(t) = A1(t) + (¢) and po(t) = Ao(t) + v2(t), 
Green’s function can be written as 


G(« t) = fee as yo(x)A2(t), a<a<t 
, yr(x)Ax1(t) + yo(w)Aa(t) + yr(w)r1(t) + yo(a)ve(t), t< a < B. 


(16.6) 
Finally, using the property (iv), we find 
fi[yiJAi(t) + 4i[ye|Ao(t) = —bo(yi(B)v1(t) + y2(@)v2(t)) 
—r(Anlt) + ul) ag 
faly)Ar(t) + C2ly2|A2Q) = —do(yi(@)1(t) + y2(B)v2(t)) 
—dy (4 (Br (t) + yo(B)va(t)). 


Since the problem (14.3), (14.4) has only the trivial solution, from Theorem 
14.1 it follows that the system (16.7) uniquely determines A;(t) and A2(t). 


From the above construction it is clear that no other function exists 
which has properties (i)—(iv); i.e., Green’s function G(x, t) of the boundary 
value problem (14.3), (14.4) is unique. 


As mentioned earlier, we shall now show that the unique solution y(x) of 
the problem (14.1), (14.4) can be represented in terms of G(,t) as follows: 


B x B 
ya) = f Glo, tyr(oat = | Glo, tr(oae+ f G(a,t)r(t)dt. (16.8) 


Since G(a,t) is differentiable with respect to x in each of the intervals, we 
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find 


yo) = G(e.2)r(a) +f SE, 


a 


- | ei, 
(t)dt 


_ OG(a, t) 
= [ ay Tht. 


(16.9) 


Next since 0G(a,t)/Ox is a continuous function of (a, ¢t) in the triangles 
a<t<a<Banda<«a<t< Q, for any point (s,s) on the diagonal of 
the square, i.e., t = x it is necessary that 


OG, _ _ 9G. OG, a. OG. 2 
By (878 = ma , 8). (16.10) 


Now differentiating the relation (16.9), we obtain 


2G 
ey = oC ee ae fae (x,t) r(t)de 


Gai. 4 [ POO nat 


which in view of (16.10) is the same as 


xt ,@ Lye 8 PG(a« 
y'(a) = [PG 2) _ 26") ) re) + / AG) eat. 


Ox a) Ox? 
Using property (ii) this relation gives 
B a2 
feet +f OND eas, (16.11) 
po(x) a Ox 


Thus, from (16.8), (16.9), and (16.11), and the property (iii), we get 
po(x)y" (x) + pi(x)y"(@) + pa(x)y(2) 


B 2G x 
= 162) + footy AS + (“S29 + valerate] roa 


= r(x), 


i.e., y(x) as given in (16.8) is a solution of the DE (14.1). 


Finally, since 


B B 
-| G(a, t)r(t)dt, y(a)= | G(S, t)r(t)dt 


8 aga 8 
vo) = [| Senna, ye = [oar 
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it is easy to see that 


B B 
ei [y] -| £,[G(a,t)|r(t)dt =O and = é[y] =f lo[G(a, t)]r(t)dt = 0 
and hence y(x) as given in (16.8) satisfies the boundary conditions (14.4) 
as well. 
We summarize these results in the following theorem. 


Theorem 16.1. Let the homogeneous problem (14.3), (14.4) have only 
the trivial solution. Then, the following hold: 


(i) there exists a unique Green’s function G(a,t) for the problem (14.3), 
(14.4), 


(ii) the unique solution y(x) of the nonhomogeneous problem (14.1), (14.4) 
can be represented by (16.8). 


Example 16.1. We shall construct Green’s function of the problem 


y= 0 (16.12) 
agy(a) + ary'(a) = 0 
doy(8) + dyy'(@) =0. (16.13) 


For the DE (16.12) two linearly independent solutions are y;(a) = 1 and 
Yyo(x) = x. Hence, in view of Theorem 14.1 the problem (16.12), (16.13) has 
only the trivial solution if and only if 


ay, _ _ = 
do do ily dy | = agdo(8 a) + aod a ;do x 0 


(see Problem 15.3). Further, equalities (16.4) and (16.5) reduce to 
Vj(t) + tve(t) =O and 19(t) =1. 
Thus, 11(¢) = —t and v2(t) = 1. 
Next for (16.12), (16.13) the system (16.7) reduces to 


agA1(t) + (aoa + a1)A2(t) = 
doAi(t) + (doZ + di)A2(t) = —do(—t+ 8) — di, 


which easily determines \;(t) and \2(t) as 


1 1 
A1(t) 1 H (a0 + a1)(doB —dot + d;) and A2(t) = K 20 (dot — doB— dy). 
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Substituting these functions in (16.6), we get the required Green’s func- 
tion 
G(e,t) 1 | (doGB—dot+di)(aga-—agprx+ai), a<u<t 
x,t)=— 
(do — dox + di)(apa — apt + a1), t<a2<, 


A 
which is symmetric, i.e., G(a,t) = G(t, x). 
Example 16.2. Consider the periodic boundary value problem 
y’ +k’y=0, k>0 (16.15) 


(0) = y(w) 
O=0G), WS0 ety) 


For the DE (16.15) two linearly independent solutions are y;(“) = cos ka 


and yo(a) = sinka. Hence, in view of Theorem 14.1 the problem (16.15), 
(16.16) has only the trivial solution if and only if 


k 
A = 4ksin? = #0, ie, w€(0,2n/k). 


Further, equalities (16.4) and (16.5) reduce to 


cos kt v(t) + sin kt v2(t) = 0 
—ksin kt y(t) + kcos kt v2(t) = 1. 


These relations easily give 
y(t) = -z sinkt and v(t) = 70s kt. 
Next for (16.15), (16.16) the system (16.7) reduces to 
(1 — cos kw)A1(t) — sin kw A2(t) = =sin k(w — t) 
sin kw Ay(t) + (1 — cos kw)A2(t) = 0s k(w —t), 
which determines \;(t) and A(t) as 


- cosk (t~ =) and alt) = sink (t= 5). 


— oem en Ee ke 
2k sin sw BW 


Ai(t) 


Substituting these functions in (16.6), we get Green’s function of the 
boundary value problem (16.15), (16.16) as 


1 cosk (« —t+ 
G(z, t) 


2ksin 5W | cosk (t —x+ 
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which as expected is symmetric. 


Problems 


16.1. Show that 


—costsinz, O<a<t 
Ge.) ={ —sintcosz, t<a<7/2 


is Green’s function of the problem y” + y = 0, y(0) = y(7/2) = 0. Hence, 
solve the boundary value problem 


yo +y=l+a, y(0) =y(r/2) =1. 
16.2. Show that 


G(a,t) = 


1 sinh(t—1)sinha, O<a<t 
sinh1 | sinhtsinh(a—1), t<a<1 


is Green’s function of the problem y” — y = 0, y(0) = y(1) = 0. Hence, 
solve the boundary value problem 


y"—y=2sinz, y(0)=0, y(1) =2. 


16.3. Construct Green’s function for each of the boundary value 
problems given in Problem 15.1, parts (vi) and (vii), and then find their 
solutions. 


16.4. Verify that Green’s function of the problem (15.26), y(0) = 
0, y(1) = 0 is 


2_ 
(a wy ieee 

(P+ p 

oe x(t? — 1) 
Es 
eae @stsl 


Hence, solve the boundary value problem (15.27). 


16.5. Show that the solution of the boundary value problem 


can be written as 


way | Gla, t)r(t)dt, 
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where 
(1 — t?)a? 
ae Si 
G(az,t) = 
(2,0) t(1 — 2?) 
_ 5 », sels 


16.6. Show that the solution of the boundary value problem 


y"—y=r(a), y(-oo) =0, y(oco) =0 
can be written as 


y(x) = sf. e!®—tlr(t) dt. 


16.7. Consider the nonlinear DE 


y= f(ay,y) (16.18) 


together with the boundary conditions (14.5). Show that y() is a solution 
of this problem if and only if 


_ (6-2) ,, @-a),, f? 
ula) = Gt B+ | alan stt.ule).v' Ode 


where G(z,t) is Green’s function of the problem y” = 0, y(a) = y(8) = 0 
and is given by 


__i (G-Hla—a),. oi wed 
Hear onan Ger er 


Also establish that 
(i) G(a,t) <0 in [a, 6] x [a, 6] 


fe 1 
(ii) |G(z,2)| < 7(F— a) 


(GB —a) mn? (G—a) 
P x x — a)? — x)? 
(v) | aoe) ay =| an < 5( —a) 


16.8. Consider the boundary value problem (16.18), (14.6). Show 
that y() is a solution of this problem if and only if 


B 
y(a)=A+(e-a)B+ f G(e,t)F(t,y(t).¥ Oat 
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where G(x, t) is Green’s function of the problem y” = 0, y(a) = y'(8) = 0 


and is given by 
(a-—2), a<aK<t 
CEs) ={ (a-t), t<ax<B. 
Also establish that 
(i) G(a,t) <0 in [a, 4] x [a, 6] 
(ii) |G(z,t)| < (6 ~ 


Git) ) [ iee.nlde= 3} 5(e— a)(28-a~2) < 5(8- a)? 


(iv) [ eet) 


16.9. Consider the nonlinear DE 


ar = (6-2) < (8-0). 


y” —ky= f(z,y,y’), k>0 


together with the boundary conditions (14.5). Show that y() is a solution 
of this problem if and only if 


_ sinh Vk(8 — a) sinh Vk(a — 
= eae aie p+ [ G(x, t) f(t, y(t), y’())dt, 


where G(x, t) is Green’s function of the problem y” —ky = 0, y(@) = y(@) = 
0 and is given by 


G(e,t) = = 7 oo wie? 


Vksinh Vk(G—a) | sinh Vk(t — a) sinh Vk(G—2), t< 2 < B. 
Also establish that 
(i) G(a,t) < 0 in [a, 6] x [a, 6] 


_ fF 1 cosh Vk (242-2) 1 i 
ci f |G(a, t)|dt =F (eS 7 (re 


16.10. Show that 
(i) if we multiply the DE (14.3) by the integrating factor 


nla) = sew (fo Bar) 


then it can be written in the self-adjoint form 


Ly] = (p(x)y')' + a(x)y = 0, (16.19) 
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(ii) if y1(@) and y2(a) are two linearly independent solutions of (16.19) in 
[a, B], then p(a)W (y1, y2)(%) = C, where C' ¥ 0 is a constant, 

(iii) if y:(a) and y2(x) are solutions of (16.19) satisfying the same initial 
conditions as in Problem 15.7, then Green’s function of the problem (16.19), 
(16.13) can be written as 


_1f wlt)hyi(t), ac<a<t 
a= a{ w(ty(a), t<2<B ben) 


which is also symmetric. 


Answers or Hints 


16.1. l+a2—- S sin z. 


(2+sin 1) _; ow 
16.2. ~Sy77 sinh — sing. 


16.3. The associated Green’s functions are— 


—costsinz, O0O<a<t 

—sintcosz, t<u< 7/2 
—2£(2 — tye—(@-*) << 

for Problem 15.1(vii) G(2,t) = { ee eee 


—f(2-a2)e"@-9, t<arK<2. 


for Problem 15.1(vi) G(a, t) = { 


16.4. Verify directly. «+ + 2? — 22+ 1. 
16.5. Verify directly. 
16.6. Verify directly. 


16.7. Verify directly. For Part (ii) note that |G(az,t)| < (6—2x)(a—a)/(B- 
Q). 


16.8. Verify directly. 
16.9. Verify directly. 
16.10.(i) Verify directly (ii) ye(pyi)’ — v1 (pys)! = (yepyt — yipy2)’ = 0 
(iii) From Problem 15.7 the homogeneous problem (16.19), (16.13) has only 
the trivial solution; from the same problem it also follows that yi(#) and 


y2(x) are linearly independent solutions of (16.19). Thus, in view of (2.13) 
and (ii) the general solution of nonhomogeneous self-adjoint equation 


Ly] = (p(x)y") + a(x)y = r(2), (16.21) 


can be written as 
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y(x) = ery (a) + cayo(x) + J Jo lyr @)y2(z) — y2(t)yn (2) |r(d) dt. 
This solution also satisfies the boundary conditions (16.13) if and only if 
a=4 ih yo(t)r(t)dt and cg = 0. 


Lecture 17 


Regular Perturbations 


In Theorem 4.1 we have obtained series solution of the second-order 
initial value problem (2.1), (4.1) whose radius of convergence is at least as 
large as that for both the functions p;(a) and p2(x). However, in many prob- 
lems the functions p;(x) and p2(x) are not necessarily analytic; moreover, 
we often need to find at least an approximate solution which is meaningful 
for all a in a given interval. In this lecture we shall discuss the regular 
perturbation technique which relates the unknown solution of (2.1), (4.1) 
with the known solutions of infinite related initial value problems. 


The essential ideas of regular perturbation technique can be exhibited 
as follows: Suppose that the auxiliary DE 


y" + Py (x)y' + Bo(x)y = 0 (17.1) 
together with the initial conditions (4.1) can be solved explicitly to obtain 
its solution yo(x). We write the DE (2.1) in the form 

y" + (Bi (x) + pi(@) — Bi (@))y! + (Ba(@) + po(x) — Bol) )y = 0, 


which is the same as 
y" +P, (x)y' + Po(x)y = a (a)y’ + ga(x)y, (17.2) 


where qi(%) = D(a) — pi(x) and qo(x) = D(x) — po(a). We introduce a 
parameter € and consider the new DE 


y" + D,(x)y' + Bo(x)y = €(qi(x)y’ + g2(x)y). (17.3) 


Obviously, if ¢ = 1, then this new DE (17.3) is the same as (17.2). We look 
for the solution of (17.3), (4.1) having the form 


Co 


y(2) = S> eyn(x) = yo(x) + ey (2) + eyo(x) +++. (17.4) 
n=0 


For this, it is necessary to have 


Co 


do Gn (@) +P i (2) yp, (©) +B 2(@) yn (x) = Beye "(a1 (@)Yn (@) + 42(2) Yn (2)) 


n=0 n=0 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_17, 
© Springer Science+Business Media, LLC 2009 
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and 
co co 
S- "Yn (0) =co, > _ ey}, (20) = e1. 
n=0 n=0 
Thus, on equating the coefficients of «”, n = 0,1,--- we find the infinite 


system of initial value problems 
yo (x) + Py (x)yo(#) + Bo(x)yo(z) =0, yo(ro) = co, Yo(vo) = e1 (17.5) 


Yn (x) + Py (x) yn (@) + Bo(@)Yn(@) = 91 (2) Ypn—1(@) + 42 (a) Yn—1 (2) 


17.6) 
Yn(Xo) = yj, (ao) = 0, n=1,2,---. ( ) 


This infinite system can be solved recursively. Indeed, from our initial 
assumption the solution yo(x) of the initial value problem (17.5) can be 
obtained explicitly, and thus the term qi (%)y)(x) + q2(x)yo(x) in (17.6), is 
known; consequently the solution y;(2) of the nonhomogeneous initial value 
problem (17.6); can be obtained by the method of variation of parameters. 
Continuing in this way the functions yo(x), y3(a),--- can similarly be ob- 
tained. Finally, the solution of the original problem is obtained by summing 
the series (17.4) for e = 1. 


The above formal perturbative procedure is not only applicable for the 
initial value problem (2.1), (4.1) but can also be applied to a variety of 
linear as well as nonlinear problems. The implementation of this powerful 
technique consists the following three basic steps: 


(i) Conversion of the given problem into a perturbation problem by intro- 
ducing the small parameter e. 


(ii) Assumption of the solution in the form of a perturbation series and 
computation of the coefficients of that series. 


(iii) Finally, obtaining the solution of the original problem by summing 
the perturbation series for the appropriate value of e. 


It is clear that the parameter € in the original problem can be intro- 
duced in an infinite number of ways; however, the perturbed problem is 
meaningful only if the zero-th order solution, i.e., yo(x) is obtainable ex- 
plicitly. Further, in a large number of applied problems this parameter 
occurs naturally, representing such diverse physical quantities as Planck’s 
constant, a coupling coefficient, the intensity of a shock, the reciprocal of 
the speed of light, or the amplitude of a forcing term. 


The perturbation method naturally leads to the question, under what 
conditions does the perturbation series converge and actually represent a 
solution of the original problem? Unfortunately, often perturbation series 
are divergent; however, this is not necessarily bad because a good approx- 
imation to the solution when e is very small can be obtained by summing 
only the first few terms of the series. 
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We shall illustrate this fruitful technique in the following examples. 
Example 17.1. The initial value problem 
y” —|zly=0, y(0)=1, y'(0)=0 (17.7) 


has a unique solution in IR. However, in any interval containing zero the 
series solution method cannot be employed because the function || is not 
analytic. We convert (17.7) into a perturbation problem 


y =elrly, yO)=1, y'(0)=0 (17.8) 


and assume that the solution of (17.8) can be written as perturbation series 
(17.4). This leads to an infinite system of initial value problems 


yo(@) =0, yo(0)=1, yo(0) =0 (17.9) 
Yn(®) = ||Yn—1(@),;  Yn(0) = yp (0) = 0, n= 1,2,--: (17.10) 


which can be solved recursively, to obtain 


ne x®"—1lo|, if n odd 
x 


yo(a) =1, Yn(z) = (3n)! 3n 


, if nm even. 
Thus, the solution y(a,¢) of the perturbation problem (17.8) appears as 


14.7. +++ (80 oes 
y(a, €) jai ee ae oe ale aE eds, aad) 


, if nm even. 


Hence, the solution y(#) = y(a,1) of the initial value problem (17.7) can 
be written as 


.1.4.7-++(8n—2) { 23"-1|2|, if n odd 
y(a) = a> (3n)! { 2°", if nm even. (int2) 
From (17.12) it is clear that for the problem y” — zy = 0, y(0) = 
1, y’(0) = 0 the perturbation method as well as its series solution leads to 
the same Airy function. 


Example 17.2. Consider the initial value problem 


y +y=2¢-1, y1)=1, y(1)=3. (17.13) 
We convert (17.13) into a perturbation problem 
y" =e(-yt+2x-1), y)=1, y/(1)=3 (17.14) 


and assume that the solution of (17.14) can be written as perturbation 
series (17.4). This leads to the system 


yo(t)=9, yol)=1, yo(l) =3 
yi (x) = —yo() + 2a—1, yi) = y,(1) =0 
Yn(t) =—Yn-1(@);  Yn(1) = yp, (1) = 9, 2 = 2,3,--° 
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Thus, the solution y(x) of the problem (17.13) appears as 


= ee 


Example 17.3. In the van der Pol’s equation (4.18) we consider yu 
as the perturbing parameter, and seek its solution in the form y(a#) = 
ro H" Yn (x). For this, we must have 


Sou" (y(2) + yn(x)) =u {1 (> a) So yh), 
n=0 n=0 n=0 


which leads to the system 


yg (x) + yo(a) = (17.15) 
yi (x) + yr(x) = (1 — y6(2) )yo(@) (17.16) 


ya (2) + yo(@) = (1 — yd (x) yi (@) — 2y0(x) yn (@) yo (2) (17.17) 


The general solution of (17.15) is readily available, and we prefer to 
write it as yo(a) = acos(a + b), where a and b are arbitrary constants. 
Substituting yo(x) in (17.16), one obtains 


yi (x) +yi(x) = —(1— a? cos?(x + b))asin(x + 6) 
3_ 4 1 
Sie r “ sin(x +b) + ra sin 3(a + b), 


which easily determines y;(a) as 


a® — 4a 


1 
w(x) =— : x cos(x + b) — era sin 3(x + b). 


With yo(x) and yi(x) known, the right side of (17.17) is known. Thus, 
y2(x) can be determined from (17.17) in a similar fashion. Certainly, for a 
small 4s the solution y(a) of (4.18) is better approximated by the function 


3 _ 


4 1 
acos(x + b) — p (: “2x cos(x +b) + ae sin 3(0-+8)) 


compared to just acos(a + 6). 
Example 17.4. Duffing’s equation 
my” +ay + by? =0 (17.18) 


models the free velocity vibrations of a mass m on a nonlinear spring, 
where the term ay represents the force exerted by a linear spring, whereas 
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the term by? represents the nonlinearity of an actual spring. For simplicity, 
in (17.18) let m =a=1 so that (17.18) reduces to 
y” +yt by? =0. (17.19) 
We shall consider (17.19) together with the initial conditions 
y(0) = yo, y'(0) =0. (17.20) 


In (17.19) let 6 be the perturbing parameter. We seek the solution of 
(17.19), (17.20) in the form y(x) = )>7°_y b"yn(x). This leads to the system 


yo (x) + yo(x) =9, yo(0)= yo, yo(0) =0 (17.21) 


yi (x) +y1(2) =—ys(z), y1(0) = 910) =0 (17.22) 


From (17.21) and (17.22), it is easy to obtain the functions 
Yyo(t) = Yyocosx 
3 1 
yi(t) = —Eyow sin © + 3y 0 (cos 3x — cos 2). 


Thus, the solution y(x) of the problem (17.19), (17.20) can be written as 


3 1 
y(x) = yo cos x + bye (3: sin x + 39 (098 3x — cos °)) + O(6*). 


Example 17.5. The boundary value problem 
y= —2yy', -y(0)=1, yl) =1/2 (17.23) 


has a unique solution y(a#) = 1/(1+ a). We convert (17.23) into a pertur- 
bation problem 


y" =e(—2yy’), y(0)=1, yl) =1/2 (17.24) 


and assume that the solution of (17.24) can be written as perturbation 
series (17.4). This leads to the system 


yo =9, yo(0)=1, yo(l) = 1/2 (17.25) 
wi =—2yoyo, yi(0) = yi(1) =0 (17.26) 


ys =—2(your +4140), Y2(0) = y2(1) =0 (17.27) 


From (17.25)—(17.27), we find the functions 


1 
= mo + 6x? — x°) 


1 
yo(x) = oH 172 + 752? — 852° + 302* — 32°). 


(2-2), (2) 
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Thus, an approximation to the solution of the boundary value problem 
(17.23) can be taken as 
W(x) = yo(r) + y1(x) + ya(2) 


1 
= —(180 — 1822 + 1652? — 1002? + 3027 — 32°). 
180 


In Table 17.1 we compare this approximate solution Y(x) with the exact 
solution y(x). 


Table 17.1 


Exact solution | Approximate solution Difference 
0.0 


1.000000 1.000000 0.000000 
0.909091 0.907517 0.001574 
0.833333 0.830261 0.003072 
0.769231 0.765476 0.003755 


0.714286 0.710763 0.003523 


0.666667 0.664062 0.002605 
0.625000 0.623637 0.001363 
0.588235 0.588049 0.000186 
0.555556 0.556139 —0.000583 
0.526316 0.527008 —0.000692 
0.500000 0.500000 0.000000 


Problems 
17.1. The initial value problem 
dé 
(Fé = + 0, (0) 
occurs in cooling of a lumped system. Show that 
—T —T —27 2 =F —2r 3 —3T 3 
O(r) =e"7 +e (e"7 —e-*7) + (e77 — 2e + 5e + O(e?). 


Compare this approximation with the exact solution In @ + «(6 — 1) = —r. 
17.2. The initial value problem 


dé 
—4+0 64 = 6(0) =1 
ae +0+€ 0, 6(0) 
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occurs in cooling of a lumped system. Show that 


Or) =e 7+ = (e47 —e°7) + e (e~7 —2e-47 +e~77) + O(e*). 


3 9 
Compare this approximation with the exact solution 
1 1+ «6? 
— In ——_~ = fT. 
3° (1+6€)63 


17.3. For the initial value problem 
y"+(1—ex)y=0, y(0)=1, y/(0)=0 
show that 


6 ea D. 
Y\“L) = COSL € ce sin v Yael aaa 


1 5 7 7 
+e (-5" cos x + ar sin x + Cl cosa — Tea sin s) + O(e?). 


17.4. Consider the case of dropping a stone from the height h. Let 

r = r(t) denote the distance of the stone from the surface at time t. Then, 
the equation of motion is 

dr y¥M 

ae Se O=h ‘(0) =0 17.28 

TE Tee ah 0 =0, (17.28) 
where R and M are the radius and the mass of the earth. Let « = 1/R in 
(17.28), to obtain 

d?r yMe? 


@ 7 -tray "O=' r'(0) =0. (17.29) 


In (17.29) use the expansion r(t) = S~4_, €'r;(t) to show that 


y¥M 2h\ t? 1 
t)=h-—([(1-—~]=~+0/|(—]}. 
1m R2 ( ra ae ee 
17.5. Consider the satellite equation 
dy 
nes = ky? 
dite +y y 


together with the initial conditions y(0) = A, y’(0) = 0. Show that 


1 1 1 1 29 
t) = Acost+kA? (———cost——cos2t} +k?A? (-=+—cost 
y(t) cost + (5 3 C8 G co )+ 3+ Tao 


5, 1 1 3 
+75tsint + 9 cos2t + Roost) + O(k”). 
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17.6. For the harmonically forced Duffing’s equation 
my” + ay + by? = Acos Qa 


show that the periodic solution y(a) of period T = 27/Q can be written as 
F ar? 
= SS Q: 
y(x) 52 gp 08 chef om cos Qa 
F°8 2 
"7G a cos atc} + Ole ), 
where w? = a/m #4 n?0?, € =b/m and F = A/m. 
17.7. The boundary value problem 
d?6 4 ; 
occurs in heat transfer. Show that 


1 1 
O(X)=1+ 65 (X* =1)+ a(x" — 6X? +5) + O(e*). 
17.8. The boundary value problem 
0 G0 \° ach ; 
occurs in heat transfer. Show that 


1 
0(X) = sech N cosh NX + egsech* N (cosh 2Nsech N cosh NV.X 


1 4 1 
—cosh2NX) + e° esech? N [Gy cosh? 2N — 3 NtanhN 
9 4 
—gsech N cosh 3N ) cosh NX — qsech N cosh 2N cosh2NX 
9 1 ; 3 
+5 cosh 3NX + gNX sinh NX + O(e”). 


17.9. The boundary value problem 


d?U 1 dU 

aie Bae 
PO 1d 
dR2° RdR 


U'(0) = 6'(0) =0, U(1) =0(1) =0 
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occurs in a flow of a fluid. Show that 


P P 
= —(1— R?) +«——(R®° —-9R*+27R? -1 
U(R) = [0 — BR?) +es30 (BR — 9R* + 27R? — 19) 
P 
_ 2 10 y) 8 6 1 4 y) 2 1 3 
€ ere 5R° + 300R 900.R* + 5275R? — 3651) + O(e?) 
O(R) = - (Rt 4R? +3)+ ae + 16R®—108R* + 304R?—211) 
64 147456 
P 
2___ (RI? _ 36 R19 4 675 R8 — 7600 R®° + 47475 Rt — 131436 R? 
+€°5793360400° ” + 


+ 90921) + O(e). 
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Singular Perturbations 


In many practical problems one often meets cases where the parameter 
€ is involved in the DE in such a way that the methods of regular per- 
turbations cannot be applied. In the literature such problems are known 
as singular perturbation problems. In this lecture we shall explain the 
methodology of singular perturbation technique with the help of the follow- 
ing examples. 


Example 18.1. For the initial value problem 
ey’ +(1+6y'+y=0 (18.1) 


y(0)=c1, y/(0) =e (18.2) 


the explicit solution can be written as 
1 —a/e —2 
y(x) = lem), [e(er + c2)e — (cge+ cr)e ; 


Thus, it follows that 


y(t) = (a + co)e7*/* + (cge+ ce] : 


Hence, as € > 07, y(a) > c1e~*, but y’(x) has the following discontinuous 
behavior: 
—cje*, «>O0 
lim y'(x) = 
e—0t ce, «=0. 
As a consequence, we find 
lim ( lim, y/ lim, (im y'(2)). 
tim, (tim, a0) ig (Lim, 
Further, if we set « = 0 in (18.1) then we are left with the first-order DE 
y +y=0. (18.3) 
Obviously, for the problem (18.3), (18.2) initial conditions are inconsistent 


unless cj = —C2. 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_18, 
© Springer Science+Business Media, LLC 2009 


Singular Perturbations 139 


If we seek the solution of (18.1), (18.2) in the regular perturbation series 
form (17.4), then it leads to the system of first-order DEs 


yo(x) + yo(t) =0, yo(0)=c1, yo(0) = 2 
Yn(L) + Yn(Z) = —(Yn—1() + Yn—1(Z)), Yn (0) = y, (0) = 0, n> 1, 


which can be solved only if the initial conditions are consistent, i.e., c, = 
—cg. Further, in such a case it is easy to obtain yo(x) = cye~*, Yn(x) = 
0, n > 1; and hence (17.4) reduces to just y(x) = c,e~*, which is indeed a 
solution of (18.1), (18.2). 


Example 18.2. For the DE (18.1) together with the boundary condi- 
tions 


y(0)=0, y)=1 (18.4) 
an explicit solution can be written as 
-—“ _ ,-2/e 
e€ e€ 
y(x) = ae (18.5) 


which has the following discontinuous behavior 


e*,, #>0 
lim y(x) = 


e30+ 


Thus, it follows that 


tin, (im (2) im, (lim 2) 

This is due to the fact that the first-order DE (18.3) obtained by substi- 
tuting € = 0 in (18.1), together with the boundary conditions (18.4) cannot 
be solved. Hence, we cannot expect the solution of (18.1), (18.4) to have 
the regular perturbation series form (17.4). 


In Figure 18.1 we graph the solution (18.5) for « = 0.1, 0.01 and 0.001, 
and note that y(x) is slowly varying in the region « < a < 1. However, in 
the small interval 0 < a < O(e) it undergoes an abrupt and rapid change. 
This small interval is called a boundary layer. The boundary layer region 
is called the inner region and the region of slow variation of y(a) is called 
the outer region. 


Thus, as illustrated, singular perturbation problems are in general char- 
acterized by the nonanalytic dependence of the solution on ¢e. One of the 
ways of constructing a uniformly valid perturbation solution of such prob- 
lems is to obtain straight forward solution (called an outer expansion) using 
the original variables, and to obtain a solution (called an inner expansion) 
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describing sharp variations using magnifying scales. The outer expansion 
breaks down in the boundary layer region, whereas the inner expansion 
breaks down in the outer region. Finally, these two solutions are matched 
by a procedure known as the method of inner and outer expansions, or the 
method of matched asymptotic expansions. This technique leads to global 
approximations to the solutions of singular perturbation problems. 


y 


2.691 


2.153 


1.615 


1.076 


0.538 


0 0.167 0.333 05 0.667 0.833 1 


Figure 18.1 


To appreciate this method, we reconsider the boundary value problem 
(18.1), (18.4). Its exact solution (18.5) consists of two parts: e~*, a slowly 
varying function in [0,1], and e~*/*, a function of rapid variations in the 
boundary layer region 0 < x < O(e). We need to introduce the notion of 
an inner and outer limits of the solution. The outer limit of the solution 
y(x) denoted as Your(x) is obtained by prescribing a fixed x outside the 
boundary layer, i.e., O(e) < x < 1 and letting « — 0+. We therefore have 


Your(z) = lim y(x) = e'*. (18.6) 


e—>0+ 


This Your(x) satisfies the first-order DE 
Yent(Z) + Your(x) = 0, (18.7) 


which is the formal outer limit of the DE (18.1). Since your(x) satisfies the 
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boundary condition y(1) = 1 but not y(0) = 0, it is not close to y(x) near 
x= 0. 


Next we consider the inner limit of the solution denoted by yj,(x) in 
which « — 0* in the boundary layer region 0 < x < O(e). To achieve 
this we magnify this layer using the stretching transformation x = et. The 
variable ¢ is called an inner variable, its introduction is advantageous in the 
sense that in the boundary layer region the solution given by (18.5) varies 
rapidly as a function of a but slowly as a function of ¢. From (18.5) it is 
clear that 


Yin(@) = Zin (t) = lim, y(et) =e—e'*. (18.8) 
e—0 
Further, defining y(x) = z(t), under the transformation x = et, (18.1) leads 
to the DE P j 
ld*z 1 Zz 
-—- +(=4+1)=+2z=0. 18. 
e dt? (- 1) dt | ~ : yee) 
Now for a given t, we let « > 0* to obtain 
d? d 
Srinlt) + Zamlt) =0 (18.10) 


The function z;,(¢) given in (18.8) not only satisfies the DE (18.10), but 
also 2in(0) = 0. 


The next step is to match z;,,(¢) and your(z) asymptotically. This match- 
ing will take place on an overlapping region described by the intermediate 
limit z + 0, t=2/e > oo, € + 0°. From (18.6) and (18.8), we have 


lim, Yout(@) =e = jim Zin (t). (18.11) 


Satisfaction of (18.11) will ensure asymptotic matching. It also provides the 
second boundary condition z;,,(0o) = e for the solution of (18.10) to satisfy. 
Observe here that although x € [0,1], the matching region is unbounded. 


We now seek a perturbation expansion of the outer solution of (18.1) in 
the form 


Yout (x) = > €" Yn (2) (18.12) 
n=0 


satisfying the relevant boundary condition y(1) = 1. This leads to the 
infinite system of initial value problems 

Yo(2) + yo(x) =9, yo(1) =1 

Yn() + Yn(@) = —Yn—1(2) + Yn-1(#)), Yn) = 0, ne 1, 
which can be solved to obtain yo(z) = e'~*, yn(x) = 0, n > 1. Thus, 


Yout(x) = et ~*. (Note that your(x) in (18.6) is not the same as in (18.12), 
rather it is yo(a) in (18.12)). 


(18.13) 
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In order to obtain z;,(t), we assume that the DE (18.9) has the expan- 


sion 
Co 


tinlt) = S— eat) (18.14) 
n=0 
satisfying the other boundary condition z(0) = 0. This gives the infinite 
system of initial value problems 


Alt) +4(t) =0, 29(0) =0 a 
am (t) + 2, (t) = —(Zp—1(t) + 2n-1(#)),  2n(0) = 0, n> , 
The system (18.15) can be solved to find 
z(t) = Ao(1 = e~*) 
t (18.16), 
Zn(t) = 7 (Ane * — Zn-1(s))ds, n>1, 
0 


where A,, n > 0 are constants of integration. To find these constants, we 
shall match Your(x) with z;,,(¢). For this, we have 
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Yout(z) = el *=e (1 et + = > ) : (18.17) 


Thus, on comparing zo(t) obtained in (18.16)o for large t (— oo) with 
the constant term on the right of (18.17), we have zo(t) ~ Ap = e. Once 
zo(t) is known, we easily obtain z)(t) = (Ai + Ao)(1 — e~‘) — et. Hence, 
on comparing z(t) for large t (= oo) with the second term on the right 
of (18.17), we find z1(t) ~ (A, + Ao) — et = —et, ie., Ay + Ao = 0, or 
A, = —Ap = —e, so that z1(t) = —et. Proceeding in a similar fashion we 
arrive at z,(t) = (—1)"(et”/n!), and finally the inner expansion is 


Zin (t) =e =, aa mae = elt = ele = elt. (18.18) 
n=0 

Clearly, zi,(t) is a valid asymptotic expansion not only for t in the 
boundary layer region 0 < t < O(1), but also for large t (t = O(e~%), 0 < 
a <1), while your(a) is valid for ¢ < a < 1, and not for x = O(e) since it 
does not satisfy the boundary condition y(0) = 0. Further, from the above 
construction we are able to match inner and outer expansions asymptoti- 

cally in the region « < 2 < 1 to all orders in powers of e. 


Finally, to construct a uniform approximation Yyunis(x) of y(z) we may 
take 


Yunif (2) = Yin (x) = Yout (x) im Ymatch(X), (18.19) 
where Ymatch(£) approximates y(x) in the matching region. If we compute 
Yin(®), Yout(x) and Ymaten(Z) up to nth-order, then |y(x) — yunis(x)| = 
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O(e"*") (€ = OF, 0 < a < 1). Since for the boundary value problem 


(18.1), (18.4) we can compute Your(x) = e'*, yin(x) = e1-* — et and 
Ymatch(Z) = e'~* it follows that 
Yunif (x) = ee = eas (18.20) 


is an infinite order approximation to y(2). 


It is to be noted that yunit(x) F y(), ie. Yunif(x) is only asymptotic 
to y(z) and one should not expect Yuni f(z) > y(x) as n > ov. 


We remark that the DE (18.1) is sufficiently simple so that we could per- 
form the preceding perturbation analysis and could obtain uniformly valid 
approximations to the solution of the problem (18.1), (18.4). However, in 
general, straightforward computations of yin(x) and Your(a) are practically 
impossible. Matching criteria are in general very complicated and there is 
no a priori reason to believe the existence of an overlapping region where 
both outer and inner expansions remain valid. Finally, to obtain yun f(x) 
one needs to make necessary modifications, at times one may have to have 
composite, (e.g., multiplicative) expansions. 


A careful analysis of the method of matched asymptotic expansions is 
too complicated to be included in this elementary discussion on singular 
perturbations. 


Problems 


18.1. For the initial value problem 


(2+ey)y +y=0, y()=1 
show that 


. 1 xe? —1 9x2 —1 
(i) y(a) = a Oe a3 ST ae 


(ii) the eee solution is 


+ O(e?) 


a 1 11 1 re 
(iii) y(v) =14+- 7 (1 —az)+ aa —1)+0 (=) , which is the same as 
the expanded version of the exact solution. 


18.2. For the initial value problem 


1 
(x + ey)y’ — salto, y(1)=1 
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show that 


1 1 
ya) = 5 (20? +72/? 6) —e= (162° —17503/2 — 240a + 539a"/? 


+1052~1/? — 245) + O(). 


18.3. For the initial value problem 


0 
as +6'**=0, 6(0) =1 


which occurs in cooling of a lumped system, show that 
(i) the exact solution is @(r) = (1+ er)7/*, « 40 
(ii) O(7) =e 7 + cre += (Se = 3) e* + Ofe*). 
18.4. For the boundary value problem 
ey" +y'+y=0, y(0)=0, y(1)=1 
show that 


et V1—4e/2€ _ e tv 1—4e/2€ 
eV1—4e/2€ _ e—V1—4e/2€ 
— gi tuglts-a/e os ¢ = 0. 


y(a) _ e(l-2#)/2¢ 


18.5. For the boundary value problem 


2 2 
i 
a Tg ae : 


yf) =0, y)=1 
show that 
(i) the exact solution is 


‘3 


=7_30 -2 71 


y(x) 


(ii) the constant function z(a) = 1 satisfies both the DE and the right 
boundary condition 


(iii) lime.o y(a) = z(”), 0 < # < 1 and hence the solution has a boundary 
layer near x = 0. 


Lecture 19 


Sturm—Liouville Problems 


In Lecture 14 we have seen that homogeneous boundary value problem 
(14.3), (14.4) may have nontrivial solutions. If the coefficients of the DE 
and/or of the boundary conditions depend on a parameter, then one of the 
pioneer problems of mathematical physics is to determine the value(s) of 
the parameter for which such nontrivial solutions exist. In this lecture we 
shall explain some of the essential ideas involved in this vast field, which is 
continuously growing. 


A boundary value problem which consists of the DE 
(p(x)y’)’ + a(a)y + Ar(z)y = Ply] + Ar(z)y=0, ce J=[a, A] (19.1) 
and the boundary conditions 


agy(a) +ary'(a) =0, ap +az>0 


doy(B) + diy'(8)=0, d2@+d?>0 (19.2) 


is called a Sturm—Liouville problem. In the DE (19.1), A is a parameter, 
and the functions g, r € C(J), p€ C!(J) and p(x) > 0, r(x) > 0 in J. 


The problem (19.1), (19.2) satisfying the above conditions is said to 
be a regular Sturm—Liouville problem. Clearly, y(x) = 0 is always a solu- 
tion of (19.1), (19.2). Solving such a problem means finding values of A 
called eigenvalues and the corresponding nontrivial solutions ¢)(x) known 
as eigenfunctions. The set of all eigenvalues of a regular problem is called 
its spectrum. 


The computation of eigenvalues and eigenfunctions is illustrated in the 
following examples. 


Example 19.1. Consider the boundary value problem 
y” + Ay =0 (19.3) 


y(0) = y(n) =0. (19.4) 


If A = 0, then the general solution of (19.3) (reduced to y” = 0) is y(x) = 
c, + cg and this solution satisfies the boundary conditions (19.4) if and 
only if cy = co = 0, ie., y(x) = 0 is the only solution of (19.3), (19.4). 
Hence, A = 0 is not an eigenvalue of the problem (19.3), (19.4). 
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If \ 4 0, it is convenient to replace \ by ?, where ps is a new parameter 
and not necessarily real. In this case the general solution of (19.3) is y(x) = 
cie"#® + coe “®, and this solution satisfies the boundary conditions (19.4) 
if and only if 


cy +c2 =0 
ee . (19.5) 
cye""™ + coe H™ = 0. 
The system (19.5) has a nontrivial solution if and only if 
e it _ er _ 0, (19.6) 
If 4 = a+b, where a and b are real, condition (19.6) reduces to 
e°™ (cosa — isinam) — e °"(cosan + isinam) = 0 
or 
(eo — e-°") cos an — i(e™ +e") sinan = 0 
or 
2 sinh br cos am — 2i cosh br sin az = 0 
or 
sinh br cos am = 0 (19.7) 
and 
cosh br sinam = 0. (19.8) 


Since cosh br > 0 for all values of 6, equation (19.8) requires that a = n, 
where n is an integer. Further, for this choice of a, cos am 4 0 and equation 
(19.7) reduces to sinh br = 0, i.e., b = 0. However, if b = 0, then we cannot 
have a = 0, because then yz = 0, and we have seen it is not an eigenvalue. 
Hence, ps = n, where n is a nonzero integer. Thus, the eigenvalues of (19.3), 
(19.4) are \, = pw? = n?, n=1,2,---. Further, from (19.5) since cz = —cy 
for X, = n? the corresponding nontrivial solutions of the problem (19.3), 
(19.4) are 


bn(z) = c1(e"™® — e™”) = icy sin nz, 
or simply $n(x) = sinna. 


Example 19.2. Consider again the DE (19.3) but with the boundary 
conditions 


y(0)+y/(0) =0, y(1) =0. (19.9) 
If \ = 0, then the general solution y(x) = c1 + cox of (19.3) also satisfies the 
boundary conditions (19.9) if and only if c; + cg = 0, ie., co = —c1. Hence, 


A = 0 is an eigenvalue of (19.3), (19.9) and the corresponding eigenfunction 
is do(a) =1— 2. 
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If A 4 0, then once again we replace A by yu” and note that the general 
solution y(a) = cye"“* + cge~"#* of (19.3) satisfies the boundary conditions 
(19.9) if and only if 


(c1 + c2) + ip(c1 — co) = 0 


. - (19.10) 
cye’*# + coe “4% = 0. 
The system (19.10) has a nontrivial solution if and only if 
(1+ épje“* — (1 —ipje™ =0, 
which is equivalent to 
tan = pL. (19.11) 


To find the real roots of (19.11) we graph the curves y = yw and y = tanp 
and observe the values of 4 where these curves intersect. 


y 


8 

a 3a pls 

2 2 2 
Figure 19.1 


From Figure 19.1 it is clear that the equation (19.11) has an infinite 
number of positive roots fin, nm = 1,2,--- which are approaching the odd 
multiples of 7/2, i.e., Un ~ (2n+1)7/2. Further, since the equation (19.11) 
remains unchanged if ys is replaced by —p, we find that the only nonzero 
real roots of (19.11) are fy, ~ +(2n + 1)7/2, n=1,2,---. 


148 Lecture 19 


Thus, the problem (19.3), (19.9) also has an infinite number of eigenval- 
ues, Ap = 0, An Y (2n+1)?n?/4, n = 1,2,---. Further, from (19.10), since 
C2 = —c,e”"" for these \,, n > 1 the corresponding nontrivial solutions of 
the problem (19.3), (19.9) are 


y(a) = ceive - eye Vt p2iVon = ~2c,e'V" sin VAn(1 — 2). 
Hence, the eigenfunctions of (19.3), (19.9) are 
do(z) =1-—2 


én(xz) =sinA,(1—2z), n=1,2,---. 


From Example 19.1 it is clear that the problem (19.3), (19.4) has an in- 
finite number of real eigenvalues \,,, which can be arranged as a monotonic 
increasing sequence A, < Ag < --- such that A, — oo as n — oo. Also, 
corresponding to each eigenvalue A,, of (19.3), (19.4) there exists a one- 
parameter family of eigenfunctions ¢,(x), which has exactly (n — 1) zeros 
in the open interval (0,7). Further, the eigenfunctions ¢,(x%) = sinnz, n = 
1,2,--- of (19.3), (19.4) are orthogonal in (0,7) with the weight function 
r(a) = 1. Clearly, these properties are also valid for the problem (19.3), 
(19.9). In fact, these properties hold for the general regular Sturm—Liouville 
problem (19.1), (19.2). We shall state these properties as theorems and 
prove the results. 


Theorem 19.1. The eigenvalues of the regular Sturm—Liouville prob- 
lem (19.1), (19.2) are simple; ie., if A is an eigenvalue of (19.1), (19.2) 
and $)(a) and ¢2(x) are the corresponding eigenfunctions, then ¢)(x) and 
$2(x) are linearly dependent. 


Proof. Since ¢;(x) and ¢2(x) both are solutions of (19.1), we have 


(p(x) 4)’ + a(x) G1 + Ar(x)g1 = 0 (19.12) 
and 
(p(x) $5)’ + a(x)b2 + Ar(ax) 2 = 0. (19.13) 
Multiplying (19.12) by $2, and (19.13) by ¢; and subtracting, we get 
2(p(x) $4)’ — (p(x) 5)'1 = 0. (19.14) 


However, since 


from (19.14) it follows that 
[d2(p(@) $4) — (p(w) $2) di)’ = 0 
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and hence 
p(x) [264 — $501] = constant = C. (19.15) 


To find the value of C, we note that @; and ¢2 satisfy the boundary condi- 
tions, and hence 

+ a19;(a) = 0 

+ a2G9(a) = 0, 


which implies ¢1(a)¢5(a@) — ¢2(a)¢4(a) = 0. Thus, from (19.15) it follows 


that 
p(2)[2¢1 — ¢5¢1] =0 for all a € [a, A]. 


Since p(z) > 0, we must have ¢2¢) — $5¢1 = 0 for all x € [a, G]. But, this 
means that ¢; and ¢2 are linearly dependent. a 


Theorem 19.2. Let \,, n = 1,2,--- be the eigenvalues of the reg- 
war Sturm—Liouville problem (19.1), (19.2) and ¢,(x), n = 1,2,--- be 
the corresponding eigenfunctions. Then, the set {¢,(a) : n = 1,2,---} is 
orthogonal in [a, 3] with respect to the weight function r(a). 


Proof. Let A, and 2, (k ¥ £) be eigenvalues, and ¢;(x) and (x) be 
the corresponding eigenfunctions of (19.1), (19.2). Since d(x) and ¢¢(a) 
are solutions of (19.1), we have 


(p(x) d,)’ + a(x) be + Anr(x) bx = 0 (19.16) 


and 


(p(x) Gp)’ + a(x) Ge + Aer(x) he = O. (19.17) 
Now following the argument in Theorem 19.1, we get 
[Ge(p(x) dx) — (p(w) be) Gx)’ + (Aw — Ae) r(x) Orbe = 0, 
which on integration gives 


B 8 
(re — we) f r(x) dx (x) be(a)da = p(x)[de(2)d4,(x) — $o(2) bx(2)]] 


(19.18) 
Next since ¢;(a) and ¢¢(x) satisfy the boundary conditions (19.2), i.e., 


aogk(a) + aid¢;,(a) = 0, dod (3) + di¢i,(B) = 0 
agge(a) + ai ¢)(a) = 0, doge(B) + did, (GZ) =0 


it is necessary that 
bx (a)bo(a) — $1,(a)be(a) = x (8) G2(8) — $1,(2)Ge(B) = 9. 
Hence, the identity (19.18) reduces to 


B 
(ve — Az) / Addinetede aw (19.19) 
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However, since Ap # Ax, it follows that ft r(x)dox(x)be(x)dzx =0. Ff 


Corollary 19.3. Let \; and 2 be two eigenvalues of the regular 
Sturm-Liouville problem (19.1), (19.2) and ¢;(a) and $2(2) be the corre- 
sponding eigenfunctions. Then, ¢;() and ¢2(a) are linearly dependent if 
and only if v1 = AQ. 


Proof. The proof is a direct consequence of equality (19.19). a 


Theorem 19.4. For the regular Sturm—Liouville problem (19.1), (19.2) 
the eigenvalues are real. 


Proof. Let \ =a+ib be a complex eigenvalue and ¢(x) = p(x) + iv(x) 
be the corresponding eigenfunction. Then, we have 
(p(x)(u + i)’ + g(x) (H+ tv) + (a+ ib)r(x)(u + iv) = 0 
and hence 
(p(x)u')’ + a(x) u + (ap — bv) r(x) = 0 
and 
(p(x)v")’ + q(x)v + (bu + av)r(x) = 0. 


Now following exactly the same argument as in Theorem 19.1, we get 


B B 
0= plo)(yl —o')| = / [—(ap — bv)vr(x) + (bw + av)ur(a))de 
B 
= if r(a)(v2(a@) + u2(2))de. 
Hence, it is necessary that b = 0, ie., A is real. a 


Since (19.3), (19.9) is a regular Sturm—Liouville problem, from Theorem 
19.4 it is immediate that the equation (19.11) has only real roots. 


In the above results we have established several properties of the eigen- 
values and eigenfunctions of the regular Sturm—Liouville problem (19.1), 
(19.2). In all these results the existence of eigenvalues is tacitly assumed. 
We now state the following very important result whose proof involves some 
advanced arguments. 


Theorem 19.5. — For the regular Sturm-Liouville problem (19.1), 
(19.2) there exists an infinite number of eigenvalues A,, n = 1,2,---. 
These eigenvalues can be arranged as a monotonically increasing sequence 
Ay < Ag < +--+ such that A, — co as n > oo. Further, eigenfunction ¢,, (x) 
corresponding to the eigenvalue ,, has exactly (n — 1) zeros in the open 
interval (a, (3). 


The following examples show that the above properties for singular 
Sturm-—Liouville problems do not always hold. 
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Example 19.3. For the singular Sturm—Liouville problem (19.3), 
y(0) =0,  |y(a)| < M<oo forall 2 € (0,00) 


each \ € (0,00) is an eigenvalue and sin Vz is the corresponding eigenfunc- 
tion. Thus, in comparison with the regular problems where the spectrum 
is always discrete, the singular problems may have a continuous spectrum. 


Example 19.4. Consider the singular Sturm—Liouville problem (19.3), 


y(—™) = y(n"), -y"(—m) = y"(z). (19.20) 


This problem has eigenvalues Ay = 0, An = n?, n= 1,2,---. The eigenvalue 
Xo = 0 is simple and 1 is the corresponding eigenfunction. The eigenvalue 
An = n?, n> 1 is not simple and two independent eigenfunctions are sin nx 
and cosnz. Thus, in contrast with regular problems where the eigenvalues 
are simple, there may be multiple eigenvalues for singular problems. 


Finally, we remark that the properties of the eigenvalues and eigenfunc- 
tions of regular Sturm—Liouville problems can be extended under appro- 
priate assumptions to singular problems also in which the function p() is 
zero at a or Z, or both, but remains positive in (a, 3). Some examples of 
this type are given in Problems 19.13 — 19.18. 


Problems 


19.1. The deflection y of a uniform column of length a under a 
constant axial load p is governed by the boundary value problem 


d?y 
ae) +py=0, y(0) =y(a) =0 


here F is Young’s modulus, and I is the moment of inertia of the column. 
Find the values of p for which this problem has nontrivial solutions. The 
smallest such value of p is the upper limit for the stability of the unde- 
flected equilibrium position of the column. (This problem with different 
terminology is the same as (15.4)). 


19.2. Find the eigenvalues and eigenfunctions of the problem (19.3) 
with the boundary conditions 
(i) y(0) =0, ¥'(8) =0 
(ii) y’(0) = 0, y(9) =0 
(iii) _y’(0) = 0, y"(8) =0 
(iv) y(0) =9, y(@) + y"(8) =0 
(v) y(0) — y/(0) = 0, ¥’(B) = 0 
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(vi) y(0) — y'(0) =0, y(@) + y'(@) = 0. 

19.3. Find the eigenvalues and eigenfunctions of each of the following 
Sturm-Liouville problems: 
(i) y”+Ay=0, (0) = y(a/2) =0 
(ii) y+ (+A)y=0, (0) = y(n) = 
(iii) y+ 2y/+(—A)jy=0, y(0) = ) =i 
(iv) (wy! +Av~?y=0, (1) = y(2) = 
( 
( 


v) xy” + xy! + (Ax? — (1/4))y = 
vi) ((x7 + 1)y’) + A(x? +.1)-ty 


ne y(37/2) =0 
y(0) = y(l) = 0. 


19.4. Find the eigenvalues and eigenfunctions of the boundary value 
problem 


0, 
= 0, 


y”+Ay=0, y'(0)=0, hy(B) + kGy’(B) =0. 


Further, show that the set of all its eigenfunctions is orthogonal on (0, J. 
19.5. Consider the boundary value problem 


xy" +ay’+rAy=0, l<a<e 
y(1)=0, y(e) =0. 


(i) Show that (19.21) is equivalent to the Sturm—Liouville problem 


(19.21) 


pyre oy Ses bee <e 
av 
y(1)=0, y(e) =0. 


(ii) Verify that for (19.22) the eigenvalues are \, = n?7?, n = 1,2,:--- 
and the corresponding eigenfunctions are $,(”) = sin(na In z). 
(iii) Show that 


(19.22) 


rl 0, mAén 
| Hom(z}bn(a)ae =f 1/2, m=n. 


19.6. Verify that for the Sturm—Liouville problem 


r 

(zy')) +-y=0, 1<a<e™ 
xv 

y(1j=0, y'(e?*) =0 


the eigenvalues are A, = n?/4, n = 0,1,--- and the corresponding eigen- 
functions are dp (x) = cos (24) . Show that 


Qn 


[ dm (2)On(a)dn ihe ne. 
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19.7. Consider the DE in Problem 6.4 with n = 4, ice., 
tty” + k’y =0. (19.23) 
(i) Verify that the general solution of (19.23) is 
k k 
y(“) = 2 (Aces a + Bsin *) : 
(ii) Find the eigenvalues and eigenfunctions of the Sturm—Liouville prob- 
lem (19.23), y(a) = y(B) =0, 0<a< 8. 
19.8. Show that the problem 
y" — Ady’ +4d*y=0, y(0)=0, y(1)+y'(1) =0 
has only one eigenvalue, and find the corresponding eigenfunction. 


19.9. Show that for the singular Sturm—Liouville problem (19.1), 
(14.9) with p(a) = p(8) eigenfunctions corresponding to different eigenval- 
ues are orthogonal in [a, 3] with respect to the weight function r(«). 

19.10. Solve the following singular Sturm—Liouville problems: 

G) y”+Ay=0, y’(0)=0, |y(x)|<co forall 2 € (0,0) 
(ii) y” +Ay=0, |y(x)|<oo for all a € (—oo, 00). 


19.11. Find the eigenvalues and eigenfunctions of the problem 


y) — ry =0 (19.24) 
with the boundary conditions 
(i) y(0) = y"(0) = y(8) = y"(B) = 0 (19.25) 
(i) (0) = y"(0) = y"(B) "W"(3) 0 (19.26) 
(iii) y(0) = y'(0) = y(8) = y'(8) = 9. (19.27) 


19.12. Find the eigenvalues and eigenfunctions of problem 
y + dry” =0 (19.28) 


with the boundary conditions (19.25). Further, show that (19.28), (19.26) 
is not an eigenvalue problem. 


19.13. Consider the singular Sturm—Liouville problem 


(1 — a )y"” — Qay! + Ay = ((1— a )y’)' + Ay = 0 (19.29) 


lim | y(z) < co, lim y(x) < o. (19.30) 


x1 
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Show that the eigenvalues of this problem are A, = n(n+1), n =0,1,2,--- 
and the corresponding eigenfunctions are the Legendre polynomials P,,(z). 


19.14. Consider the singular Sturm-—Liouville problem (19.29), 


y'(0)=0, lim y(z) < oo. (19.31) 


eal 


Show that the eigenvalues of this problem are A, = 2n(2n4+ 1), n = 
0,1,2,--- and the corresponding eigenfunctions are the even Legendre poly- 
nomials P2,,(a). 


19.15. Consider the singular Sturm—Liouville problem (19.29), 


y(0)=0, lim y(a) < ow. (19.32) 


zal 


Show that the eigenvalues of this problem are \,, = (2n + 1)(2n +2), n= 
0,1,2,--- and the corresponding eigenfunctions are the odd Legendre poly- 
nomials Pp+41(2). 


19.16. Consider the singular Sturm—Liouville problem 


. / 
y! —2ay! ty =0= (ey) + remy (19.33) 
ue) < oo, lim y(z) < oo for some positive integer k. 
@—+—0o0 \a|* =—00 ak 
(19.34) 


Show that the eigenvalues of this problem are A, = 2n, n = 0,1,2,--- and 
the corresponding eigenfunctions are the Hermite polynomials H,,(«). 


19.17. Consider the singular Sturm—Liouville problem 


cy" +(1—2)y'+Ay=0= (xe~*y')' +e *y (19.35) 
., “Yle) eee : 
lim ly(z)| < oo, lim — >" <oo for some positive integer  k. 
x“ =L—-OCo x 
(19.36) 
Show that the eigenvalues of this problem are A, = n, n = 0,1,2,--- and 


the corresponding eigenfunctions are the Laguerre polynomials L,,(z). 


19.18. Let a> 0 be fixed, and b,, n = 0,1,2,--- be the zeros of the 
Bessel function J,(x). Show that the singular Sturm—Liouville problem 


2 
ay” + ay! + (Ac? — a7)y = 0 = (ay’)’ + (a0 = ~) y (19.37) 
av 


lim y(a) < co, y(1)=0 (19.38) 


x—0 
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has the eigenvalues A, = 02, n = 0,1,2,--+ and the corresponding eigen- 
functions are Jq(b,2). 


19.19. Let A; be an eigenvalue of the regular Sturm—Liouville problem 
(19.1), (19.2) and ¢,(x) be the corresponding eigenfunction. Show that 


— p(x) on (a) oe (a) + J2 (P(e) ($4 (2)? — a(x) $2 (a)] de 


At = 
: fe r( (x) b? (x) dx 


This expression is called Rayleigh quotient. From this quotient it follows 
that 


(i) An > if —p(x)dx(w) oh (@)IE = 0 and g(x) <0, x € [a, 6 
(ii) the minimum value of the Rayleigh quotient over all continuous func- 
tions satisfying the conditions (19.2) is the smallest eigenvalue 1. 


Answers or Hints 


19.1. wn? EI /a?, a= 1, 2,-%% 


2 
19.2. (i) Gs 1)" 9? sin (2353 1) nw . ii) (2554) x2, cos (35+) ai 

2 
(iii) (33) m7, COs (03) ma (iv) A?, where A = A, is a solution of 
tandAG+rA=0, sinAnx (v) A?2, where \ = Ay, is a solution of cot \B = 


A, sinAn® + An coSAnz (vi) A?2, where \ = A, is a solution of tanAB = 


Tr? 


2A/(A2 —1), sinAne + An COS Anz. 


19.3. (i) 4n?, sin2nz (ii) n?—-1, sin na (iii) —n?x?, e~* sinnra (iv) 4n?x 


nm, sin2nm(1— +) (v) n?, yqsinn (a — 3) (vi) 16n?, sin(4ntan~! 2). 
19.4. Ay = a7,/8 where ap is a root of atana = h/k, cos “3*. 
19.5. Verify directly. 


19.6. Verify directly. 


19.7. (i) Verify directly (fi) fn = S798, sin [Ao 


19.8. —1, xe7?*”. 
19.9. Use (19.18). 


19.10.(i) > 0, o(z) = cosVAzx (ii) A > 0, O(x) = cy cosVXAx + 
co sin V Ax. 
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19.11.()) An = 255, ¢n(x) =sin 252 
(ii) An = (Un/G)* where py is the n-th root of the equation cosh cos p+ 


ee eee = Sa eee 
mn) cosh pn +COs [bn sinh py+sin fin 


(iii) An = (un/B)* where py, is the n-th root of the equation cosh pcos  — 
1=0 [coat osast/ A) _ Sinan) seat) | 


COS Un —Cosh fin sin fy —sinh pn 


19.12. \n = 5, bn(x) = sin 2S. 
19.13.See Lecture 7. 

19.14.See Lecture 7. 

19.15.See Lecture 7. 

19.16.See Lecture 8. 

19.17.See Lecture 8. 

19.18.See Lectures 9 and 13. 


19.19. Multiply (19.16) by ¢;(#) and integrate over [a, (]. 


Lecture 20 


EFigenfunction Expansions 


Often we need to expand a given function in terms of other functions 
with specified exactness so as to be able to compute it in practice. In this 
and the next lecture we shall show that the sets of orthogonal polynomials 
and functions we have provided in earlier lectures can be used effectively 
as the basis in the expansions of general functions. 


The basis {e1,---,e"} (e* is the unit vector) of IR” has an important 
characteristic—namely, for every u € IR” there is a unique choice of con- 
stants a4,+-+,Q, for which wu = >>\, aje’. Further, from the orthonor- 
mality of the vectors e’, 1 <i < n we can determine a;, 1 <i< nas 
follows: 


n n 
<u,el >= (Saese') = a <e',ei >= aj, 1<j<n. 
i=1 


i=l 
Thus, the vector u has a unique representation u = )>;_, < u,e’ > et. 


A natural generalization of this result which is widely applicable and 
has led to a vast amount of advanced mathematics can be stated as follows: 
Let {¢,(x), n = 0,1,2,---} be an orthogonal set of functions in the interval 
(a, GB] with respect to the weight function r(a). Then, an arbitrary function 
f(x) can be expressed as an infinite series involving orthogonal functions 
on(x), n= 0,1,2,--- as 

lo) 


n=0 


It is natural to ask the meaning of equality in (20.1), ie, the type of 
convergence, if any, of the infinite series on the right so that we will have 
some idea as to how well this represents f(x). We shall also determine the 
constant coefficients c,, nm = 0,1,2,--- in (20.1). 


Let us first proceed formally without considering the question of con- 
vergence. We multiply (20.1) by r(7)¢m(a%) and integrate from a to B, to 
obtain 


B Bx 
: r(o)bm(a)f(a)de = / Scart) bn (2) bn (at) 


I 


Cm J r(2)¢2, (a) dr = emllomll?. 
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Thus, under suitable convergence conditions the constant coefficients Cp, 
n =0,1,2,--- are given by the formula 


B 
on= f r(e)n(a)fle)da / lnk? (20.2) 
However, if the set {¢,,(”)} is orthonormal, so that ||@,,|| = 1, then we have 
B 
= / r(x)bn(x)f (a)dx. (20.3) 


If the series }7°° 9 Cndn(x) converges uniformly to f(a) in [a, 4], then 
the above formal procedure is justified, and then the coefficients c, are 
given by (20.2). 


The coefficients c,, obtained in (20.2) are called the Fourier coefficients 
of the function f(x) with respect to the orthogonal set {¢,(2)} and the 
series )>° 9 Cndn(x) with coefficients (20.2) is called the Fourier series of 


F(z). 
We shall write a 
n=0 


which, in general, is just a correspondence, i.e., often f(x) 4 77-9 Cndn(Z), 
unless otherwise is proved. 


Fourier cosine series. In Lecture 12, we have seen that the set 


{ents a = on(x) = i[Zeosne, n= 12.4 


is orthonormal on 0 < x < 7. Thus, for any piecewise continuous function 
f(a) on 0<a<7, 


f(z) ~ codo(x) + S- CnOn(“) = = + » eny) = cos ne, 
n=1 


n=1 


c= [ “Mat on = | * s(d)y/2 cos nt n> 1. 


(2 / f(t) cos neat) COs Na, 
T Jo 


where 


f(a) ~ 5x 2 f tae 


n=1 
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which can be written as 


ao S 
f(a) ~ ra + d Gn COSNX, (20.4) 
where 9 pt 
An = - | f(t) cosntdt, n>0. (20.5) 
ae) 


The series (20.4) is known as the Fourier cosine series. 


Example 20.1. We shall find the Fourier cosine series of the function 
f(x) =a, 0<a <7. Clearly, 


2 [" 2 [* 
a == | teosordt = = | tdt = 7, 
T Jo T Jo 
wT T t 
-f sin n a 
0 0 iC 
2 
7 


n 
a cosnn — 7 


2 [" sin nt 
Qn = — tcosntdt = t 
T Jo 


+ 


2 
T 
2 
al on n? 


Thus, from (20.4), we have 


= 2 (=) 
c~ By 2 cosne, O<a<T. 


Fourier sine series. Recall that the set 


{oto = [2 sane, n= 1,2,-: | 


is orthonormal on 0 < x < a. Thus, for any piecewise continuous function 


f(x) on 0<a<17, 
f(a) ~ a 


a= f j(0)y 2 sin nat n> 1. 
0 TT 


Again we can rewrite it as 


where 


f(z) ~ S— bp sin na, (20.6) 


n=1 
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where 
9 T 
= =| f(t)sinntdt, n>1. (20.7) 
0 
This representation of f(a) is called the Fourier sine series. 


Example 20.2. We shall find the Fourier sine series of the function 


f(a) = { a, Vea < a/2 


0, w/2<a<n. 


Clearly, for n > 1 


a 7 2 pn 4 [—cos(n/2) +1 
- - | f(t) sin ntdt = =| 2sin ntdt = — rer 
0 T JO T 


n 
Thus, 
“4 fi- 2 
ym So en sine Oma <r, 
T 


Fourier trigonometric series. In Lecture 12, we have verified 
that the set 


{ o(a) = = dban—1(£) = Tacos, dan(x) = Sa sinne, n=1,2,:-- | 


is orthonormal on —7 < x < a. Thus, for any piecewise continuous function 
f(a) on -t7<au<rT, 


Co = cos nx sin nx 
wt) ™ n- +¢ im f— | 3 
nat ) Jor eS le c2 1s Vn 2 Vi | 


where 
1 
co = cn 
Con-1 = Ric ae ntdt, n>1 
Cn = . f()}= in ntdt, n> 1. 


On rewriting the above relation, we have the Fourier trigonometric series 


ao 
as ap Gy, cosnx + by, sinnx), (20.8) 
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where 


1 Tv 
a, = — f(t) cosntdt, n>0 

T 

1 a (20.9) 
b, = =- f()sinntdt, n>1. 

T Jae 


For our later use we note the following relations: 
co = \/ +40, CQn-1 = Vian, C2n = JVTbn. (20.10) 


Example 20.3. We shall find the Fourier trigonometric series of the 


function 
1 -7<2<0 
f= { » O<a2<n. 
From (20.9), we have 
1 /* 1 /° i 
an = — f(t{)cosntdt = — 1- cos ntdt + — t cos ntdt 
T Jax T Jig T Jo 
1 [tsinnt  cosnt]|" 
= 0 + — |, ——_——— 5 
T n 4 


a 


0 t 
a =~ | beidt+ = f t1de=145, 
T Jn T Jo 2 


1 ie il =i + (i -~a)(-i1" 
bn == | L-sinntdt += | em rs 9 
T Jo 


T J ux nT 


Hence, we have 


1)" —-1 —1 1— —1)” 
f(a) ~ + EE apg ‘ 
2 mn? nT 


n=1 
-TSL<KT. 


It is clear that the constants a,, b, for the Fourier trigonometric se- 
ries are different from those for the Fourier cosine and Fourier sine series. 
However, if the function f(x) is odd, then since 


1 ue 
a, = f(t) cosntdt =0, n>0 
T Je 


a f(t) sinntdt = =f re) f(t)sinntdt, n>1 


7 
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the Fourier trigonometric series reduces to the Fourier sine series. Thus, 
we conclude that if f(a) is odd, or defined only on (0,7) and we make its 
odd extension then the Fourier sine series (20.6) holds on (—7, 7). Exactly, 
in the same way if f(x) is even, or defined only on (0,7) and we make its 
even extension then since 


1 [* ve al 
an = — f(t) cos ntdt = - | f(t) cosntdt, n>0 
NT Jen T Jo 
1 f* : 
bn = - f(sinntdt=0, n>1 
T 


= 


the Fourier trigonometric series reduces to the Fourier cosine series. 


Finally, we remark that if the piecewise continuous function f(x) is 
defined on —a < x < a, then its Fourier trigonometric series (20.8) takes 
the form 


do = NTx 
f(x) ~ > ip (an cos —— + by sin a) : (20.11) 
where 1: 
a == | f(t) cos ——dt, n>0 
aJs—a a 
ace ; (20.12) 
naz f f(t) sin dt, n>1 
a Jia 
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Eigenfunction Expansions 
(Cont’d.) 


In this lecture also, we shall expand a given function in terms of or- 
thogonal polynomials and functions we have provided in Lectures 12 and 
13. 


Fourier—Legendre series. We have proved that the set of Leg- 
endre polynomials {¢n(x) = Pn(x), nm =0,1,---} is orthogonal on [—1, 1] 
with r(a) = 1. Also, 


_ 2 
~ Intl 


1 
Pal? = / _Pila)de 


Thus, for any piecewise continuous function f(#) on —1 < a < 1 the 
Fourier—Legendre series appears as 


fa) a So Pe), (21.1) 
n=0 
where , 
Gi = an : | Pate)F(o)ae, n> 0. (21.2) 


Example 21.1. For the function f(x) = cos(rz/2) (recall explicit form 
of Po(a), Pi(x), Po(x), P3(a) and P,()) it is easy to find from (21.2) that 


C=, cy = 0, cg = —=5 (12 — 1”) 
TT 
18... 
c3 = 0, ca = —3(1" — 180n* + 1680), cs = 0. 


Hence, the Fourier-Legendre series of the function f(x) = cos(za/2) up to 
P,(a) in the interval [—1, 1] is 

= Po(x) — — (12 — 2?) Po(x) + Ae at — 1807? + 1680) Py(a) 

n° i‘. 7 


Note that P2,,(x) is an even function, whereas P2,+1(x) is odd. So, if 
f(a) is even or defined on (0,1) and we make its even extension, then the 
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Fourier—Legendre series (21.1) reduces to 


fax SS Ge Paale), (21.3) 
m=0 
where ; 
Com = (4m + » | Poy (x)f(x)dz, m>0. (21.4) 


In our previous example the function f(x) = cos(7a/2) is even, and hence 
all odd c,’s are zero. 


Similarly, if f(a) is odd or defined on (0,1) and we make its odd exten- 
sion, then the Fourier-Legendre series (21.1) reduces to 


f(z) ~ > Com+1Pom41 (2), (21.5) 
m=0 
where ; 
Com+1 = (4m + ) | Pom+i(a)f(x)dz, m>0. (21.6) 
0 


Example 21.2. For the function 


_f 0, -l<a<0 
ae) = vz, O<a<l 


denote the Fourier—Legendre series by }77° 4 Cn P(x). Then, since the func- 
tion 


_ Pi(a) _ a _f -a#/2, -l<2<0|_ lel 
is even, in the expansion 
= Py(a 
fle) ~ YoenPa(x) — 2) 
n=0 
the odd Fourier coefficients are zero, i.e., 
a 0 0 0 
C1 2 =, c3 = U, C5 =U, 
Hence, the expansion of the function g(x) reduces to 
1 co 
coPo(x) + aft (a) + > Com Porm (x). (21.7) 


m=1 
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Fourier—Chebyshev series. We have shown that the set of 
Chebyshev polynomials {pn(z) = T, (2), n = 0,1,---} is orthogonal in 
[—1,1] with r(x) = (1 — 27)~1/?. Also, 


ital? = f =z?) gGayae = { n/2, n#0 


T, n= 0. 


Thus, for any piecewise continuous function f(#) on —1 < x < 1 the 
Fourier—Chebyshev series appears as 


Senne) (21.8) 
n=0 
where 
28. f° T, 1 
m= | OTe) dy==, dn=l,n>1. (21.9) 
1-2 2 


Fourier—Hermite series. Following the argument in the earlier 
cases this series over the interval (—oo, 00) appears as 


fay DS Gene), (21.10) 
n=0 
where 
n= Fal mel e* f(a)Hn(x)dz, n>O0. (21.11) 


Fourier—Bessel series. Let m > 0 be a fixed integer and let 
{b,, n =0,1,---} be the zeros of the Bessel function J;,(a). In Lecture 13 
we have seen that the set {Jm(bnx), n = 0,1,---} is orthogonal on [0,1] 
with respect to the weight function 2, i.e., 

i 0, Pp a qd 
LIm(bpX)Im(bgx)dt =< 1 
0 sJinsilbp), 9 =P. 


Now following the argument in the earlier cases the Fourier—Bessel series 
can be written as 


> cnJm(bnz), 2 € [0,1] (21.12) 
n=0 
where : 
tah 

_—_———— tIm(bnx)f(a)dz, n>0. 21.13 

Ting 1 (0 ) Jo a ( 
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We also remark that with little adjustment the above series can be 
written over the interval [0,c] instead of [0,1]. Indeed, if {a,, n =0,1,---} 
are the positive roots of the equation J,,(ac) = 0, then (21.12) can be 


written as 
Co 


f(a) ~ Y. Gita Gn2), x € [0,c| (21.14) 
n=0 
where 
2 [ 
C= > LIm(Anx)f(x)dxz, n>O0. 21.15 
FP Tac f, im ene fe) (21.15) 


Our last two examples illustrate how the eigenfunctions of a regular 
Sturm-—Liouville problem can be used to expand a given function. 


Example 21.3. To obtain the Fourier series of the function f(x) = 1 in 
the interval [0, 7] in terms of the eigenfunctions ¢,,(x) = sinna, n = 1,2,--- 
of the eigenvalue problem y” + Ay = 0, y(0) = y(m) = 0 (see Example 19.1) 
we recall that 


I|onIl? = i sin? naedx = us 
) 2 
Thus, it follows that 
1 ie Qt 2 
Cn = To | f(z) sinnadx = - | sin nadx = — (1 _ (=1)") : 
Teal? Jo ah — 


Hence, we have 


ln Ser y sin (Q2n—1)x = F,(x), say. (21.16) 


Example 21.4. We shall obtain the Fourier series of the function 
f(z) = x«— 27, x € [0,1] in terms of the eigenfunctions ¢9(x) = 1 — 2, 
on(x) = sin V/A, (1 — 2), n= 1,2,--- of the eigenvalue problem y” + Ay = 
0, y(0) + y’(0) =0, y(1) = 0 (see Example 19.2). For this, we note that 


2 : 2 1 
Igo? = f (1—2)"dr = = 
1 
heme, (1 — cos2/An(1 — z)) 
1 
a -a)|| = alt ame 
2sin V/A ei = =[1 — cos? VX 


Ilbnll? 


l| 


l 
NIP MIF NIE SS 
= -————"-1} Re 


== 
‘i 


ae 
a 
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where we have used the fact that tan /An = VAn. 


Thus, it follows that 


«= 3 [ (1 -2)(e— ade = 7 


and for n > 1, 


Cn = = a An(1 — x«)dx 
sin* VAn Jo 

- i coal cos VA; (1-2) 1 5) cos An (1-2) . 

sin? =|¢ VXn 0 fo my VXn i 

_ —2 = sin /An(1—2) 7 9 sin VAn(L=2) t) 42 

pene area c 22) [- coe | 


Vin sin® Vn 
—2 “ 2 cosVAn(1 — 2) 


Van sin? V>n | Van Van An 


= ea waa We 2+ 2cosV/ n| 
sin 


= An COS \/ An, — 2+2c08V/A n| 
2? sin? in sin’ An | 
2/2 gin? sin? JA =|2- 


Hence, we have 


(2 + An) cos Xn | . 


go-go qu x a (2—(2+A,) cos VW An) Sin VAn(1—2) 
n= ate 2 /X n 


= Fy(x), say. (21.17) 


Problems 


21.1. Find the Fourier cosine series on the interval 0 < x < 7 of each 
of the following functions: 


0, O<a<n/2 


@ fe=2? Gi pe=F > O6ES A? (iy fe) = cose, 


21.2. Find the Fourier sine series on the interval 0 < x < 7 of each of 
the following functions: 


(i) f(z) =1 (i) f@)=r-2. 
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21.3. Find the Fourier sine series on the interval 0 < x < 7 of each of 
the functions (i)—(iii) given in Problem 21.1. 


21.4. Find the Fourier trigonometric series of each of the following 
functions: 


0, -m7<a2<0 1, -—-7<2<0 
(i) f@={ O0<a<t (ii) fa={ 9 O<a<t 
(iii) fiw) =a-—7, -aw<aK<a (iv) f(x)=|el, -t<a<r 
Z, -17<2<0 
(v) f(z)=2?, -aw<a<n (vi) f(w)=¢ 2, v= 
e”, O<a<T 
(vii) f(z) =2+, -aw<a<n. 


Further, for each series sum a few terms graphically, and compare with 
the function expanded. 


21.5. Find the Fourier trigonometric series of each of the following 
functions: 

0, -2<a<-1 
ji) fimi=e, Oee<ar Aya=s 1, —l<e<l 
0, l<a<2. 

21.6. Establish the identities sin? x = (3/4) sinw — (1/4) sin3x and 
cos? x = (3/4) cosa + (1/4) cos3z. Prove that in each case expression on 
the right-hand side is the Fourier series for the function on the left-hand 
side. 


21.7. Let f(a) be a periodic function with period 27 such that its 
Fourier coefficients exist. Suppose further that f(a — x) = f(a) for all a. 
Show that a, = 0 when n is odd and b,, = 0 when n is even. 


21.8. In the expansion (21.7) find co, cg and cq. 


21.9. Find the Fourier—Legendre series of the function 


0, -l<2<0 
fa) ={ 1, O<a<l. 


21.10. Show that the Fourier series expansion of the function f(x) = 
ma — x7, 0 < x < 7m in terms of the orthonormal functions ¢p(x) = 


\/2 sinner, O<a<a, n=1,2,--- can be written as 


[oe} 


8 : 
man — 1) sin(2n = 1)x. 


n=1 
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21.11. Expand the function f(a) = 1 when 0 < x < c in series of 
functions Jo(A;x), where ,; are the positive roots of the equation Jo(Ac) = 
0. 


21.12. Expand the function 
1, O<a<l 
f()=4 1/2, x= 
0, l<a<2 
in series of Jo(A;x) where A; are the roots of Jo(2A) = 0. 


21.13. Expand the function f(z) = 2, 0 < a <1 in series of J; (Aj) 
where A, are the positive roots of J;(A) = 0. Also find the function repre- 
sented by the series in the interval —1 < x < 0. 


21.14. Show that 


where A; are the positive roots of Jo(A) = 0. 


Answers or Hints 


211s (i) ae +, SO cosne (ii) 4+ oe, et) cos ne 


120) 2 Oe) oS eS. 


2n-1 n 


21.8.. G): o4 ao" ae) sin nx 

(ii) SP, S ((-1)"*" 4+ cos 32) sin nex (iii) SOP. 2n et" sinna. 

i) $+ 2 (sine + Fsin3x4 ¢sin5z2+---) 

sina + $sin 32+ ¢sin5a+---) (iii) —m+0% a yy" sinner 
(iv) $+ 0%, —25((-1)" — 1) cosna (v) +4, EO aie 


| a 
= 

= 

— 

Niw « 
ae) Gas 
3 [to 
ts 


= 4(—1)"+1 nt+le 
(vi) == = ae ) oe ya 1 ( cy cs ant a ~) cos Le 


7 
+ (> um (1 + (—1)"*te-™) + acy") sin ne] 
(vii) = +80", (= - £,) (—1)" cos na. 


21.5. (i) An? + O°, (4 cosnz — 4 sin nz) 
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(ii) 5 +2 50%, 4sin & cos x. 


21.6. Note that 


a, = +3 f" sinacosnadx — +4” sin3xcosnedz, 
b, = 43 ox sin x sin nadx — arse _,, Sin 3a sin nrdx 
and hence a, = 0, n>0, b) = 7, bo =0, b3 =—Z7T, bn =0, n>4. 
21.7. For n odd, successively, we have 
a, = +f". f(a) cosnadr = ue hand T™—Y) neal y)(—1)dy 
a na f(y)(—1)” cos nydy = —1/'" f ) cos nydy 


—= J", f(y) cosnydy = an, 
where we have used the fact that f(y) cosny is periodic. Hence, ay = 0. 
21.8. co = 1/4, C2 = 5/16, = —3/32. 


21.9. From (21.2), co = 1/2, c, = 3/4, use Problems 7.8(ii) and 7.9(i) 
to get Cn, = 4 (Pn—1(0) — P,+41(0)) which in view of Problem 7.2 gives 


a(—1)" 1-3-+-(2n—1) 4n+3 
2 2-4---2n  2n+2° 


C2n = 0, Con+1 = 


21.10.See Example 21.3. 


21.11.1= 22, SE, O<aK<e 


21.12. f(x) = 5 je iy oe qetolAjz), O< a <2. 


2118.0 =20%, SA, -1<a<l. 


Lecture 22 


Convergence of the 
Fourier Series 


In this and the next lectures we shall examine the convergence of the 
Fourier series of the function f(x) to f(x). For this, to make the analysis 
widely applicable, we assume that the functions ¢,(x), n = 0,1,--- and 
f(x) are only piecewise continuous on [a, 3]. Let the sum of first N + 
1 terms = 4 Cn¢On(x) be denoted by Sy(a). We consider the difference 
|Sn(a) — f(a)| for various values of N and «x. If for an arbitrary « > 0 
there is an integer N(e) > 0 such that |Sy(a) — f(x)| < €, then the Fourier 
series converges uniformly to f(x) for all x in [a, Z|. On the other hand, if 
N depends on x and € both, then the Fourier series converges pointwise to 
f(x). However, for the moment both of these types of convergence are too 
demanding, and we will settle for something less. To this end, we need the 
following definition. 


Definition 22.1. Let each of the functions w(x), n > 0 and (x) be 
piecewise continuous in [a, 3]. We say that the sequence {w,,(x)} converges 


in the mean to y(x) (with respect to the weight function r(x)) in the interval 


(0, 6) if 
B 
lim |v, — ¥||? = lim / r(x) (n(x) — W(2))? dx = 0. (22.1) 
Thus, the Fourier series converges in the mean to f(x) provided 
B 
lim / r(x)(Sn(a) — f(x))?dx =0. (22.2) 


Before we prove the convergence of the Fourier series, let us consider 
the possibility of representing f(x) by a series of the form \7*° 9 dnén(z), 
where the coefficients d,, are not necessarily the Fourier coefficients. Let 


N 
T(x; do, di,-++,dw) = S— dndn(a) 
n=0 
and let ey be the quantity ||Tn — f||. Then, from the orthogonality of the 
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functions ¢,,(x) it is clear that 


ap = (Sarena = r)) dx 


n=0 
: ya [ne r( sion 2am fn 2) bn (a) (de 
B 
+f r(x) f?(a)dz 
N 
= So drllnll? — 255 dnenlldnll? + WAI? 
n=0 n=0 


N N 
= So Ibnll?(dn — cn)? — So Ibnll?ch + IFIP? 
n=0 n=0 


(22.3) 
Thus, the quantity ey is least when d, = c, for n = 0,1,---,N. Therefore, 
we have established the following theorem. 


Theorem 22.1. For any nonnegative integer N, the best approximation 
in the mean to a function f(a) by an expression of the form > dndn(2) 
is obtained when the coefficients d,, are the Fourier coefficients of f(z). 


Now in (22.3) let d, = cn, n=0,1,---,N to obtain 


N 
I|Sv — FI? = IIFI? — 35 II@all?e?. (22.4) 
n=0 
Thus, it follows that 
N 
[Zn — FI? = $2 Ibnll?(dn — cn)? + Sw — Fl?. (22.5) 
n=0 
Hence, we find 
< |[Sv—fll < |[Tw— fll. (22.6) 


If the series }7*° 9 dndn(x) converges in the mean to f(z), ie., if 
lim yo ||Tw — f|| = 0, then from (22.6) it is clear that the Fourier series 
converges in the mean to f(x), ie., limy—o ||S~ — f|| = 0. However, 
then (22.5) implies that 


N 
. as 
sim, 2 lll (dy — cn)? = 0. 


But this is possible only if d, = cn, n = 0,1,---. Thus, we have proved the 
following result. 
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Theorem 22.2. Ifa series of the form 7°, dndn(x) converges in the 
mean to f(x), then the coefficients d, must be the Fourier coefficients of 


f(x). 
Now from the equality (22.4) we note that 
0 < |!Sv4i-fll < [Sw — fll. 
Thus, the sequence {||S'v— f||, N =0,1,---} is nonincreasing and bounded 
below by zero, and therefore it must converge. If it converges to zero, then 


the Fourier series of f(a) converges in the mean to f(a). Further, from 
(22.4) we have the inequality 


N 
So Iignll?en < WIP. 
n=0 


Since the sequence {Cv, N = 0,1,---} where Cy = 37 ||nl|?c2. is 
nondecreasing and bounded above by |jf||?, it must converge. Therefore, 
we have 


Yo lenle, < IFIP. (22.7) 
n=0 


Hence, from (22.4) we see that the Fourier series of f(a) converges in the 
mean to f(a) if and only if 


FI? = So lonll?e%.- (22.8) 
n=0 


For the case when ¢,,(x), n = 0,1,2,--- are orthonormal, (22.7) reduces 
to Bessel’s inequality 


ye. = isl? (22.9) 
n=0 


and (22.8) becomes the well-known Parseval’s equality 
Il? = 50. (22.10) 
n=0 


We summarize the above considerations in the following theorem. 


Theorem 22.3. Let {¢n(x), n= 0,1,2,---} be an orthonormal set, 
and let c, be the Fourier coefficients of f(a) given in (20.3). Then, the 
following hold: 
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(i) the series }>° 9 c?2. converges, and therefore 


B 
lim ¢, = lim r(a)bn(x)f(x)dx = 0, 


n—oco n— 


(ii) the Bessel inequality (22.9) holds, 


(iii) the Fourier series of f(a) converges in the mean to f(x) if and only if 
Parseval’s equality (22.10) holds. 


Now let C,[a, 6] be the space of all piecewise continuous functions in 
(a, 3]. The orthogonal set {¢,(x), n = 0,1,---} is said to be complete in 
C,l[a, 3] if for every function f(x) of C,[a, 6] its Fourier series converges 
in the mean to f(x). Clearly, if {¢,(#), n = 0,1,---} is orthonormal then 
it is complete if and only if Parseval’s equality holds for every function in 
C,[a, 3]. The following property of an orthogonal set is fundamental. 


Theorem 22.4. If an orthogonal set {n(x), n = 0,1,---} is complete 
in C,|[a, 6], then any function of C,[a, 6] that is orthogonal to every @n(z) 
must be zero except possibly at a finite number of points in [a, {]. 


Proof. Without loss of generality, let the set {¢,(x), n = 0,1,---} 
be orthonormal. If f(x) is orthogonal to every ¢,(x), then from (20.3) all 
Fourier coefficients c, of f(a) are zero. But, then from the Parseval equality 
(22.10) the function f(x) must be zero except possibly at a finite number 
of points in [a, 3). a 


The importance of this result lies in the fact that if we delete even 
one member from an orthogonal set, then the remaining functions can- 
not be a complete set. For example, the sets {cosna, n = 1,2,---} and 
{sinnrz, n = 1,2,---} are orthogonal in [0,7] and [—1, 1], respectively, 
with respect to the weight function r(#) = 1, but not complete. 


Unfortunately, there is no single procedure for establishing the com- 
pleteness of a given orthogonal set. However, the following results are 
known. 


Theorem 22.5. The orthogonal set {¢n(x), n = 0,1,---} in the inter- 
val [a, 3] with respect to the weight function r(x) is complete in C,[a, (] if 
on (a) is a polynomial of degree n. 


As a consequence of this result, it is clear that the Fourier—Legendre 
series of a piecewise continuous function f(x) in [—1,1] converges in the 
mean to f(a). The same conclusion holds for other series also. 


Theorem 22.6. The set of all eigenfunctions {¢,(x), n = 1,2,---} of 
a regular Sturm—Liouville problem is complete in the space C,[a, (]. 


Example 22.1. In view of Theorem 22.6 the expansion F(a) of the 
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function 1 obtained in (21.16) converges in the mean to 1 on the interval 
(0, z]. Similarly, the expansion F(x) of x — x? given in (21.17) converges 
in the mean to the function 2 — x? on the interval [0, 1]. 


Theorem 22.6 can be extended to encompass the periodic eigenvalue 
problem (19.1), (19.20). Thus, in particular, the set {1, cosnz, sinnx, n 
> 1} is complete in C,[—7,7], and therefore, the Fourier trigonometric 
series of any function f(x) in C,[—7,7] converges in the mean to f(z). 
Similarly, Fourier sine and cosine series of any function f(x) in C,[0, 7] 
converge in the mean to f(x). 


In view of the above remark and the relations (20.10), for the Fourier 
trigonometric series Parseval’s equality can be written as 


([Fe0) + + OU (Van)? + (VAbn)?) =f Pea 


or 
2 OS 1 T 
4 (a2 +B) ==] p(a)de. (22.11) 
2 n=1 eee 
Example 22.2. The Fourier trigonometric expansion of the function 
|x|, —t™<a<mTis 
jz] ~ = =+ YP rE cos(2n —l)z, -1<a<n. (22.12) 


Clearly, |z| € C,(—a,7). Further, comparing (22.12) with the Fourier 
trigonometric series, we have 


ao 7 4 
> = 9? a2n = 0, a2n-1 = — 


Thus, equality (22.11) gives 


which is the same as 


and hence 


Lecture 23 


Convergence of the 
Fourier Series (Cont’d.) 


The analytic discussion of uniform and pointwise convergence of the 
Fourier series of the function f(x) to f(x) is difficult. Therefore, in this 
lecture we shall state several results without proofs. These results are easily 
applicable to concrete problems. 


Theorem 23.1. Let {¢,(x), n = 1,2,---} be the set of all eigenfunc- 
tions of a regular Sturm—Liouville problem. Then, the following hold: 


(i) the Fourier series of f(x) converges to [f(x+)+ f(x—)]/2 at each point 
in the open interval (a, 3) provided f(x) and f’(x) are piecewise continuous 


in [a, J], 


(ii) the Fourier series of f(a) converges uniformly and absolutely to f(x) in 
(a, 3] provided f(x) is continuous having a piecewise continuous derivative 
f’(x) in [a, 6], and is such that f(a) = 0 if ¢n(@) = 0 and f(@) = 0 if 


Example 23.1. For the expansion F,(x) of the function f(x) = 1 
obtained in (21.16), Theorem 23.1(i) ensures that F\(#) = 1 at each point 
of the open interval (0, 7). However, Fi (2) # 1 at « = 0 and 7, i-e., at the 
end points of the interval. We also note that since ¢,(0) = ¢,(7) = 0, but 
f(0) = f(z) =1, Theorem 23.1(ii) cannot be applied. 


Example 23.2. For the expansion F(z) of the function f(x) = x— x? 
given in (21.17), Theorem 23.1(ii) ensures that Fo(x) = x — x? uniformly 


in [0,1]. In fact, here ¢,,(1) = 0 so does f(1) = 0, however, ¢,,(0) 4 0, but 
f(0) = 0 (see if in Theorem 23.1(ii)). 


Theorem 23.2. Let f(z) and f’(x) be piecewise continuous in the 
interval [—1,1]. Then, the Fourier—Legendre series of f(a) converges to 
[f(a+)+ f(a—)]/2 at each point in the open interval (—1,1), and at « = —1 
the series converges to f(—1+) and at « = 1 it converges to f(1—). 


Theorem 23.3. Let f(z) and f’(x) be piecewise continuous in the 
interval [0,c]. Then, the Fourier—Bessel series of f(x) converges to [f(a+)+ 
f(a—)|/2 at each point in the open interval (0, c). 


Theorem 23.4. Let f(z) and f’(x) be piecewise continuous in the 
R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 


Universitext, DOI 10.1007/978-0-387-79146-3_23, 
© Springer Science+Business Media, LLC 2009 


Convergence of the Fourier Series (Cont’d.) 177 


interval [—7, 7]. Then, the Fourier trigonometric series of f(x) converges to 
[f(a+)+ f(a—)]/2 at each point in the open interval (—7, 7) and at « = +7 
the series converges to [f(—7+) + f(a—)]/2. 


0, «a € [—7,0) 
1, xe (0,7). 
Clearly, f(a) € Cj(—m,7) and has a single jump discontinuity at 0. For 
this function (see Problem 21.4(i)), the Fourier trigonometric coefficients 
are ag = 1, dn = 0, by = (1 — (—1)") /na. Thus, we have 


Example 23.3. Consider the function f(x) = { 


fle) ~ 5+ =o pay sin@n— Te = Fle), say. (23.1) 


From Theorem 23.4 in (23.1) the equality F(a) = f(a) holds at each point 
in the open intervals (—7,0) and (0,7), whereas at x = 0 the right-hand 
side is 1/2 which is the same as [f(0+) + f(0—)|/2. Also, at « = +7 the 
right-hand side is again 1/2 which is the same as [f(—a+) + f(a—)]/2. 


Example 23.4. We shall use the Fourier trigonometric series 


yong? et ppc 2nsin nz] <au< 
x Thad 12 a "2 COS NZL nNsin NZv 5 Tv x T 


to show that )>°?_, (1/n?) = 17/6. 
Since f(z) = x +a7/4 € C}(—7,7), by Theorem 23.4, we have 


io lye | [f(@+) + f(a-)]/2, -m<a<n 
rue 72 [cos na—2n sin na] = es) flare. o—ae 


n=1 


Thus, at « = 7, we find 


[cosnm — 2nsin nz] = 


re gee pil iced Ra A Gay) 


and hence 


i ae 


n2 2 4’ 
n=1 
or 
oa i ae 
an 4 12° 6° 


Example 23.5. We shall find the Fourier trigonometric series of the 
function cos az on [—7, 7] where a 4 0, +1, +2,---. For this, since cos ax is 
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an even function, b, =0, n > 1 and 


2. [% ill fae 

an = - | cosax cosnadx = -/ [cos(na — ax) + cos(na + ax)|da 
T JO T JO 

7 


n—-a n+a 


a! aS — az) re sin(na + =) 


0 


_ 4 e_yyet sin a7 7 sin at = La yet sine 2a 
7 n-a nta 7 n2 — a? 
Hence, it follows that 
2a 1 (-1)"*1 
f(a) ~ Sinan spe + Gowns : 


Now in view of Theorem 23.4 at x = 0, we have 


iced 1)°+1 
wth a a =cos0= 1 


2a 
— sin ar 
7 


and hence 
1)"* 1 


CO 

ae 20 
sin at — 
Example 23.6. We shall use the Fourier trigonometric series 


oe 2 oy Bop ee 
sinz| ~ —-—— ——— -— 7 
™ T oT = 4n? = 1" 2 


to find 33°, (-1)"/(16n? — 1). 


Clearly, the function f(x) = |sin | € C}[—7, 7], and hence from Theo- 
rem 23.4 we have 


At « = 7/4, we find 


cos(2n7/4) — f(a/4+) + f(a/4—-) 1 
ee “est a2 


and hence 


2 4 (cos(2km/2) | Gcos(2k—1)7/2\ 1 
22 (ysl ys 4(2k — 1)? — iE) As 


k=1 1 


Convergence of the Fourier Series (Cont’d.) 179 


or 


which gives 
Ses (—1)* 2 1\_1 of 
16k2-1 4\7 Va) 2 4/2 


Theorem 23.5. Let f(z) and f’(x) be piecewise continuous in the 
interval [0,7]. Then, the Fourier cosine series of f(x) converges to [f(a+) + 
f(a—)]/2 at each point in the open interval (0,7) and at x = 0 and a the 
series converges, respectively, to f(0+) and f(7—). 


Example 23.7. Since 
ar co 
ae 


from Theorem 23.5 it follows that 


\* 


cosnx, O<a<7 


faija=2, Vere 
cosnzr=< f(0 = 0, r= 
f(a 


i? 


rT Co 
Tle 


Thus, at « = 7, we have 


ag 


love) 
us wes 2 
37 Cos NT = 71 


and hence 


1? al 2 
Fe 


n=1 
which gives )>>~_, (1/n?) = 17/6. 


Theorem 23.6. Let f(x) and f’(x) be piecewise continuous in the 
interval [0,7]. Then, the Fourier sine series of f(a) converges to [f(a+) + 
f(a—)]/2 at each point in the open interval (0,7) and at « = 0 and z the 
series converges to 0. 


Example 23.8. Since 


co . 
sin nx 
T-2~ 25 —,  0<2<a 
n 


n=1 
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from Theorem 23.6 it follows that 


a ane | f(a)=n-a2, O0<aK<r 


Thus, at « = 7/2 we have 
sin nm /2 T 
ge ee 
2 n es 


and hence 


1 ae Eds a (23.2) 
3.5 7 7 ‘ 


ALA 


. 0, —-3<a“<0 ... 
Example 23.9. For the function f(x) = { L 02 e28 in view 
of (20.12) we have 


1 3 1 £3 
wo= 5 | fle)de=1, an = 3 |, f(2) cos “Fae =0 
and 


nT 


and hence the Fourier trigonometric series (20.11) for this function is 
1 i-(-1)" 
f(a) ~ 5 + d, sO in = F(x), say. 


Now from Theorem 23.4 (over the interval [—3,3]) it follows that 


f(x), 2 € (—3,0)U (0,3) 
a 1/2, «=0,-3,3. 


For the differentiation and integration of Fourier trigonometric series we 
have the following results. 


Theorem 23.7. Suppose f(z) is continuous in (—7,7), f(—7) = f(7) 
and f’(a) is piecewise continuous. Then, 


Co 


jas So (-nan sinnx + nbp cos nx) 


n=1 


at each point « € (—7,7) where f” (a) exists. 
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Theorem 23.8. Suppose f(x) is piecewise continuous in (—7,7) and 


f(x) ~ ay (an cosnaz + bysinnx), -T<a<T. 


n=1 


Then, for x € [—7, 7] 


ia x ao co Br ; 
f(tjdt = / THAD. | (encosnt + by sinntyat 


=f =i 


= Se +7) + : [an sinnx — bp (cosnaz — (—1)")]. 


n=1 


Example 23.10. For the function f(x) = |z|, 2 € [—7,7] we have 
(see Problem 21.4(iv)) 


(2 = 
f(2) ere . , =i < h. 


l| 


Clearly, f(x) is continuous on [—7,7], f(—7) = f(a) = a, f’() 

-l, -7<a<0 j : / " = 
{ Liewen re f’(0) does not exist, f’(x) € C,(—7,7), f" (x) = 
0, « € (—7,0) U (0,7) and f”(0) does not exist. Thus, Theorem 23.7 is 
applicable and we have 


=l,-a7<2=0): 4 s —(2n—1)sin(2n—1)z 4 3 sin(2n—1)zx 

Loeecre | ee (2n — 1)? ee 21" 

(23.3) 

At x = 7/2 this series immediately gives (23.2). Also, note that at « = 0 
the left-hand side of (23.3) is not defined, but its right-hand side is zero. 


Example 23.11. We shall use the relation 


2 os —1)” 
ae des Lae Se ) 


3 COS NZ, —-TSL<7 
3 
mr 


to find a polynomial p(x) such that 
n=1 


Clearly, for the function f(x) = x? all the conditions of Theorem 23.8 are 
satisfied. Thus, on integrating the above relation from 0 to x, we get 


[ea-f Paras [Ss 


n=1 


n 


sinna, -—tT<u<T. 


cos ntdt, 
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or 
a xe = (=1)* 
aha” “3 sin nz 
and hence 
5 OD pee? ag, 9 eee 
s1n1. ne = — Uh xv — 7T x TT. 
ae . 12 pes sacle 
Problems 


23.1. Functions ¢1(x) = 1, ¢2(x) = V3(2x — 1) are orthonormal on 
0<a<1. Define 


F(a,b) = | (V3x? — ad, (2) - boalz)) de. 


Find a, 6 such that F(a,b) attains its minimum. Find also the minimum 
value of F(a, b). 


1, O0<a<a7/2 


ee It is given 


23.2. Consider the function f(x) = { 


that ¢n(2) = /2sin naz, n = 1,2,3 are orthonormal on the interval 0 < 
x <7. Find the values of a, b at which the integral 


F(a, b) = [ (f(x) — ady (x) — b(2(a) + b3(x)))? der 
attains its minimum. 


23.3. Let f(x) = Show that 


— 
a) 
8 
M1 
ary 
= 


[ (ste) -}-$2) a = [ (f(x) — do — dix — doz”)? da 


1 1 
for any set of constants dg, d; and do. 


23.4. Show that the following cannot be the Fourier series represen- 
tation for any piecewise continuous function 


) nln x il ee x). 
ope dae) (iH) ) | Febn() 


n=1 
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23.5. Find Parseval’s equality for the function f(a) = 1, x € [0,c] 
with respect to the orthonormal set {\/2sin a, n=1,2,-- 7 ; 
23.6. Consider the function f(2) = a i Use Parse- 
ee — | Ya, O<aK<n. 


val’s equality (22.11) to show that 


3 


a ( : f (x) cos nde ( ‘ f(a) sin nde < . 


23.7. Assume that Parseval’s equality holds for piecewise continuous 
functions. If {ao, a1, b1,---} and {ao, a1, 41,---} are the sets of Fourier co- 
efficients of piecewise continuous functions f and g, respectively, on [—7, 7]. 
Show that 


1 = oe i 
5 0% r Do (anden ae bn Bn) = = a f(x)g(x)da. 


23.8. Let f(a) and g(x) be piecewise continuous in the interval [a, (| 
and have the same Fourier coefficients with respect to a complete orthonor- 
mal set. Show that f(a) = g(x) at each point of [a, 6] where both functions 
are continuous. 


23.9. (i) Let Un(x) = nae-”®’/?, x € [0,1]. Show that v(x) > 0 
as n — oo for each « in [0,1]. Further, show that 


2= | (vn(a) — 0)?dx = Be"), 


and hence e, — co as n — oo. Thus, pointwise convergence does not imply 
convergence in the mean. 


(ii) Let Yp(x) =a", x € [0,1], and f(#) =0 in (0, 1]. Show that 


- 1 
~ n+l? 


1 
B= [ (nla) - fe))Pae 
0 
and hence wW,(x) converges in the mean to f(a). Further, show that w,(2) 
does not converge to f(x) pointwise in [0, 1]. Thus, mean convergence does 
not imply pointwise convergence. 


23.10. Show that the sequence {x/(x +n)} converges pointwise on 
(0,co) and uniformly on [0,a], a > 0. 


0, -am<a2<0 


: The 
sing, 0<a<T. 


23.11. Consider the function f(x) = { 
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Fourier trigonometric series of f(a) is given by 


1 1. 2 SX cos2nz 
f(a) ~ See a a 


(i) Show that the above series converges to f(x) everywhere in the interval 
[-7, 7] : 
(ii) Use Part (i) to show that 


yok 
Lie 


iii) Find the sum of the series S~°, 1/(4n? — 1). 
( ) n=1 


23.12. The Fourier series of e* on the interval —7 < x < 7 is given 


by 
2 sinh = 
e 7 2sinh 7 Tv ee 


(i) | Use the above correspondence to show that 


a - = Zeothn — 5. 


ye 


(cosna — nsin nx) 


(-1)” 


[oe} 
ii) Find th f the seri . Justif r bi 
(ii) Find the sum of the series a ne. 1” Justify your answer 


23.13. Let f(x) be a twice continuously differentiable, periodic func- 
tion with a period 27. Show that 


(i) the Fourier trigonometric coefficients a, and b,, of f(x) satisfy 
M 
lan| < — and |b,| < =, n=1,2,--- 
n n 


where M = 4 ["_ |f"(x)|dx 
(ii) the Fourier trigonometric series of f(a) converges uniformly to f(z) 


on [—7, 7]. 


23.14. Suppose that f(x) is continuous in [—7,7], f(—a) = f(z), 
and f’(x) is piecewise continuous in [—7, 7]. Show that 


(i) SOP, Jan| and $5°°_, |b, | converge, 


(ii) nap, — 0 and nb, = 0, 
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(iii) the Fourier trigonometric series of f(a) converges to f(a) absolutely 
and uniformly in [—7, 7]. 

23.15. The proof of Theorem 23.4 requires the following steps: 


(i) Establish Lagrange’s trigonometric identity 


a sin (N + 4) 0 
2 cosn@ = —1 + —~—__2"_. 
Ds sin 40 


n=1 


(ii) If f(a) is piecewise continuous in the interval [a,b], then show that 


b 
lim / f(a) sinkadax = 0. 


k>00 Jaq 


(iii) If f(a) is piecewise continuous in the interval [0,b] and has a right- 
hand derivative at + = 0, then show that 


? in T 
lim [ f(a)= AE de = 5 H(40), 


k— 00 0 


(iv) Show that 


50 ub > (Am cos mx + by» sin mz) 
- | gop t a) G9) 5 


La 2sin ($(t — x)) 


Sn(z) 


m=1 


I 
| 


(v) If f(x) is piecewise continuous in the interval (a,b) and has derivatives 
from the right and left at a point z = a where a < 2 < b, then show that 


im [aK fla ) Ae 0) ae = Ti f(xy +0) + F(t —0)] 


k—oo C= Lo 


Answers or Hints 


23.1. In view of Theorem 22.1, F(a, b) is minimum when a =< V3x?, ¢1 > 
= 1/V3, b =< V3x?, d2 >= 1/2. Now from (22.4), min F(a, b) = || V32?||? 
—a? — b? = 1/60. 


23.2. Let w(x) = (¢2(x) + $3(a))/V2. Then, ¢1(x), (x) are orthonormal 
on 0 < x2 <7. Thus, F(a,b) is the same as F( (a,b) = fo (f(a) — agi(z) - 


(/2b)(x))?dx. Now F(a, b) is minimum when a = \/2/7, V2b = 4/(3\/7). 
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23.3. For the given function Fourier—Legendre coefficients are cp = 1/2, cy 
= 3/4, @ =0. 


23.4. Use Theorem 22.3(i). 


0, n even 


2_ — ’ — 8e co 1 
23.5. all =C, Cn = { 8¢/(n2n?), ra odd. Thus, a qe Setar Tan—1)? 5 


23.6. Left-hand side = 7°, (an)(Thn) < FW (a2 + 2). 


23.7. Add and subtract Fourier trigonometric series of f and g, write Par- 
seval’s equalities for (f + g) and (f —g), use (u+v)? — (u—v)? = 4uv. 


23.8. Let h(x) = f(x) — g(x) and {¢,,(x)} be a complete orthonormal set 
on the interval [a, 3] with respect to the weight function r(a). Note that for 
the function h(x) Fourier coefficients c, = 0, n > 0. Now apply Theorem 
22.4. 


23.9. (i) Use l’Hospital’s rule to show that w,,(a) + 0asn — oo, x € (0, 1] 
(ii) wn(xz) = 0 asn— oo, x € (0,1), and y,(1) =1, n> 0. 

23.10. Use definition. 

23.11.(i) Use Theorem 23.4 (ii) Let « = 7/2 (iii) 1/2. 


23.12.(i) Use Theorem 23.4 and let x =n (ii) Let x =0, O*, GY = 


Tw 
2Qsinhr 2° 
23.13.(i) an = +f", f(x) cosnadt = —— [™_ f(x) cosnadz (ii) 
+ 31 (Gn cos nx + bp sinna)| < $|ao| + 2°, (lan| + [bnl)- 


30 


23.14.(i) If f(z) ~ (ao0/2) + 2, (an cosnz + Bp sinnz), then ap = 
0, Qn = nbn, Bn = —na,. Now Bessel’s inequality applied to f’(a) implies 


that 5>°°_, 62 converges. Since pn = )op_1 — S Vpn Bey kel FP 
for each n, py is bounded. Further, since p, is increasing, the sequence 
{pn} converges. Thus, pn = >o,_1 os S = 7y_1 |ae| converges (ii) The 
convergence of °°, 3? implies that 6, = —nay — 0 (iii) From Theorem 
23.4, f(x) = (ap /2)+2 1 (Gn cosnxz+b, cosnxz), x € [—7, 7]. Finally, note 
that |(a0/2) + 0°°_, (an cosnz + b, cosnx)| < (|ao|/2) + ¥ 2 (an + b,|) 
and use (i) 


Lecture 24 


Fourier Series Solutions of 
Ordinary Differential Equations 


In this lecture we shall use Fourier series expansions to find periodic 
particular solutions of nonhomogeneous DEs, and solutions of nonhomoge- 
neous self-adjoint DEs satisfying homogeneous boundary conditions. 


We begin with the second-order nonhomogeneous DE 
y" tay! +by = f(a), xe [-m, 7, (24.1) 


where a, 6 are constants, and the function f(x) is periodic of period 27, 
and satisfies the conditions of Theorem 23.4 so that it can be expanded in 
a Fourier trigonometric series (20.8). Our interest here is to find a periodic 
particular solution of (24.1), which we shall denote by y,(x) and call it a 
steady periodic solution. We assume that 
Ao 
Yp(x) = 3 + yay cosnx + By, sinnz) (24.2) 


n=1 


so that the term by term differentiation gives 


Y,(£) = YS (-nAn sinna + nB, cosnx) (24.3) 
n=1 
and so 
" 2 2 : 
Yp (x) = So(-n A, cosnaz — n° By, sinna). (24.4) 
n=1 


Substituting (24.2) — (24.4) and (20.8) in (24.1), we get 


[oe} 


A 
> + S 5 ([-n? An+anBy,+bAn] cos nx + [—n?B, —anAn+bB,] sin nz) 
n=1 
= > + Ss Ga cos na + b, sin nz). 


n=1 
Now matching the coefficients, we find 
bAp = ao 
(b—1n?)Ay + anBn = an 
—anAn + (b—1n?)By = bn. 
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Solving this system, we obtain 


(b—1n?)an —anby _ (b—n7)by + anan 
(b—n2)2 + a2n? ”’ 2 (b= m2)? + an? | 


ao 


= = 24. 


Since for a given function f(a) the coefficients a,, n > 0 and bn, n > 1 
are known from (20.9), the unknowns A,, n > 0 and B,, n > 1 can be 
determined explicitly from (24.5). 


Example 24.1. We shall find the steady periodic solution of the 
nonhomogeneous DE 


” _ _ 1, —-7T< 2 <0 
y +3y= 1) ={ 2, 0<auK<n. 


From Problem 21.4 (ii), we have 


2 1 1 
fix)= +e (sine + Fsinde + Ssin5e +) 


and hence an = 0, r= 1, 2, eer and 
a n— 5 i: ; n 400° 
0 ’ 2n-1 (2 1) 2 


Now since a = 0, b = 3 from (24.5), it follows that A, = 0, n = 1,2,--- 
and 


2 
Ajp=1, Bon. =—————_———, Bon =0, n=1,2,-:- 
Se ES n= Senate " 


Hence, the required particular solution is 


1 2 
Yp(2) _ 3 + S- m(2n — 1)[3— 2n — 12] sin(2n = 1)a. 


Using the same procedure we can obtain a steady periodic solution of 
(24.1) over any interval [—L, L], L > 0. For this, we need to use the Fourier 
series (20.11) of f(a) with the coefficients ap, b, given in (20.12), and let 


ed tS. (An coe ee By, sin a) . (24.6) 


n=1 


The unknown A,, n > 0 and B,, n > 1 are then determined from the 
relations 


2 
(b- 36) a - abn (+ =F) t+aa, 
Ay= > An = —, a) Pa = Qe —. 
6-2) eae 0-58) + eae 


(24.7) 
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Example 24.2. We shall find the steady periodic solution of the 
nonhomogeneous DE 


y +5y=2, -2<a2<2. 
Since a 
AS (-1)"*! | ng 
= S — 
xv = 2d 1 xv 


we have a9 = 0, an = 0, by = 4(—1)"*4/(nz), and since a = 0, b = 5 from 
(24.7) we obtain Aj = 0, A, = 0 and 
bn 16(—1)"+1 


BAe (5 - nn) = nn (20 — n27?) 


Thus, the required particular solution is 


16 co Ler ont 
=—_ 2 7(20 nm) —Z. 
T — 2 


Next we shall consider the nonhomogeneous self-adjoint DE 


(p(x)y’)’ + q(x)y + pr(x)y = Poly] + ur(x)y = f(x) (24.8) 


together with the homogeneous boundary conditions (19.2). In (24.8) func- 
tions p(x), g(a) and r(a) are assumed to satisfy the same restrictions as 
n (19.1), u is a given constant and f(x) is a given function in [a, J]. For 
the nonhomogeneous boundary value problem (24.8), (19.2) we shall as- 
sume that the solution y(a) can be expanded in terms of eigenfunctions 
on(x), nm = 1,2,--- of the corresponding homogeneous Sturm—Liouville 
problem (19.1), (19.2), ie., y(z) = 0°, cndn(x). To compute the coeffi- 
cients c,, in this expansion first we note that the infinite series 7°, Cndn(x) 
does satisfy the boundary conditions (19.2) since each ¢,,(x) does so. Next 
consider the DE (24.8) that y(x) must satisfy. For this, we have 


Pa |S cndn(o)| + ur(a) ¥>endn(2) = f(a). 
n=1 n=1 
Thus, if we can interchange the operations of summation and differentiation, 
then a 
a CnPalOn(x)] + pr(x iS CnOn(x) = f(x). 
n=1 n=1 
Since P2[¢n(x)] = —Anr(x)¢n(x), this relation is the same as 
= f(x) 
~ An) en Pn = : 24. 
Du Anendn() = = (24.9) 


n=1 
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Now we assume that the function f(x)/r(x) satisfies the conditions of The- 
orem 23.1, so that it can be written as 


where from (20.2) the coefficients d, are given by 


— : x fz) a ‘ x) f (x)dx 
i ace f r(x) don( a = act on( \f( )d 7 (24.10) 


With this assumption (24.9) takes the form 


co 


n=1 
Since this equation holds for each x in [a, (], it is necessary that 


(u—An)en —dn =0, n=1,2,--°. (24.11) 


Thus, if yz is not equal to any eigenvalue of the corresponding homoge- 
neous Sturm—Liouville problem (19.1), (19.2), ie, A An, nm = 1,2,---, 
then q 

Ss, WS, (24.12) 
bb— An 
Hence, the solution y(x) of the nonhomogeneous problem (24.8), (19.2) can 
be written as 


= (24.13) 


m= 


Of course, the convergence of (24.13) is yet to be established. 


If 4 = Am, then for n = m equation (24.11) is of the form 0+ ¢m—dm = 0. 
Thus, if d,, # 0 then it is impossible to solve (24.11) for cm, and hence 
the nonhomogeneous problem (24.8), (19.2) has no solution. Further, if 
dm = 0 then (24.11) is satisfied for any arbitrary value of c,,, and hence the 
nonhomogeneous problem (24.8), (19.2) has an infinite number of solutions. 
From (24.10), dm = 0 if and only if 


B 
/ om(x) f(a)da = 0, 


ie., f(a) in (24.8) is orthogonal to the eigenfunction ¢,,(2). 


This formal discussion for the problem (24.8), (19.2) is summarized in 
the following theorem. 


Fourier Series Solutions of Ordinary Differential Equations 191 


Theorem 24.1. Let f(x) be continuous in the interval [a, 3]. Then, 
the nonhomogeneous boundary value problem (24.8), (19.2) has a unique 
solution provided y is different from all eigenvalues of the corresponding 
homogeneous Sturm-—Liouville problem (19.1), (19.2). This solution y(z) is 
given by (24.13), and the series converges for each x in [a, 4]. If ys is equal 
to an eigenvalue A,, of the corresponding homogeneous Sturm—Liouville 
problem (19.1), (19.2) then the nonhomogeneous problem (24.8), (19.2) 
has no solution unless f(x) is orthogonal to ¢,,(2), i-e., unless 


B 
| bm (x) f(a)dx = 0. 


Further, in this case the solution is not unique. 
Alternatively, this result can be stated as follows: 


Theorem 24.2 (Fredholm’s Alternative). For a given con- 
stant jo and a continuous function f(a) in [a, 3] the nonhomogeneous prob- 
lem (24.8), (19.2) has a unique solution, or else the corresponding homoge- 
neous problem (19.1), (19.2) has a nontrivial solution. 


Example 24.3. Consider the nonhomogeneous boundary value prob- 


lem 
y + ny = 2-2? 


y(0) + y/(0) =0 = y(1). 


This problem can be solved directly to obtain the unique solution 


(24.14) 


2 1 4 1 2 
y(a) = = cos mx — (1 + =) sina + (« a? + =) . (24.15) 


From Example 19.2 we know that 7? is not an eigenvalue of the Sturm-— 


Liouville problem (19.3), (19.9). Thus, from Theorem 24.1 the nonhomoge- 
neous problem (24.14) has a unique solution. To find this solution in terms 
of the eigenvalues »,, and eigenfunctions $,,(x) of (19.3), (19.9) we note 
that the function f(x) = 2 — 2? has been expanded in Example 21.4, and 
hence from (24.9) and (24.11), we have 


1 2 
dg=—, dy = =s— (2 — (2+ An) cos Van), n>. 
4 Bie sin? /An 


Thus, from (24.13) we find that the solution y(x) of (24.14) has the expan- 
sion 


1 = 2 
ya) = —s(1-2)+ — 
@) = gal) » (mn? — dn) And” sin? VAn (24.16) 


x (2 — (2+ An) cos V/An) sin V/An(1 — 2). 
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Problems 


24.1. Find periodic particular solutions of the following nonhomoge- 
neous DEs: 


G) y +3y= { 0, oe ; 
“ ig, ) =e =~1<e<0 
Gi) oy I=\5 0<ar<l 
(iii) y” +2y'+3y=e*, -T<aK<n 
1 —-7<2<0 
bd 1 / — ? 
(iv) y+ 3y ty={ 2 O<a<n. 


24.2. Use Fourier trigonometric series to solve the following initial 
value problems: 


n=1 
= 4 sin(2n — 1l)a ‘ 
(iii) y"” +4y = 2d oT Vi) = 9/0) =0 
A Q sin(2n — 1)x 
seats == —d i —3 
(iv) oy" +y Ae mo 0) =¥'(0) =0 


24.3. Solve the following nonhomogeneous boundary value problems 
by means of an eigenfunction expansion: 


(i) yy” +4y=42, y(0)=0=y(1) 

Gi) y”+1ly=2?, y(0)=0=y(1) 
(iii) y” +3y=e", y(0) =0=y(1) 

(iv) y’-a@=2, y(0)=0=y'(7) 
( 
( 
( 


v) y"” +2y=—2, y'(0) =0=y(1) +y'(1) 
vi) y"+2y=a, y'(0)=0=y'(z) 


3 1 
vii)(y' + =y = —sin(In), y(1) = (2) =0. 
24.4. A simply supported beam of length a has a constant load qq/a dis- 


tributed over its length. The small deflections of the beam are governed by 
the boundary value problem 


Ely =2, yo) =y"(0) =0, (a) =y"(a) =0. 
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Show that the deflections are given by the series 


4qoa* 1 . (2n+ 1)ra 
sin —$—<—$$————_ 


y(z) = es (Qn +1) a 


Answers or Hints 


24.1. (i) 2, aie pe 1 Gari mcayayy 008(2n — L)a 


eae eae = j Sin na (i (ii) ++ = See n= (an es cos(2n — 1)n7ra 
n n= 

(iii) a= 2, b= 3, ap =sinh7z, a, = {ie sinhz, b, = er ” sinh 7 

(<I)"=1 — OP G=7)-1 


(iv) a= 3, b=7, ag =1+4, an ==, dn — 


24.2. (i) 4004 Toe (e* + 3ST sin(2n—1)ax — cos(2n Ina) 
(ii) Sa CEES) (—e~* + cosnz+nsinnz) (iii) 20°, Toray * 
(- sin 2x” + 


To sin(2n — V2) (iv) 2(sina — xcos 2) 


1— sin(2n — V2) : 


4 yn 1 ‘ 
on ae (@n—1)2—1 (sin >) 


24.3. (i) EN Gi (-1)"*! sinnza (ii) tye = -_ 2{1—(~1)"} 


n=1 n(4—n? 7?) nt nin 
1 ie co nm(1+e(—1)"*") sinnra2 
ms (11—n272) sin nae cae Pomel (1+n717)(3—n7 77) se 
—1)@ ge yates 2cos 1) cos x 
(iv) | oad C a Tay sin 2 2 Dan po. Oe es ey? where 


cot Jan =VAn (vi) 54+ 2 072 1 er Cos nar (vii) 2(In 2)? sin(In 2)z 


n 


oo y nt 
x pe [3(n 2)? —(n7)?][(In 2)? —(n7)?] sin (Ro In x) . 


Lecture 25 


Partial Differential Equations 


Partial differential equations arise in many branches of science and tech- 
nology, for example, in electromagnetic theory, elasticity, fluid mechanics, 
heat transfer, acoustics, quantum mechanics, and so on. In this lecture we 
shall introduce partial differential equations, and explain several concepts 
through elementary examples. Here we shall also provide the most funda- 
mental classification of second-order linear equations in two independent 
variables. 


A partial differential equation (DE) is a relation that involves partial 
derivatives of an unknown function. Let the unknown function be u, and 
x, Y, 2,°++ be independent variables, i.e., u = u(x,y,z,---). Often, one of 
these variables represents the time. Thus, a partial DE is an equation of 
the form 


F(z, Y, 2, U, Un, Uy, Uz, Uer, Uny,***, Uearn,** -) =0. (25.1) 


In (25.1) we have used the subscript notation for the partial differentiation, 
ie. 

Ou O7u 
= Be? Uxry = Oxdy’ 
We will always assume that the unknown function wu is sufficiently well 
behaved so that all necessary partial derivatives exist and corresponding 
mixed partial derivatives are equal, e.g., 


and so on. 


Ury = Uy, Une =Usrerz, and so on. 


As in the case of ordinary DEs, we define the order of the partial DE 
(25.1) to be the highest order partial derivative appearing in the equation. 
Furthermore, we say that the partial DE (25.1) is linear if F is linear 
as a function of the variables u, Uz, Uy, Uz, Urr,***, Le., F is a linear 
combination of the unknown function and its derivatives. Equation (25.1) 
is said to be quasilinear if F is linear as a function of the highest-order 
derivatives. 


The following are examples of partial DEs: 


Ux + Uy = 3uz — 2x? — 5z (first-order linear) 

Ure + u = 4a? (second-order linear) 
5xLYUry — 3ZUy + 2u = 0 (second-order linear) 

Unz + 2uu, —4z = 0. (second-order quasilinear) 
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With a very few exceptions, we will limit our discussion to only first 
and second-order partial DEs. Thus, our most general partial DE in three 
independent variables can be written as 


Ure t a2Uyy + A3Uz 24 a4Ury A5Uyz + A6U za +A7Ug +Aguy +adguz+a10U = f; 
(25.2) 
where u = u(2,y,2), f = f(x,y, 2) and a; = a;(z,y,z), i=1,---,10. 


In (25.2) it is understood that the function f and the coefficients a; 
are known, and u is unknown. By a solution of (25.2) we mean a continu- 
ous function u = u(a,y,z), with continuous first and second-order partial 
derivatives, which, when substituted in (25.2), reduces equation (25.2) to 
an identity. 


Example 25.1. For the first-order partial DE 
Ug + Uy = 0, u=u(2,y) 


we shall show that u = ¢(a—y), where ¢ is any function having continuous 
first-order partial derivatives is a solution. Indeed, since 


Ue =P (e—y)x (1) and uy = ¢'(@—y) x (-1) 
it immediately follows that uz + uy = ¢’(« —y) — ¢'(a#— y) =0. 


If f(x,y, z) =0 the partial DE (25.2) is called homogeneous; otherwise 
it is called nonhomogeneous. If each coefficient a; is constant, then (25.2) is 
called a partial DE with constant coefficients. If at least one of the a; is not 
a constant, equation (25.2) is called a partial DE with variable coefficients. 


Example 25.2. Consider the first-order partial DE 
Uz =Ut+y, w=u(a,y). (25.3) 


Integrating (25.3) partially with respect to «, i.e., treating y as a constant, 
we obtain 


1 
u= al +ayt+e. (25.4) 


We note that the constant of integration is denoted by c. In order to verify 
that u as given in (25.4) is a solution of (25.3), we need only to substitute 
this expression for u in (25.3). When verifying this, notice that even when 
c= c(y), was given in (25.4) still is a solution of (25.3), since Oc(y)/Ox = 0. 
Thus, the general solution of (25.3) is 


1 
u= 57 +ay+cly), (25.5) 


where c is an arbitrary function of y. 
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Hence, in contrast with ordinary DEs the solution (25.5) of the partial 
DE (25.3) contains an arbitrary function rather than an arbitrary constant. 

Example 25.3. Consider the partial DE 
Ury =z+%, u= UZ, y, 2). (25.6) 


First we integrate (25.6) partially with respect to y (treating x and z as 
constants), to obtain 


Us = yzt+ ay fiz, z), 


where f; is an arbitrary function of the variables x and z. Next we integrate 
partially with respect to x (treating y and z as constants), to get 


1 zx 
u=ayzt sry +f fils, z)ds + gly, 2), 


where g(y, Z) is an arbitrary function of the variables y and z. If we set 


fe,2)= [ fuls,2)ds 


then our solution takes the form 
1 
u=ayzt sry + f(x,z)+ gly, 2), (25.7) 


where f is an arbitrary function of x and z, and g is an arbitrary function 
of y and z. Functions f and g must have continuous first-order partial 
derivatives with respect to their arguments. 


The general solution of a given partial DE of order n in k independent 
variables usually involves n arbitrary functions of k—1 variables. Thus, the 
solutions (25.5) and (25.7) are the general solutions of equations (25.3) and 
(25.6), respectively. Each specific assignment of the arbitrary function(s) in 
the general solution gives rise to a particular solution of the corresponding 
partial DE Thus, 


1, ne 
u= a” +axry+e"siny 
is a particular solution of equation (25.3), and 
1 
Us ryz+ sry + 2" cosa + ye” 


is a particular solution of equation (25.6). 


Now let 
Alu] = ar(x,y, 2) tae sp eotsp aio(@,Y, z)u 
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so that the partial DE (25.2) can be written as 


Alu] = f. (25.8) 


The principle of superposition, which plays a fundamental role in ordi- 
nary DEs, for partial DEs can be stated as follows: Let fi = fi(x,y,z), 1< 
i <m be given functions and let c;, 1 <7 < m be arbitrary constants. If 
ui = ui(x,y,z), 1 < i < m are respective solutions of the partial DEs 
Alu;] = fi, 1 <i < m then u = cyu, +--+ +CnUm is a solution of the 
partial DE Alu] = ci fi +--+: + ¢mfim- 


Two important consequences of the principle of superposition are as 
follows: 


(i) Ifwi,--++, tm are solutions of A[u] = 0 and c1,---,¢m are any constants, 
then 7", cu; is also a solution of A[u] = 0, i-e., any linear combination 
of solutions is also a solution. Also a series built from an infinite number 
of solutions beat cu; is a solution in a region D, provided the series and 
the various derivative series required for substitution into the partial DE 
converge uniformly in D. 

(ii) If up, is a general solution of A[u] = 0 and if u, is a particular solution 
of Alu] = f, then u = up + up is a solution of Alu] = f, i-e., the sum of a 
general solution of the homogeneous equation and a particular solution is 
also a solution. 


If u(x, y, Z, 4) is a solution of A[u] = 0 containing a parameter p, then 
by the principle of superposition 


u(x, y,z, 4+ Ap) 7 u(x, Y, 2, 2) 
Au 


is also a solution. Generally, the limit u,(x,y, z, 4) of this difference quo- 
tient is also a solution. For all problems that we shall consider, for all 
choices of integrable functions ¢, the integral 


bb 
/ P(m)u(x, y, z, wd 
Ho 


is another solution. Since the integral is the limit of a sum, this is a further 
extension of the superposition theorem. We also note that if all coeffi- 
cients of the equation A[u] = 0 are constants, then the various derivatives 
Uz, Uy, Urx,*** etc., are also solutions. In conclusion, the general solution 
often does not represent the collection of all possible solutions. 


Example 25.4. Consider again the partial DE (25.6). Clearly, up, = 
f(x, z) + gly, z) is the general solution of uz, = 0, where f and g are 
arbitrary functions; uj = xyz is a particular solution of uzy = z; and 
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ug = x*y/2 is a particular solution of uz, = x. Thus, the general solution 
of (25.6) can be written as (25.7). 


Now we shall discuss the most crucial classification of second-order linear 
partial DEs in two independent variables 


Llu] = Ala, y)Ure + BUt, y)Uy + C(@, y)Uyy 
+D(x,y)uUs ot E(a,y)ty 7 F(a, y)u = G(x, Y), U= u(a, Y), 
(25.9) 
where the functions A(a,t),---,G(#,t) are continuous in some open set 


Q C R?. In (25.9), often y = t represents the time, and sometimes for con- 
venience x and y are interchanged. Following the analogy of the quadratic 
equation 


ax? + bry+cy?+de+ey+ f=0 
that it represents a hyperbola, parabola, or ellipse according as b? — 4ac is 
positive, zero, or negative, the operator £ (and so the partial DE (25.9)) is 
said to be hyperbolic, parabolic, or elliptic at a point (20, yo) € 2 according 
as 
B? (xo, yo) — 4A(20, yo)C(xo, Yo) (25.10) 


is positive, zero, or negative. It is said to be hyperbolic, parabolic, or elliptic 
in a domain, if it has the required property at each point of the domain. 


Example 25.5. The wave equation in one dimension 


Pu O7u 

at Ox?” 
occurs in the study of processes of transversal vibrations of a string, the 
longitudinal vibrations of rods, electric oscillations in conductors, the tor- 
sional oscillations of shafts, gas vibrations, and so on. Clearly, for (25.11), 
A=-c?, B=0, C =1s0 that B? —4AC = 4c? > 0, and hence it is 
hyperbolic in any domain. 


c>0 (25.11) 


Example 25.6. The one-dimensional heat equation 


Ou Oru 
arises in the study of processes of the propagation of heat, the filtration of 
liquids and gases in a porous medium, e.g., the filtration of oil and gas in 
subterranean sandstones, some problems in probability theory, and so on. 
Clearly, for (25.12), A= —a, B=0, C = 0 0 that B? —4AC = 0, and 
hence it is parabolic in any domain. 


Example 25.7. The potential, or Laplace equation in two dimensions, 


Oru Ou 
Oa + ap = 0 (25.13) 
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is invoked in the study of problems dealing with electric and magnetic fields, 
stationary states, problems in hydrodynamics, diffusion, and so on. Clearly, 
for (25.13), A=1, B=0, C =1, so that B? — 4AC = —4 < 0; and hence 
it is elliptic in any domain. Solutions of (25.13) are often called potential 
functions as well as harmonic functions. 


In the literature equations (25.11)—(25.13) are known as the classical 
equations of mathematical physics, as these equations keep on popping 
up in various other applications. Further, these equations are important 
examples of the three major types of linear partial differential equations. 


Example 25.8. The Tricomi equation 
Yer + Uyy = 0 (25.14) 


occurs in the study of aerodynamics. This equation is elliptic for y > 0, 
parabolic for y = 0, and hyperbolic for y < 0. The elliptic region corre- 
sponds to smooth subsonic flow, the parabolic region to a sonic barrier, 
and the hyperbolic region to supersonic propagation of shock waves. 


Problems 


25.1. Show that the given function satisfies the corresponding partial 


iv) u=ar+by+ab, w= tug + yy + Ugly 
v) (wta?)?=(e@+ey+0)?, uuZ+u2 = 4/9. 


25.2. Find where the following operators are hyperbolic, parabolic, 
or elliptic: 


(i) Uyy + YUay + Cre 


(ii) @?Uyy — Ure + 


(ili) YyUyy + 2Uay + Cure + Un. 


25.3. Show that for the one-dimensional heat equation (25.12) with 
a = 1 the function 


a/Jt . 
d(a,t)= At B | e * /4ds 
0 


as well as its partial derivatives ¢,(a,t) and ¢;(a,t) are solutions; here A 
and B are arbitrary constants. 
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25.4. Let (7) be an arbitrary function such that 


= 1 a? 
— —— a ae d 
a i MOG RP ( a(e+ =) J 
is convergent. Show that ¢(2,t) is a solution of (25.12) with a = 1. 


25.5. Show that if u = u(x,y) and v = vu(a,y) satisfy Cauchy— 
Riemann equations 
tg=Uy ty =H 


then each is a solution of Laplace’s equation (25.13). 


25.6. Show that wu = In1/r, where r = \/(a—a)?+ (y—})? isa 
solution of Laplace’s equation (25.13). 


25.7. A linear approximation of one-dimensional isentropic flow of 
an ideal gas (a gas in which the only stress across any element of area is 
normal to it) is given by 


ut + px = 0 
Uz + a? p, = 0, 


where u = u(x,t) is the velocity, and p = p(a,t) is the density of the gas. 
Show that u and p both satisfy the wave equation (25.11). 


25.8. A nonlinear partial DE that arises in shallow-water theory is 
the Korteweg-de Vries equation 


ut t+ (a+ eu)us + Bree = 0, 


where a, 3, € are constants. Show that its one solution (the solitary wave, 
or soliton) is given by 


u = Asech?|(eA/126)'/*(a —Vt)], V=a+t(1/3)eA. 


Answers or Hints 


25.1. Verify directly. 


25.2. (i) Hyperbolic when y? > 42, parabolic on the parabola y? = 42, 
elliptic when y? < 42 (ii) Hyperbolic when x 4 0, parabolic when x = 0 
(iii) Hyperbolic when xy < 1, parabolic on the hyperbola zy = 1, elliptic 
when xy > 1. 


25.3. Verify directly. 
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25.4. Verify directly. 
25.5. Uny = Uys: 
25.6. Verify directly. 


25.7. Differentiate the first equation with respect to x, and the second 
equation with respect to t, and subtract. 


25.8. Verify directly. 


Lecture 26 


First-Order Partial 
Differential Equations 


We begin this lecture with simultaneous DEs, which play an important 
role in the theory of partial DEs. Then we shall consider quasilinear partial 
DEs of the Lagrange type, and show that such equations can be solved 
rather easily provided we can find solutions of related simultaneous DEs. 
Finally, in this lecture we shall explain a general method to find solutions 
of nonlinear first-order partial DEs which is due to Charpit. 


Simultaneous DEs. To solve simultaneous DEs of the form 

dx dy du 

P7Q7 

where P, Q, and R are functions of x, y, u, several different techniques are 
known. We shall present here only the following two methods. 


(26.1) 


The method of grouping. If in dv/P = du/R the variable y can be 
canceled or absent, leaving the equation in x and wu only, then an integration 
of this equation gives 

d(x, u) = cr. (26.2) 
Again, if one variable, say, x, is absent or can be removed from dy/Q = 
du/R, then an integration of this equation leads to 


Wy, U) = C2. (26.3) 
The general solution of (26.1) is then the solutions (26.2) and (26.3) taken 
together. 
Example 26.1. For the DE 
dx dy du 


2 


= = 26.4 
uy ura Pe eon) 
we take first two fractions and cancel out u?, to get dx/y = dy/x or xdx — 
ydy = 0, which can be integrated to obtain 


ge —y=c. (26.5) 


Again, we take second and third fractions and cancel out x, to have dy/u? = 
du/y? or y?dy — u?du = 0, which on integration yields 


y> — u? = cp. (26.6) 
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Equations (26.5) and (26.6) taken together gives the solution of (26.4). 


The method of multipliers. By a proper choice of multipliers 0, m, n 
which are not necessarily constants, we write 


dx _ dy _ du _ tdx + mdy + ndu 
PQ RR ¢P+mQ+nR 


so that 2P + mQ+nR = 0. Then dx + mdy + ndu = 0, and this can be 
solved to get the integral 

o(@,y,U) = cr. (26.7) 
Again we search for another set of multipliers A, 4, v so that AP + wQ + 
vR=0 giving Adx + pdy + vdu = 0, which on integration yields 

W(x, y,U) = C2. (26.8) 


These two integrals (26.7) and (26.8) taken together give the required so- 
lution of (26.1). 


Example 26.2. For the DE 


d. d d 
ee ee eee Se eee (26.9) 
aly? —u?) —y(ut+27) u(x? +y?) 
we use the multipliers x, y, u so that each fraction is the same as 
ada + ydy + udu _ adxz + ydy + udu 
a?(y? — u) — y?(u? + 0?) + ur(a? + y?) 0 
and hence «dx + ydy + udu = 0, which on integration gives 
r+ytw=c. (26.10) 
Again using the multipliers 1/x, —1/y, —1/u we obtain 
1 1 Ak 
—dx — —dy — —du=0, 
x y u 
which can be solved to get the integral 
yu = ca. (26.11) 


Hence, the solution of (26.9) is (26.10) and (26.11) taken together. 


Lagrange’s first-order linear partial DE Now we shall 
study the first-order quasilinear partial DE 


Pu,+ Quy =R, uw=u(z,y) (26.12) 
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where P, Q, and R are functions of xz, y, u. Such an equation is obtained 
by eliminating an arbitrary function from the relation 


(u,v) = 0, (26.13) 


where pu, v are some functions of 2, y, u. Indeed differentiating (26.13) 
partially with respect to 7 and y, we get 


Pp (Me [ute ) | oy (Vx t Vy Ua) =0 


and 


Pu (My + Putty) + or (Vy + Vyty) = 0. 


Eliminating ¢, and ¢, from these relations, we get 


Ma 7 bute Vo + Vue 


fly + butly Vy + yu 
y 


= 0, 


which simplifies to 
(fyYu — buy) Ue + (Mus — UeVu)ly = Ley — byVe- (26.14) 
Clearly, equation (26.14) is of the form (26.12). 


Now suppose that 4 = a and v = b, where a and b are constants, so 
that 


fig d& + pydy + Lydu = du = 0 


and 


Vzdx + vydy + v,du = dv = 0. 
By cross-multiplication, we have 


dx dy du 


—<—<—$—— =—___—_<_, 
HMyVu _ Vy bu Huls — Lalu May ~ LyVx 


which in view of (26.14) and (26.12) is of the same form as (26.1). Now since 
the solutions of these equations are 4 = a and v = b the required solution 
of (26.12) can be written as ¢(,v) = 0. Thus, to solve (26.12) first we need 
to form the subsidiary equations (26.1), and need to solve these to obtain 
je =a and v = b, and finally write the solution as ¢(y,v) = 0 or w= f(v). 


We also note that any integral of (26.12), u = f(«#,y) represents a 
surface. We call it an integral surface of (26.12) and denote it by S. Con- 
sider any point M(2o, yo, uo) on S. If uz; and uy are evaluated at M, then 
Uz, Uy, —1 are direction numbers of the normal to S and M. Thus, DE 
(26.12) expresses the geometric fact that this normal is perpendicular to 
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the line through MW whose direction numbers are the values of P,Q and R 
evaluated at M. This line, which is tangent to S at M, has the equations 


T—T% Y—Yo U— Uo 


P Q R 


Hence, at each point of S there is defined a direction whose direction num- 
bers dx, dy, du satisfy the equations (26.1). 


Although our above discussion is only for two independent variables, it 
can be extended rather easily to the case of n independent variables. In 
fact, analytic methods can be used to prove the following general theorem. 


Theorem 26.1. If ¢;(21, 22,-++,2%n,u) = cj, 1 < i < nare independent 
solutions of the equations 
dx, dx2 dx», du 
Se ee 26.15 
Py Py» IP, R? ( ) 


then the relation U(¢1, ¢2,---,¢n) = 0, where the function W is arbitrary, 
is a general solution of the linear partial DE 


Pytr, + Potie, +++: + Prue, = R. (26.16) 


Example 26.3. For the partial DE 


(mu — ny)uUs + (na — lu)uy = ly — ma (26.17) 
the subsidiary equations are 
dx dy du 


mu—ny na — lu ly—mx- 


Using multipliers x,y,u we find that each fraction is the same as (ada + 
ydy + udu)/0 and hence «dx + ydy + udu = 0, which on integration gives 


ety? +u2 =a. (26.18) 


Again using multipliers @,m,n we have each fraction equal to (€da + mdy + 
ndu)/0 and thus ¢dx + mdy + ndu = 0, which on integration yields 


lx+my+nu= b. (26.19) 
Thus, from (26.18) and (26.19) the solution of (26.17) is a? + y? +u? = 
f(éx + my + nu). 


Charpit’s method. We shall now explain a general method for 
finding the solutions of first-order nonlinear partial DEs which is due to 
Charpit. Consider the equation 


f(z, y,u, p,q) = 9, (26.20) 
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where for simplicity p = ug and q = uy. Since u depends on zx and y, we 
have 
du = u,dx + uydy = pdx + qdy. (26.21) 


If we can find another relation involving x, y, u, p,q such as 
O(@,Y, U, Pg) = 9, (26.22) 


then we can solve (26.20) and (26.22) for p and q and substitute in (26.21). 
This will give the solution provided the resulting equation is integrable. 


To determine ¢, we differentiate (26.20) and (26.22) with respect to x 
and y, to obtain 


fa + fup + fpPx + fade = 9 (26.23) 
bx + dup + bpPx + Oqda = 0 (26.24) 
fy + fud + foPy + fady = 9 (26.25) 
dy + Gud + OpPy + Gqdy = 0. (26.26) 


Eliminating p, between the equations (26.23) and (26.24), we get 


(fadp bx fp) (fubp bufp)P + (fabp = Pafp)dx = 0. (26.27) 


Also eliminating g, between the equations (26.25) and (26.26), we obtain 


(fuga byfa) (fudgq dula)a a (frbq = bpfq)Py = 0. (26.28) 


Adding (26.27) and (26.28) and using gq; = Ury = Py, we find that the last 
terms in both cancel and the other terms, on rearrangement, give 


( Sp) bx ( fa) by ( Pip Qfq) Ou + (fr + pfu)bp + (fy + afu)bq =0. 
(26.29) 


This is Lagrange’s DE (26.16) with a, y, u, p, g as independent variables and 
@ as the dependent variable. Its solution will depend on the solution of the 
subsidiary equations 


da dy du — dp dq _ de 
i ta Php afy fetPfu fytdfu 0° 


An integral of these equations involving p or q or both, can be taken as the 
required relation (26.22). 


(26.30) 


Example 26.4. For the partial DE 
(p" + 4° )y = qu, (26.31) 


we have 
f(@,y,u,p, 4) = (vp? +4°)y — qu = 0. (26.32) 
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Thus, the subsidiary equations are 


dx _— dy du dp dq 
—2py u-—2qy —qu  —pq pr 
The last two equations give pdp + qdq = 0, and hence 
p+g=c’. (26.33) 


Now we solve (26.32) and (26.33), to get p = (c/u)\/u? — c2y?, q= yc? /u. 


Thus, 
c cy 
du = pdx + qdy = —\/u2 — c?y2dx + —du, 
u u 


which is the same as 


and hence on integration and squaring, we get 
u? = (at+en)? +c’y’, 


which is the required solution of (26.31). 


Problems 


26.1. Solve the following simultaneous DEs: 


: dx dy du 
(i) =o pe 
x y nxy 
i dx dy du 
(ii) ~——— = = —— 
mu-—ny ne-lu ly—me 
(iii) dx = dy ———s du 
e—yu ye—ur ue—ay 
(iv) dx dy  _— du 
u@+y) ule—y) 2 +y? 
(v) dx dy du 
Vv — => 
a(y?—u?) yu? — 2?) ula? — y?) 
dx dy du 


e—y—u2 Ay ru 
26.2. Solve the following first-order linear partial DEs: 
(i) (a? —y? —u?)uz + 2ryuy = 2ru 
(ii) (y—U)ue + (@— y)uy = ua 
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(iii) (a? — yu)uz + (y? — ux)uy = u? — ry 


(iv) yu, — ryuy = x(u — 2y) 
(v) @u, + y?uy = (e+ y)u. 
26.3. Show that the conditions for exactness of the ordinary DE 
u(x, y)M(2,y)da + p(a,y)N(2,y)dy = 0 
is a linear partial DE of the form (26.12). 
26.4. Show that the general solution of the partial DE 
ue + (a(a)y + B(x)u)uy = e(a)y + d(x)u 
is of the form 


yvi(x%) — uwi(a)  yve(x) — wwe(z) = 
oe ey 


where W(a) = cywi(x) + cow2(x), V(x) = c101(x) + c2v2(x) is the general 
solution of the system of equations 


D 
EN esi chy: a pay 
dx dx 


and Z = wy v2 — w2v;. Hence, solve the following partial DEs: 
(i) Us + (—y + 2u)uy = 4y +u 


2y+tu  — 4y+2u 
= ‘ 


(ii) Ua + Uy 
x 


26.5. Solve the following first-order nonlinear partial DEs: 
(i) uw=p’at+d?y 

(ii) wu? = aypq 

(iii) 1+ p? =qu 

(iv) pry +pq+qy = yu 

(v) w(p?+q*)=27 +y?. 


Answers or Hints 


26.1. Gj) o= Tet u= re n= (ii) 2a+-myt+nu = c1, v?+y?+u? = 
c2 (iii) =*# =c1, cyt+yutcu= cy (iv) 2? -y?-2ay=c1, 2?-y’-w= 


y 
co (v) cyu=qy, 22 +y%?+u? =e (vi) y=cau, a? +y? +u? = cou. 


26.2. (i) 2? +y?+u? =uf(y/u) (ii) $22? + yu= o(e@+yt+u) 
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(iii) 6 (Stay + yu t au) =0 (iv) 2? +y? = f(2ny+u/y) 

() a) = 0. 

26.3. Nu — Mpy = w(M, — Nz). 

26.4. (i) d(e*(y + u),e*(u—2y)) =0 (ii) f((2y + u)/a4, 2y — u) = 0. 


26.5. (i) u = (a+ V5)? + (b+ vB)? (ii) u = aay’ (ii) E+ 


{ ¥V/u? — 4a? — 2a? In(u + Vu? — 4a?)} = 2ax + 2y +b (iv) In(u—az) = 


y—aln(a+y)+b (v) Put wu? = Uj? = b+ 2,/(a? +a?) + aln{x + 


V (a? + a7)} + yy/(y? — a?) + aln{y + V/(y? — a7). 


Lecture 27 


Solvable Partial 
Differential Equations 


In this lecture we shall show that like ordinary DEs, partial DEs with 
constant coefficients can be solved explicitly. We shall begin with homoge- 
neous second-order DEs involving only second-order terms, and then show 
how the operator method can be used to solve some particular nonhomoge- 
neous DEs. Then, we shall extend the method to general second and higher 
order partial DEs. 


For partial DEs of the form 
Une + kyUzy + koUyy = 0, (27.1) 


where k, and kg are constants, we write Dj = 0"/0x" and D} = 0"/dy’, 
so that in symbolic form it can be written as 


(D? + ky. D1 D2 + kp D3)u = 0. (27.2) 
Its symbolic operator equated to zero, i.e., 
D? + ky D D2 + koD? = 0 (27.3) 
is called the auziliary equation. Let its roots be D,/Dz = mj, mo. 
Case I. If the roots are distinct, then (27.2) is equivalent to 
(D; — m,D2)(Di — m2Dz2)u = 0. (27.4) 


It will be satisfied by the solution of (D, —m2D2)u = 0, ie., uz—mMeuy = 0. 
This is a Lagrange equation and its subsidiary equations are 


dx dy — du 
1 =m. 0 


and hence y+m2xz = a and u = b. Therefore, its solution is u = d(y+m22). 


Similarly, equation (27.4) will also be satisfied by the solution of (D, — 
m,D2)u = 0, ie., u= f(y+mz,x). Hence, in this case the general solution 
of (27.1) is 

u=fly+ mix) + oy + mez). 
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Case II. If the roots are equal, i-e., m1 = me, then (27.4) is equivalent to 
(D, — m,D2)*u = 0. (27.5) 


Putting (D; —m,D2)u = v, it becomes (D1 —m1D2)v = 0, which as earlier 
gives v = o(y +m x2). Therefore, (27.5) takes the form (D, — m,D2)u = 
o(y +m,2), or 

Uz — MUy = O(y+ m2). 


This is again a Lagrange equation and its subsidiary equations are 


dx dy du 


1 —m,  &ytmy,a)’ 


giving y+ mya = a and du = d(a)dz, ie., u = d(a)x+b. Thus, the general 
solution of (27.1) in this case is 


u=f(ytmiez) + acd(yt+my,a). 
Example 27.1. For the partial DE 
QUex + Sury + QUyy =) 


the auxiliary equation is 2m? + 5m +2 = 0, m = D,/De, which gives 
m, = —2, mg = —1/2. Hence, its general solution can be written as u = 
fily — 22) + fo(2y — 2). 


Example 27.2. For the partial DE 
Ura + 6Uzy + IUyy = 0 


the auxiliary equation is m? +6m+9 = 0, m = D,/Dz2, which gives 
my, = —3, mz = —3. Hence, its general solution can be written as u = 
fily — 32) + afo(y — 32). 


Now we shall consider nonhomogeneous partial DEs of the form 
L(D,, D2)[u] = (D7 + ky.Di D2 + kgD3)u = F(z, y). (27.6) 


As in the case of ordinary DEs a particular solution u,(x,y) of (27.6) can 
be obtained by employing the operator method, i.e., 


Up(z,Yy) = LD, Day 9): (27.7) 


Case 1. F(x, y) = e%**¥. Since 


(D}? + ky D,D2+ koD2)e%* + by = (a? + kyab+ kab2)ett +b 
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L£(Dy, D2)[e**""] = L(a,b)[e**™] 
operating both sides by 1/£(D,, Dz), we get 
1 1 


= ax+by = ax+by + 
Up(x, Y) Z(Di,Da)° aC if L(a,b) £0. 


Case 2. F (x,y) =sin(max + ny) or cos(ma + ny). Since 

(D? + ky D1 Do + ky D3) sin(ma + ny) = (—m? — kymn — kan”) sin(ma + ny) 
operating both sides by 1/£(Dj, D2), we find 

1 


Sa = —m? — kymn — kon 


a in(me + ny) 
ul@¥) = Fo Da) 5 Sin(max + ny 


provided m? + kimn + kan? 4 0. Similarly, we have 
1 


$$$ cos(ma + ny). 
—m?2 —kymn — kon? ( y) 


cos(ma + ny) = 


a 
SP OMe =" PCD Is) 


Case 3. F(x,y) = 2™y", where m and n are nonnegative integers. Since 


= MyM _ D,.D —-1l_m,n 
Up(a, y) L(Di, D2) y Lf 1; 2) cv Y¥ 


we expand £L(Dj, Dy" in ascending powers of D, or D2 by the binomial 
theorem and then operate on zy” term by term. 


Case 4. F (x,y) is any function of # and y. To evaluate (27.7) we resolve 
1/L(D1, D2) into partial fractions treating £(D,, D2) as a function of D, 
alone and operate each partial fraction on F(x, y), remembering that 

1 


Dp = [ Fle,c~ma)de, 


where c is replaced by y + ma after integration. To show this, we let 


Flew) = (2, y) 
so that (D, — mD2)¢(a, y) = F(a, y) for which 
de dy __de 
1 ~ =m ~ Fey) 
and hence y+ ma = c, and 
dz = bal 
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which gives 


d(a,y) = [Fe c— ma)da. 
Example 27.3. For the partial DE 


Ure — Uxy = COS a cos 2y (27.8) 
the auxiliary equation is m? —m = 0, m = D,/Dz, which gives m, = 
0, m2 = 1. Hence, its complementary function is up (x,y) = fi(y)+fo(y+z). 
Now for its particular solution, we have 


1 
tly) = app 
++ ___eos( + 2y) + cos(a — 2y)] 
= ~~,—~——[cos cos(a — 
50?-DiDs aie 
1 1 1 
= 3 Tz pg Css + 2y) + ey conle — 2p) 


1 1 
=e cos(a + 2y) — A cos(x — 2y). 


Hence, the general solution of (27.8) is 


u(z,y) = fily) + faly +2) 4 5 cos(e + 2y) — = cos( ~ 2y). 


Example 27.4. For the partial DE 
Ure — 4Usy + 4Uyy = erety (27.9) 
the auxiliary equation is (m — 2)? = 0, m = D,/Dz2, which gives m, = 


2, mz = 2. Hence, its complementary function is up(z,y) = fi(y + 22) + 
xfo(y + 2x). Now for its particular solution 


ws 1 2r+y 
Up(2, y) _ (D; = 2D2)2~ 


clearly Case 1 fails. However, we can apply Case 4. For this we note that 
for the equation (D, — 2D2)v = e?**Y the solution is 


u(a, y) = [Fe cr max)dx = [ert ae = ec = veztty 
and since (D, — 2D2)up = v = xe, the particular solution is 


1 1 
Up(x,y) = peeere tae = xr = gre. 
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Hence, the general solution of (27.9) is 

u(x, y) = fily + 2x) + x foly + 2x) + set, 
Example 27.5. For the partial DE 


Ure + Ury — 6Uyy = y COS (27.10) 


the auxiliary equation is m? +m —6 = 0, m = D,/Dz, which gives m, = 
—3, m2 = 2. Hence, its complementary function is up,(x,y) = fi(y— 3a) + 
fo(y + 2x). Now to find its particular solution 


1 
U,(z,y) = ——_————_———- ycos 2 
o(®.Y) = Th 9pa)(Di #3Dy! 
first we solve the equation (D, + 3D2)v = ycos, to find 
v(x, y) = ic + 3x) cos xdx = (c+ 3x)sinz + 3cosz = ysing + 3cosz. 


Now since (D, — 2D2)u, =v = ysinaz + 3cosa, the particular solution is 


Up(z,y) = iG — 2x) sinx + 3cos a|dzx 


= (c— 2a)(—cosx) — (—2)(—sinz) + 3sinx = sinx — ycosz. 


Hence, the general solution of (27.10) is 


u(x,y) = fily — 3x) + fo(y + 2x) + sinx — ycosa. 


From the above examples it is clear that the above procedure can be 
extended rather easily for the higher order partial DEs of the form 


O"u O”"u O"u 


Oru sy Py eee oy 27.11 
Ox” - 1Ban—Tay 7 - Oy” (2,9) ( ) 


provided the function F(x,y) is of a particular form. We illustrate the 
technique in the following example. 


Example 27.6. For the partial DE 
Urner — 2Ueey = 2€7” + 3x7y (27.12) 


the auxiliary equation is m3 — 2m? = 0, m = D,/De, which gives m, = 
0, mg = 0, m3 = 2. Hence, its complementary function is up(x, y) 


Solvable Partial Differential Equations 215 


fily) + rfely) + f(y + 2x). Now for its particular solution, we have 


2u 2 
Up(z, Y) = D? _ 2D?D3 (2e +32 y) 
7 i 2. 3 2D, 4D2 , 
= 380° + oy (is e+ Gee uvy 
1 22 3 2 3 
= 3 ta (Aut) 
— Lie, 1s 1 6 
= fae Fog? #Y Bg” 
Hence, the general solution of (27.12) is 
1 2x 1 5 1 6 
u(x, y) = fry) + efa(y) + fay + 2x) + Fe™ + aoey t Boe 


Now we shall consider the general second-order partial DE 


A(Dy,, D2)[ul => (D? + ky D Do t k2.D2 t k3Dy4 t kaDo t ks)[u] = F(x, y). 

(27.13) 
Having in mind that for homogeneous ordinary DEs with constant coeffi- 
cients we can assume a solution of the form e”™*, for (27.13) with F(x, y) = 0 
we assume that e**+”Y is a solution. This is possible if and only if 


DM? + ky Aw t+ kau? + kg + kay + kg = 0. (27.14) 


Since (27.14) is a single algebraic equation in two unknowns (representing 
a conic section in Ay-plane), in general it will have an infinite number of 
solutions (A, ). In particular, if (Aj, ui), 7 = 1,2,---,n are n solutions of 
(27.14), then by the principle of superposition >)", cet #*Y is a solution 
of (27.13) with F(a, y) = 0. 


Example 27.7. For the partial DE 
Una + 2Uxy + Uyy + 3Ug + 3Uy + 2u = 0 (27.15) 


the equation corresponding to (27.14) is 


M+ QA + po? + 3A + 34+ 2 =0: 


For this equation it is easy to see that A = —(2 + yz) is a solution. Hence, 
e—@+H*+HY is a particular solution of (27.15). 


Finally, we note that we can always factorize A(D1, D2) into factors of 
the form D; — mD 2 — ¢, and to find the solution of (Dy, — mD»2 — c)u = 0 
we write it as uz — Muy = cu. For this the subsidiary equations are 


dx dy _ du 


216 Lecture 27 


which can be integrated to obtain u(x, y) = e“d(y + ma). The solutions 
corresponding to various factors added up give the solution of (27.13) with 
F (x,y) = 0. Finally, in some cases a particular solution of (27.13) can be 
obtained by using the operator method. 


Example 27.8. For the partial DE 
(Di +2D,D2 + D2 — 2D, — 2Dz2)u = sin(x + 2y) (27.16) 


we have A(D,, D2) = (D, + Dz)(D1 + Dz — 2). Thus, the solution of the 
homogeneous equation A(D1, D2)[u] = 0 is un(z, y) = o1(y—2) +e?" b2(y— 
x). Now to find the particular solution, we have 


Up(z,y) = EST eae eee sin(a + 2y) 
nl WOOL 5 ID, ~ 2D, inte + 29) 
= SS NEE sin(a + 2y) 
= TES sin(# + 2y) 
~ 7 oe 7 rE gy Sine + 2y) 
= = [2{cos(a + 2y) + 2cos(a + 2y)} — 9sin(a + 2y)| 
- al? cos(a@ + 2y) — 3sin(x + 2y))]. 


Hence, the general solution of (27.16) is 


u(x, y) = o1(y — 2) + e?*b2(y — x) + al cos(x + 2y) — 3sin(x + 2y)]. 


Problems 


27.1. Solve the following second-order linear partial DEs: 


i) Use + Ury — 2Uyy =0 


ii) Use — 5Ugy + 6tyy = e7 TY 


iii) Use — 2Uey + Uyy = sine 
iv) Ure + 4Uzy — 5Uyy = y? 
V) Une — Ury — 6Uyy = cY 


vi) Use — Uyy = sin x cos 2y. 
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27.2. Solve the following third order linear partial DEs: 


(i) Unar + Urey — Unyy — Uyyy = 0 
ee — 2 
Gi) Were = Stay + Atay = PF * 

(iii) Ure — 2Urey = 2€?” + 3x7y. 


27.3. Solve the following fourth order linear partial DEs: 
(i) Ureee — Uyyyy = 0 
(ii) User — 2Uexyy + Uyyyy = 0. 


27.4. Solve the following nonhomogeneous partial DEs: 
i) Une — Uyy + Ug — Uy = e2? 73Y 


li) 2tey + tyy — duy = 3.cos(3a — 2y) 


iv) (Di, + Dg —1)(Di + 2D2 —3)u = 44 32 + by 
v) Dy(D, t Dz 1)(D, t 3D. 2)u = xy | e2tt3sy | 


( 
( 
(ili) Use — Uzy + Uy — u = cos(x + 2y) + e¥ 
( 
( 


27.5. In elasticity certain problems in plane stress can be solved with 
the aid of Airy’s stress function @, which satisfies the partial DE 


This equation is called biharmonic equation and also occurs in the study of 
hydrodynamics. Show that 


(i) o(a,y) = fi(y—ix)+afo(y—ix)+ fa(ytix)+afa(y+iz) is a solution 
of (27.17) 


(ii) if u(a,y) and v(x, y) are any two harmonic functions, then ¢(a, y) = 
u(x, y) + xvu(a,y) is a solution of (27.17). 


27.6. Solve the following partial DE: 


LU Une — 2ryUgy + YUyy = 0. 


Answers or Hints 


27.1. (i) w= filyt+2)+ fo(y—2z) (ii) u= fi(y+2ax)+ foly+3a)+ pe*t¥ 

(iii) w= fi(yt+ a) + afo(y+x) —sina (iv) u = fi(y+2) 4+ fo(y — 5x) 4 

gu°y? — 2a (v) u= fil(y— 22) + fo(yt+3a)4 aay Br (vi)u= 
3 


3y 4 1x4 
) + =(sin x cos 2y + 2 cos xsin 2y). 
27.2. (i) w= filyt2)+ foly—2)+2fs(y—2) (ii) u= fy een 


2x) + xfs(y + 2z) + de ety (iii) w= fi(y) + rfo(y) + fa(y + 2x) + fe?” 
15 1,6 
aoe yt Bou 
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27.3. (i) w= fily+x) + foly—z) + f(y + ix) + faly — iz) Gi) w= 
fi(y+2z)+2xfoly+ x) + fa(y—x) +2rfa(y— 2). 

27.4. (i) w= bi (yt) +e *$2(y—2) — gern tv (ii) w= 1 (x) +€34 2 (2y— 
x)+ 3 {4cos(3x — 2y) + 3sin(3x —2y)} (iii) u=e"di(y) +e "dbo(ea+y)+ 
1 sin(a-+2y)—ae¥ (iv) w= e*di(y—2) +e" da(y—2n) +0+2y+6 (v) u= 
b1(y) +e" b2(y — x) +e?” o3(y— 3x) + e214 + 3 (207 + bry + 5x? + 222). 


27.5. (i) Verify directly (ii) Verify directly. 
27.6. >> Aga™*y”® where 2n, = 2m, + 1+ (8m_ + iy, 
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The Canonical Forms 


In this lecture we shall show that coordinate transformations can be 
employed successfully to reduce second-order linear partial DEs to some 
standard forms which are known as canonical forms. These transformed 
equations sometimes can be solved rather easily. Here the concept of char- 
acteristic of second-order partial DEs plays an important role. 


To solve the one-dimensional wave equation (25.11) we introduce the 
new coordinates 


€é=a+c, n=a-ct. (28.1) 
Then, by the chain rule we have 
Ucn = Use + Quen + Unn 
Ut = [Ugg — When + Uy]. 


Substituting these expression in (25.11), we obtain 
$412 Ue, ='0; 


Now since c ¥ 0, it follows that ug, = 0 for which the solution can be 
written as 


u(é,n) = f1(€) + fo(n), 


where f; and fz are arbitrary functions. 
Thus, the general solution of (25.11) appears as 
u(z,t) = file +t) + fo(e—ct). (28.2) 
We shall now consider the general partial DE 
Liu) = Aun + Burr + Cure = 0, (28.3) 


where A, B, and C are given constants. We once again attempt to find a 
linear transformation of coordinates 


€=ar+ft, n= yxt+d6t, ad-—yGF#0 (28.4) 
so that the differential operator £[u] in (28.3) becomes a multiple of we,. 
For this, by the chain rule we have 

Llu) = (AG? + BaB + Ca*)uge + (2496 + B(ad + By) + 2Cay)uen 
+(Ad? + Byd + Cy?) uyn- 
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Thus, to meet the desired form we need 


AG? + BaB + Ca? =0 
Ad? + By5 + Cy? = 0. 


If A= C = 0, the trivial transformation € = x, 7 = t gives £ in the 
desired form. We now suppose that either A or C is not zero. In what 
follows we shall assume that A # 0. Then, a £ 0 and y 4 0 and we may 
divide the first equation by a? and the second equation by y?. In this way 
we obtain two identical quadratic equations for the ratios 6/a and 46/7. 
The solutions of these equations are 


ES + \-H44/B— a 


a 2A 
a2 sql-B + \/B? — 4 AC). 
Y 


In order for the coordinate transformation (28.4) to be nonsingular, the 
ratios 3/a and 6/y must be different. Hence, we must take the plus sign 
in the solution in one case, and the minus sign in the other. Moreover, we 
must assume that the quantity B? — 4AC is positive. For if it was zero, 
the two ratios would still coincide, while if it was negative, neither of them 
would be real. 


Thus, we may transform L[u] to a multiple of ue, if and only if B? — 
4AC > 0; i.e., the operator £ must be hyperbolic. The transformation in 
this case is given by 


€=2Ar+[-B + VB? — 4AC|t 085) 
n = 2Aa + [—B — VB? — 4ACIt 
and the operator becomes 
Llu] = —4A(B? — 4AC)ue,. (28.6) 


The case A = 0 can be treated similarly, with € =t, 7 = «—(C/B)t. 


Finally, from (28.6) it is clear that the general solution again can be 
written as u = f1(€) + fo(n). 


If B? —4AC = 0, ie., £ is parabolic, then there is only one value of 
8/a which makes the coefficient of uge vanish. This is G/a = —B/(24A). 
Since B/(2A) = 2C/B this choice also makes the coefficient of ue, vanish. 
Indeed, we have 


2A06 + Bad + BBy + 2Cay 


B B B? 
=2A (-F2) 6+ Bad+B (-Fe) y+ (=) ay=0. 
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Thus, the transformation 
€=2Ar— Bt, n=t 
transforms C[u] into 
Llu] = Aunn. 


The choice of 7 is quite arbitrary. We could choose any yx + dt as long 
as 0/y #4 —B/(2A). If A = 0, we may choose 7 = x, € = t to obtain 
Llu] = Cuny. The general solution of £[u] = 0 is now 


u= fil€) +nfal€). 


Finally, if B? — 4AC < 0, ie., the operator L is elliptic, then no choice 
of 3/a or 6/y makes the coefficients of ugg or Uyy vanish. However, the 
transformation 


makes 
Llu] = Aluge + Unn]- 


Since 4MC > B?, A#0. A standard form for an elliptic differential equa- 
tion L[u] = 0 is uee + Uy = 0, i-e., Laplace’s equation. 


We shall now consider the general linear partial DE 


Llu] = Aut + Burr + Curr + Du; + Eu, + Fu = 0, (28.7) 


where A, B,C,D,E, and F are functions of x and t. Our aim is to show 
that in (28.7) the second-order terms may be reduced to one of the standard 
forms obtained earlier in a whole domain where it is hyperbolic, parabolic 
or elliptic. For this we need a more general (nonlinear) coordinate trans- 
formation 


€=€(z,t), n=n(z,t) 


where € and 77 are twice continuously differentiable. By the chain rule it 
follows that 


Liu) = [A(Er)? + Béo& + C(Ex)]uce + [2AEim + BErne + BExn 
+2CExNe|UEn + [A(m)? + Bnem + C( ne)” ]Unn 
+[L[g] — Flue + [L[n] — Fnluy + Fu. 


If £ is hyperbolic, the coefficients of uge and uy, may be made equal to 
zero by putting (assuming A 4 0) 


& _-B+vVB7-44C |, m _-B-VBP-440 
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Then, the curve € = constant (d€ = €,da + &,dt = 0, ie., &/& = —dax/dt) 
is a solution of 


de B—-—vVB*—4AC (28.8) 

dt 2A 
while the curve 7 = constant, satisfies 

de B+vB?—4AC (28.9) 


dt 2A 
In both cases dz/dt satisfies 


dx \* dx 
A{—]}] —-B— = 0. 
(qe) ~BgtO= 
The ordinary DEs (28.8) and (28.9) give two families of curves, which are 
called the characteristic of £. The values of € and 7 may be prescribed 
arbitrarily along the initial line t = 0. 


If we obtain a one-parameter family of solutions x = f(t,a) of (28.8) 
satisfying the initial condition f(0,a) = a, we can, in principle, solve for a 
in terms of # and t. Then, € can be chosen to be any monotone function of 
a(x,t). Similarly, if « = g(t, b) is the solution of (28.9) with g(0,b) = b, we 
can solve for b(a,t) and choose 7 to be any monotone function of b. 


If £ is parabolic, the two characteristic equations (28.8) and (28.9) are 
the same, so that there is only one family of characteristic. If the coordinate 
€ is chosen so that it is constant along the characteristic, i.e., the solution 
of dx/dt = (B/2A), then the coefficients of uee and we, vanish, so that the 
only second derivative occurring in L is Uy, (here 7 is arbitrary). 


Finally, if £ is elliptic, one can make the coefficient of ug, vanish by 
choosing 7 arbitrary and making € constant along solutions of 
dx — Bat 2C' Nx 
dt 22An+ Bn,’ 


The other two second-order derivatives of wu will then have coefficients with 
the same sign as A. 


Example 28.1. Consider the partial DE 
tury — 27 Use = 0. (28.10) 


Since B? — 4AC = 4t?x? > 0, equation (28.10) is hyperbolic everywhere 
except on the t-and x—-axes. We consider a region that does not include 
any part of either axis, e.g., a region in the first quadrant. Then, the 
characteristic equations (28.8) and (28.9) for (28.10) are 


dx x 


‘dt t 
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These DEs have solutions given by « = cit and x = c2/t. Hence, we can 
make the coordinate transformation € = «/t, 7 = tx. This transformation 
reduces (28.10) to 
1 
UE = an ® =0. 


We can solve this partial DE by observing that it is a first-order linear DE 
in ue. In fact, we get 


u(é,n) = 9/? f(€) +. 9(n), 


and hence the general solution of (28.10) is 
u(x,t) = Vtaf (=) + g(tx). 


Example 28.2. Consider the partial DE 
true + Qty + 27 tee = 4t?. (28.11) 


Since B? — 4AC = 0, equation (28.11) is parabolic everywhere. Thus, the 
characteristic equations (28.8) and (28.9) for (28.11) are 


die _ B_t 
dt 2A tt’ 


This DE can be solved to obtain the solution 2/t = c. Hence, we can choose 
the coordinate transformation € = x/t, 1 = x. This transformation reduces 
(28.11) to 


a Us = At?, 
which is the same as 
? 4 


Unn = 4-5 = ze 


This partial DE can be solved rather easily, to obtain 


Hence, in terms of the original variables the general solution of (28.11) is 


= 272 = a 
u(a,t) = 2t +f (=) +9(=). 
Example 28.3. Consider the partial DE 


tu + te, = 0. (28.12) 
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Since B? — 4AC = —4t, equation (28.12) is elliptic in the half-plane ¢ > 0. 
In this region the characteristic equations are 


da 1 
—=+it /? 
dé 
with solutions x = 2it!/2 +c, and x = —2it!/? + cy. We first make the 


coordinate transformation o = x + 2it!/2, 7 = x — 2it'/?, but since these 
are complex valued, we make a second coordinate transformation defined 
by o = €+in, tT = €—in. As a result of these two transformations, we 
have € = 2, 1 = 2t'/?. This transformation reduces (28.12) to the canonical 


form 
& 1 ie nA 
Unyn = —U —. 
UE m = in 16 


Problems 
28.1. Find the characteristic of the following partial DEs through the 
point (0, 1): 


(i) Utt — ten 
(ii) Use + 2e7 Ugg + C77 Uze + CcOSZ UU; + sing Uz + x7u 
(iii) (cos? 2 — sin? )uyz + 2cos 2 Ug + Ure + U. 


28.2. Find characteristic coordinates €, 7 for 
ue +(e +t ute + re? Ure 
such that €(x,0) = n(#,0) = x. 
28.3. Transform the following partial DEs to canonical form: 


i) Utt — Sure a Ora =0 


ii) Wee + QUee + Ure + 3uz + Iu = 0 

iii) Que — Que + 5Uce + u = 0 

iv) uz —t?use = 0 

Vv) Ue +t uce = 0 

vi) te + Qtte +t uce = 0 

vii) Wee + (2t + 3)Uex + 6ture = 0 

viii) wee + (5 + 227) ute + (1+ 27)(44 27 )ure = 0. 


28.4. Transform the following partial DEs to canonical forms and 
then solve 


(i) Utt + Quix + Ure = 0 
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(ii) ure — 2sint uzg — cos? tuge — cost uz = 0 
(iii) vue — 2taute + bce = (2 /t)ue + (7/2) Ue. 


28.5. (i) Use the substitution u(2, y) = w(2, ye" +™ to show that 
the hyperbolic equation 


can be written as 

(c — ab)w = 0. (28.13) 
(ii) Show that (28.13) reduces to a Bessel equation if we assume a solution 
of the form w(x, y) = f(xy). 


28.6. Use the substitution u(a,y) = w(x, y)e~(¢*+)/? to show that 
the elliptic equation 
Oru ; O7u _ du Ou 
Ox? © Oy? * Ox 


can be written as 


Pw Pw | az 
ap ae 


28.7. A partial DE which describes the advective transport of a 
chemical u subject to first-order reaction is 


Ou Ou 
—=-V—_K 0, t>0 
ser Va u, «“&>O0, >0, 


where F is a retardation coefficient, V the velocity of the solution carrying 
the chemical, and K the first-order reaction coefficient. 


(i) Write this equation as 


Up + Cu, +AU=0, c=V/R, rA=K/R (28.14) 


and make the change of variables € = x — ct, 7 = t to find its general 
solution u(a,t) = f(x —ct)e~*! where f is an arbitrary function. 


(ii) Show that the choice of f as 


F(E) = ur(—E/e)e*/* + [uo (€) — wa (—€/c)e*/"] (6), 


where H(€) is the unit step function, ie., H(€) = 1if€ > 0 and 0 otherwise, 
gives a solution of (28.14) that satisfies the initial condition u(x,0) = uo(x) 
and the boundary condition u(0,t) = u(t). 
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Answers or Hints 


28.1. (i) 2+2t9/? = 2, x—243/? = —2 (ii) t = 2—e* (one characteristic 
only) (iii) ¢=sina+cosa, t=2+sinxz—cosz. 


28.2. €=—In(e~* +12), pa a— 128. 


28.3. (i) Hyperbolic, € = 2t+ 2, n = 3t+ 2, ue, = 0 (ii) Parabolic, 
€=—-t+2, Nn =2, Un = 3ug — 9u (iii) Elliptic, € = $t+a, n = 3t, weet 
Unn = —Zu (iv) Hyperbolic fort >0, €=a+ pie n= 2- pias Uen = 
Team (ue — Un) (v) Elliptic fort > 0, € = 2, n = st, Unn + Uce = 
—gyUn (vi) Parabolic, € = x — 317, 7 = t, Um = ug (vii) Parabolic 
for t = 3, € = -3t+2, 7 = 2 Unn = 0; Hyperbolic for t # 3, é= 
z—3t, n= 2-—t?, Ue = mae 7S on (viii) Hyperbolic, € = tan7! x — 
(44+ 2?)?ue + (1 + x?)?u, = 0, where 

(ar +€—n). 


28.4. (i) Parabolic,€ =t—2, n=t+a, Umm =0, u=(e+y)fi(e—y)+ 
fo(x — y) (ii) Hyperbolic, € = cost +t—2a, 7 = cost —t—«, the equation 
reduces to ug, = 0, the solution is u = f(cost — t — x) + g(cost +¢— 2x) 
(iii) Parabolic, € = t? + 27, n =z, the equation reduces to Uy = (1/7)Uy, 
the solution is u = 2? f(t? + 27) + g(t? +27). 


i, 7 = +tan7! su t, Uen A 
natant (t THE A) = cot 


28.5. Verify directly. 
28.6. Verify directly. 


Lecture 29 


The Method of 
Separation of Variables 


The method of separation of variables involves a solution which breaks 
up into a product of functions each of which contains only one of the vari- 
ables. This widely used method for finding solutions of linear homogeneous 
partial DEs we shall explain through several examples. 


Example 29.1. For the one-dimensional wave equation (25.11) with 
c = 1, we assume that the trial solution can be written as u = u(a#,t) = 
X(x)T(t), where the functions X, T are to be determined. For this, we 
have uz = X(a#)T"(t) (= d/dt), Use = X"(x)T(t) (= d/dx). Substitution 
of these in (25.11) leads to the relation 


AOI =X" (aire). 
Dividing this equation by u = X(«x)T(t) (assuming that u 4 0), we obtain 


T" (t) _ X" (x) 
Fy = Klay (29.1) 


Since T”’(t)/T(t) does not contain the variable x, we note that changes in 
x will not have any effect on the expression T”’(t)/T(t). Thus, if (29.1) is 
to be an equality, it must happen that changes in the variable x do not 
affect the expression X”(a)/X(a) either. Similarly, changes in ¢ should not 
affect the expression 7” (t)/T(t). Thus, we can conclude that in order for 
(29.1) to be an equality, the expressions T” (t)/T(t) and X"(x)/X (a) must 
be constants. In fact, they must be the same constant. If the constant is 
denoted by A, we can write 


Thus, we obtain two second-order ordinary DEs: 
X" (x) — \X (x) =0 
and 


T"(t) — AT(t) = 0. 
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These equations can be solved to obtain the solutions 


cyeV® + ce VF, A>0 
X(t) = 4 cr +c, A=0 
c, cos V—Axw + cosinv—Axr, A<O 


and 
eget + eye", A>0 
T(t)= 4 c3 +cat, A=0 
c3 cos ¥—At+ casin ¥—At, A <0. 


Thus, the solution of (25.11) can be written as 
u(a,t) = X(x)T(t) 
(cre + es) (csev™ + ev) . A>O 


= (c1 + cg@)(c3 +c4t), A=O0 


(c1 cos /—Ax + c2 sin V—Azx) (cz cos V—At + cq sin V—At) , 
A <0. 


U 


Without further information we have no way of knowing the value of A; 
hence we cannot specify the form of the solution. In many practical prob- 
lems there are other conditions that the solution must satisfy. These con- 
ditions usually dictate the value of A and the form of the solution. 


Example 29.2. For the partial DE 
Ure — 2Uzg +Uy =0, u=u(a,y) (29.2) 


we assume that the trial solution can be written as u = u(x, y) = X(x)Y(y). 
Then, it is necessary that 


X"Y —2X'Y + XY’ =0. 


Separating the variables, we get 


xX! a DP be y! 


X Y (29.3) 
Since x and y are independent variables, (29.3) can be true if each side is 


equal to the same constant, \ (say). Therefore, it follows that 


x _ OX = y’ _ 


A 


xX Y 


and hence 
Y’+AY =0 (29.4) 
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and 
XOX =k HO: (29.5) 


The solution of the first-order ordinary differential equation (29.4) is 
Y(y) =c1e~*¥. 


For the second-order ordinary differential equation (29.5) the auxiliary 
equation is m? — 2m — A = 0, and its roots are m = 1+ ,/(1 +A). Thus, 
the solution of (29.5) can be written as 


X (x) _ eget tv lt+A)a +4 Berry ees, 


Therefore, the solution of the partial DE (29.2) is 


Ay 


Cie 


u=u(zx,y) = X(x)Y (y) (coed vies + eget VEEN 


= (Act vIED= + Bel-ViF = ey, 


Example 29.3. Consider a thin, tapered rod of constant density p lying 
along the x-axis with cross-sectional area ax? and moment of inertia Bx 
for some constants a@ and (3. Suppose that the rod is undergoing oscillatory 
motion. The displacement u(x,t) of a point x at time t¢ satisfies the partial 


oe 0? 0? 0? 
u 4Oru 
post ar = — age {B62 =} (29.6) 


where £ is Young’s modulus. We assume that the trial solution of (29.6) 
can be written as u = u(#,t) = X(«x)T(t). Then, it is necessary that 


TT!" _ EB eek") - 


= “Ts = 
T pa = a?X ; 
which leads to the DEs T” — AT = 0, and 
a? X'" 4 Bex" 419K" kx=0, kt= ea (29.7) 


Now for simplicity we assume that A’ < 0, so that T(t) = cy, coswt + 
c2sinwt, w = V—A and to find the solution of (29.7) we rewrite it as 


d 


(cD? +3D + k?)(aD? +3D—k?)X =0, D= re 
XL 


or 
(2D? + 3D — k?)(aD? + 3D + k?)X =0. 


Thus, if XY, and X9 are solutions of 


(2D? +3D — k?)X =0 
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and 
(2D? +3D + k*)X =0 


respectively, then X, and X92 are solutions of the DE (29.7). Now from the 
considerations of Lecture 9 it follows that 


X(2)=27! [ AJo(2harl/) + BJ_(2ka'/?) + Cly(2ka/?)+ DKo(2ka'/?)] . 


Example 29.4. Suppose that the potential energy of a particle at x 
is given by the function V(x). Then, the partial DE satisfied by the wave 
function is the Schrodinger equation 


h? O?u ih Ou 


Now following the notational tradition in quantum mechanics we assume 
that the trial solution of (29.8) can be written as u = u(x,t) = Y(#) F(t). 
Then, it is necessary that 


PW) gy = th PO) 
8r2m w(x) 27 F(t) , 


where from the physical reasons F is a real constant. This leads to two 
DEs. The first equation, 


F’+ 


21h 
F=0 
h ? 


can be easily solved and yields F(t) = Ce~27'Et/h The second equation, 


which is known as time-independent Schrédinger equation, appears as 


812m 


h2 


w(x) + [E — V(a)|p(x) = 0. (29.9) 


Now recall that if the particle moves under the influence of a force F(x), 
the potential energy is given by V(a) = -fo F(s)ds. In particular, for a 
free particle we have F(x) = 0, then V(a#) = 0. Thus, the equation (29.9) 
simply reduces to 

8n2m 


w(x) + a 


which can be solved rather easily. 


Ey (x) = 0, 


For a particle on a spring F(x) = —ka, then V(x) = kax?/2, and the 
equation (29.9) becomes 
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which is the same as (3.20) in Problem 3.10, and hence can be transformed 
to the Hermite equation (3.16). 


We remark that the method of separation of variables should be used 
with caution. In fact, often it fails to work even for simple partial DEs. For 
example, consider the equation 


Uny + Ure + 4u = 0. 
We try a solution of the form u = X(«)Y(y). Then, 
X'Y'+ X"Y +4XY = 0. 


Clearly, it is not possible to manipulate this equation algebraically to write 
it in a form P(x) = Q(y). Similarly, the equation uzz + (w+ y)uyy = 0 is 
not separable. 


Problems 


29.1. Use the method of separation of variables to solve the following 
partial DEs: 
(i) Uy = yur 
(ii) tug = ut yuy 
(iii) wuz = yUy 
(iv) @7Uge + 27g + Uyy = 0 
(Vv) Une + 40uz + Uyy = 0 
(vi) Ure — (1+ y?)usy = 0. 
29.2. Use the method of separation of variables to solve the following 
partial DEs: 
(i) Uz = 2uy + u where u(x, 0) = 6e~** 
(ii) 4ua + uy = 3u where u(0,y) = 3e7¥ — e7Y 
(iii) Uae = Uy +2u where u(0,y) = 0, ux (0, y) = 1+ e7%Y 


29.3. Find separated solutions of the equation uz; — uy = 0 in the 
form 
(i) ula, y) = e*e°4 where ps, @ are real 
(ii) u(az,y) = e®”e"”Y where w real and positive. 

29.4. Show that for the partial DE (27.1) with k; # 0 the method 


of separation of variables cannot be applied. However, a solution of the 
form u = u(a,y) = e™YX(x) can always be obtained and appears as u = 
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eY (AX (x) + BXo(x)), where X, and X2 are linearly independent solutions 
of the ordinary DE X"+kirX'+kor?X = 0. In particular, find the solution 
for the case kj = 4, ko = 8. 


29.5. Show that 9 
Upr + Up = Utt 
r 
has solutions of the form 


R(r) 


u(r, t) = ——cosnt, n=0,1,2,---. 
Tr 


Find a DE that R(r) must satisfy and find its general solution. 


29.6. The nonlinear partial DE 


(uz) Ue = CUse, Uu= u(2,t) 
occurs in the study of the propagation of sound in a medium. Here the con- 
stant c represents the velocity of sound in the medium. Set u = X(x)T(t) 


to determine the ordinary DEs for X and T. 


29.7. In the study of the supersonic flow of an ideal compressible fluid 
past an obstacle, the velocity potential satisfies the linear partial DE 


(M? — 1)uce Uyy =0, u=u(z,y) 


where the constant MM > 1 is known as the Mach number of the flow. Set 
u = X(x)Y(y) to determine the ordinary DEs for X and Y. 


Answers or Hints 


29.1. (i) Ae*(@+¥°/2) and in general f(2a + y?) (ii) Aa*y*! (iii) Aaky* 
and in general f(x*y") (iv) |x|~!/?[A1 cos(c, In |x|) + Ag sin(c, In |2])] 
x(Agev—*Y + Age-V—*Y), AX << 1/4, cy = -A—1/4; (Ai |e]? + 
Ag|x|~1/? In |x|) (Age4/2+ Age—¥/?), X = —1/4; (Aq |a|7 +.Ag|2|72)(AgeV— 
+Age-V—W), —1/4 <A<0; (Ay + Aga1)(A3 + Ay), A= 0; (Ay |a|7 + 
Ag|z|72)(A3 cos VAy + AasinVAy), 4 > O where y; = LévI+4 | i= 
1,2 (v) (Ae?*¥ + Be~?*¥)(CX1(x) + DXo(ax)) where X, and Xp are lin- 
early independent solutions of the DE X” + 4”X' + 4k?X = 0 (vi) (ec: + 
c2e>”) exp(Atan71 y). 


= 


29.2. (i) 6e~3~2¥ (ii) 3e7—¥ — e?*—°Y (iii) a sinh V2x + e~ 34 sin x 


29.3. (i) cospxe¥ + i(sin ua e~#’Y) (ii) e*V/? cos(wy + 2/w/2), 


The Method of Separation of Variables 233 


et #/2 sin(wy + x /9/2), en “/2 cos(wy — x (3/2), en ¥/2 sin(wy — 
xv/w/2). 


29.4. e”(¥—2*)(Acos2ra+ Bsin2rz). 
29.5. R’+n?R=0, R(r) =ci cosnr +cgsinnr. 
29.6. X" + 3(X’)""1X =0, T”+AT-" = 0. 


20.7. X” 4 amas =0, Y”+dAY = 0. 


Lecture 30 


The One-Dimensional 
Heat Equation 


We begin this lecture with the derivation of the one-dimensional heat 
equation. Then we shall formulate initial-boundary value problems, which 
involve the heat equation, the initial condition, and the homogeneous and 
nonhomogeneous boundary conditions. We shall use the method of separa- 
tion of variables also known as the Fourier method to solve these problems. 


We recall that the fundamental principles involved in the problems of 
heat conduction are— 


(1). Heat flows from a higher temperature to the lower temperature. 


(2). The quantity of heat in a body is proportional to its mass and tem- 
perature. 
(3). The rate of heat flow across an area is proportional to the area and 
to the rate of change of temperature with respect to its distance normal to 
the area. 


Consider a homogeneous bar of uniform cross section S$ (cm?). Suppose 
that the sides are covered with a material impervious to heat, so that the 
stream lines of heat flow are all parallel and perpendicular to the area S. 
Take one end of the bar as the origin and the direction of flow as the positive 
x-axis (see Figure 30.1). Let p be the density (g/cm), s the specific heat 
(cal/g deg), and & the thermal conductivity (cal/cm deg sec). 


Figure 30.1 


Let u(x,t) be the temperature at a distance x from O. If Au is the 
temperature change in a slab of thickness Ax of the bar, then by principle 
(2) the quantity of heat in this slab = spSAavAu. Hence, the rate of in- 
crease of heat in this slab, i.e., spSAwu,; = Ry — Ro, where R, and R2 are, 
respectively, the rates (cal/sec) of inflow and outflow of heat. Now since 
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the rate of propagation of heat (i-e., the quantity of heat passing through 
a cross-sectional area S with abscissa x in unit time) in view of (3) is given 
by Fourier’s Law q = —ku,S, where k is a constant depending upon the 
material of the body and called as the thermal conductivity, it follows that 


Ry =—-kS (5) and Ro =—-kS (5) ; 
Ox } ., OFF a Ke 


here the negative sign appears as a result of (1). Hence, we have 


du 


Ou Ou 
spSAx oe —kS (5). +kS (=) 


which is the same as 


at sp Az 


oO oO 
Denoting the constant k/sp = c?, known as the diffusivity of the sub- 
stance (cm?/sec), and taking the limit as Ax — 0, we obtain the equation 
of heat conduction in a homogeneous rod 


2 
ao oe, O<a<a, t>0, c>0. (30.1) 
For the solution of (30.1) to be definite, the function u(x,t) must satisfy 
some initial and boundary conditions corresponding to the physical condi- 
tions of the problem. Let initially, i.e., when t = 0 a temperature be given 
in various cross sections of the rod equal to f(x), which gives the initial 

condition 
u(z,0) = f(z), O<a<a (30.2) 


and let for simplicity the ends of the rod, i.e., = 0 and « = a, be held at 
zero temperature all the time, which gives the boundary conditions 


u(0,t)=0, t>0 (30.3) 


u(a,t)=0, t>0. (30.4) 


These boundary conditions are of the first kind and are known as Dirichlet 
conditions. 


Now to solve the initial-boundary value problem (30.1)—(30.4) we shall 
use the method of separation of variables. For this, we assume a solution 
of (30.1) of the form u(x,t) = X(x)T(t) 40, so that 


X(a)T' (t) — 2X" (x) T(t) = 0, 
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of 7 
T(t) 9 X"(a) _ 
T(t) X(t) 
which leads to the differential equations 
x" ‘ X=0 30.5 
-5Xx= (30.5) 
and 
T’ —d»AT =0. (30.6) 


The boundary condition (30.3) demands that X(0)T(t) = 0 for all t > 
0, thus X(0) = 0. Similarly, the boundary condition (30.4) requires that 
X(a)T(t) = 0 and hence X(a) = 0. Thus, the function X has to be a 
solution of the eigenvalue problem (30.5), 


X(0)=0, X(a) =0. (30.7) 


The eigenvalues and eigenfunctions of (30.5), (30.7) are 


222 2 
A= , Wis (30.8) 
Xn(e) = sin, n=1,2,-+*. (30.9) 
With \ given by (30.8), equation (30.6) takes the form 
222 
Po Pag 


whose general solution appears as 
TG) = Cpe (ee a7 yt 
where cy, is an arbitrary constant. 


We conclude that for each specific value of n (n = 1,2,---) the function 
X,(x)T,,(t) is a solution of (30.1) that satisfies conditions (30.3) and (30.4). 
Now the condition (30.2), when u(x,t) = Xp(x)T,,(t) with n not specified, 
but otherwise considered fixed, is satisfied provided X,,(x)T,,(0) = f(z), 
Le., 


(sin —) Cn = f(a). 


But the only way this can happen is for f(a) to be restricted to the form 
Asin(n7a/a), where A is a constant. This places too great a restriction on 
the permissible forms of f; therefore we consider an alternative approach. 
Since X,,(x)T;,(t) is a solution of (30.1) for each value of n (n = 1,2,---) 
and since (30.1) is a linear partial differential equation, it seems reasonable 
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to expect that S772, Xn(x)Tn(t) is a solution of (30.1). Naturally, the 
question of whether this infinite series converges is always there. We will 
not investigate this question here, but rather emphasize the method of 
solution. Thus, we consider 


u(a,t) = D> Xp(2)Ta(t) = So ene 7/0" sin — (30.10) 
n=1 n=1 


as a solution of (30.1) that satisfies conditions (30.3) and (30.4). Now 
condition (30.2) is satisfied if and only if 


oe NTL 
x Cn Sin —— = f(z), 
n=1 a 


i.e., the Fourier sine series for f(a) in the interval 0 < x < a be 
1 en sin(nax/a). Consequently, cp, is given by 


9 a 
Cn = - | f(z)sin dz, n=1,2,---. (30.11) 
a 0 a 


Hence, the solution of (30.1)—(30.2) can be written as (30.10) where c,, is 
given by (30.11). 


In particular, we consider the initial-boundary value problem (30.1)- 
(30.2) with c=1, a=1, f(x) =~. Clearly, 


1 1 
2(—1)"+ 
— 2 | xsinnradx = ag 
0 nm 
Thus, in this case the solution is 
co 
2(-1)""1 2-2 
i= STE i , 
u(x, t) d Bo Te in nr 


Next we shall assume that the ends of the rod, ie., x = 0 and z# =a, 
are insulated, which gives the boundary conditions 


ur(0,t)=0, t>0 (30.12) 
ur(a,t)=0, t>0. (30.13) 


These boundary conditions are of the second kind and known as Neumann 
conditions. 


Clearly in this case also we have the same DEs (30.5) and (30.6); how- 
ever, instead of (30.7) the new boundary conditions are 


X'(0)=0, X’(a)=0 (30.14) 
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For (30.5), (30.14) the eigenvalues and eigenfunctions are 


dy = EE, fee Oper (30.15) 
X,(z) = cos, a= Oyige (30.16) 
and correspondingly 
To(t) = > and Th(t)=ane— Pe /@ }t, (30.17) 
Therefore 
u(z,t) = Xo(x)To(t) + 2, Xnla\h (t) 
(30.18) 


(n2n? 2 /a?)t NTL 
a 3 Ane cos a 
Finally, condition (30.2) implies 


4 3 an cos 


which is the Fourier cosine series for f(x), and hence 
22 ; 
= =| f(x) cos dz, n>0. (30.19) 
a Jo a 


Hence, the solution of (30.1), (30.2), (30.12), (30.13) can be written as 
(30.18) where a, is given by (30.19). 


In particular, we consider the initial-boundary value problem (30.1), 
(30.2), (30.12), (30.13) with c= 2, a=1, f(x) =~. Clearly, 


1 
a = 2 | adx =1 
0 


1 
2 
2 | xcosnmadxz = a) ((—1)" - 1) 
4 
= m?2(2n — 1)? 


0, m_ even. 


I 


an 


n odd 


Hence, 


1 4 - 1 —4(2n—1)?n7¢t 
u(x,t) = 5 Gs 2 Gra cos(2n — 1)ra 
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Finally, we assume that the ends of the rod, i.e., c = 0 and x = a, are 
kept at the fixed temperatures A and B, respectively. This means that we 
have the boundary conditions 

u(0,t) =A, t>0 (30.20) 
u(a,t)= B, t>0. (30.21) 


Now let u(x,t) be a solution of (30.1), (30.2), (30.20), (30.21). We claim 
that the function 


u(x,t) = u(x,t) + (- — *) Az —B (30.22) 


is a solution of the initial-boundary value problem 
Ue —CUrz = 0, O<a<a, t>0, c>0 


v(0,t) =0, t>0 
v(a,t)=0, t>0 (30.23) 


v(0,0) = f(a) + ( 


ra 


) 4-22, O<a<a. 
a 


For this, it suffices to note that 


A B 
Ug = Ug +——-——, Vag = Ure, Vt = Ut} 
a a 


and hence 1% — C?Upz = Ut — C?Uge = 0, ie., v satisfies the same differential 
equation as u. Further, we have 


O-a 


w(0,t) = uo.) + ( )A-Sp=4-A=0 


v(a,t) = ula,t)+(*=*) a-Sp=B-B=0 


a a 


x 


v(x,0) = u(a,0) + (—*) 4-28 = Ha) + (—*) a-£e 


Since the problem (30.23) is of the type (30.1)—(30.4), we can find its 
solution u(x,t). The solution u(x,t) of (30.1), (30.2), (30.20), (30.21) is 
then obtained by the relation (30.22). 


In particular, we consider the initial-boundary value problem (30.1), 
(30.2), (30.20), (30.21) with e =5, ¢@=7, fle) =a, A= 10, B= 0. For 
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this problem, (30.23) becomes 


Ue —5Ure = 0, Ox a<n, t>0 

v(0,t)=0, t>0 

u(7,t)=0, t>0 (30.24) 
o(a@,0) =at+ ( 


i 


) 10, O<a<T7 


and 


v(w, t) = u(x,t) + € — *) 10. (30.25) 
7 
Now from the consideration of (30.1)—(30.4) the solution of (30.24) can be 
written as (see (30.10)) 
u(a,t) = » che >” * sin nx, (30.26) 


where (see (30.11)) 


2 fe - 2 
Cn = =| E + (—) io sinnadz = — [-10 + 7(-1)"*"] . (30.27) 
wT Jo T nt 
Hence, in view of (30.25)—(30.27) the solution u(z,t) of the given problem 
appears as 


10(m — “2 
u(z,t) = Wir) + ye orn [—10 + (—1)"**] e8""t sin na, 
n=1 


Lecture 31 


The One-Dimensional 
Heat Equation (Cont’d.) 


In this lecture we shall use the method of separation of variables to solve 
the general one-dimensional heat equation with the boundary conditions of 
the third kind. 


The partial differential equation that governs the temperature u(x,t) in 
the rod whose material properties vary with position can be written as 


a a du 
oe (moo) = pacar, a<2<f, t>0. (31.1) 


We shall consider (31.1) with the initial condition 
u(z,0) = f(z), a<a< 6 (31.2) 


and the boundary conditions 


0 

agu(a,t) — a5-(a. t)=c1, t>0, ag+a?>0 (31.3) 
Ou op 

dou(B, t) + dia (6, t) = C2, t>0, do + dy >0 (31.4) 


Equations (31.1)—(31.4) make up an initial-boundary value problem. 


Boundary conditions (31.3) and (31.4) are of the third kind and are 
known as Robin’s conditions. These boundary conditions appear when each 
face loses heat to a surrounding medium according to Newton’s law of 
cooling, which states that a body radiates heat from its surface at a rate 
proportional to the difference between the skin temperature of the body 
and the temperature of the surrounding medium. 


Experience indicates that after a long time “under the same conditions” 
the variation of temperature with time dies away. In terms of the function 
u(a,t) that represents temperature, we expect that the limit of u(x,t), as 
t tends to infinity, exists and depends only on a: limi. u(x,t) = v(x) 
and also that limy.. uz; = 0. The function v(x), called the steady-state 
temperature distribution, must still satisfy the boundary conditions and the 
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heat equation, which are valid for all t > 0. Therefore, u(x) (steady-state 
solution) should be the solution to the problem 


< (HZ) =0, a<a<f (31.5) 


agu(a) — ayu'(a) = cy 


31.6 
dv(B) + dy! (8) = en. ales 
Equation (31.5) can be solved to obtain 
oa) =A | —~+ B, 31.7 
(x) . WO (31.7) 
which satisfies the boundary conditions (31.6) if and only if 
B A 
ao ay, k(a) Cy 
31.8) 
B dé A ( 
d af — + B)+d— =c. 
° ( a K€) "k(B) 


Clearly, we can solve (31.8) if and only if 
ee dy ado 
aa (as f° + tin) 4 lg 
o( J, Ke) * kG) ) * Ra) 7 


B d& aod a do 
aod Sot aoe Po 0. 31.9 

oto fat hay * Rea 7 ai 
Thus, the problem (31.5), (31.6) has a unique solution if and only if condi- 
tion (31.9) is satisfied. 


or 


Example 31.1. To find the steady-state solution of the problem (30.1), 
(30.2), (30.20), (30.21) we need to solve the problem 


d2y 
dx? 
whose solution is v(z) = A+ (B-— A)x/a. 
Now we define the function 
w(a,t) = u(x,t) — v(2), (31.10) 


where u(x,t) and v(x) are the solutions of (31.1)—(31.4) and (31.5), (31.6) 
respectively. Clearly, 
Ow(a,t)  Ou(a,t)  dv(a) 


Ox —<“‘ié«~ dx 
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and hence 


which gives 


= (1) 2) =< (Hw our 2) -< (Aw a) . (111) 


We also have 


pla)e() PED = p(ae(a) MED. (31.12) 


Subtraction of (31.12) from (31.11) gives 


5 (Hag) = plete) SE a<xz<f, t>0 (31.13) 
We also have 
cola, t) = 52 (ant) = ao(ula,t) — o(@)) ~ a (F*(0,2) = o(a)) 
= leouta, t) — a st(ad)| — [agv(a) — ayv'(a)] 
= cc, —c, = 0; 
i.e., 
agw(a, t) — aS (a,t) =0, t>0, (31.14) 
and similarly 
dow(G, t) + a (6, t)=0, t>0. (31.15) 


Now we shall solve (31.13) — (31.15) by using the method of separation 
of variables. We assume w(x, t) = X(x)T(t) 4 0, to obtain 


= Ge — T(t) = ple)e(x)X(x)T"(t), 


or 


244 Lecture 31 


which in view of (31.14) and (31.15) gives 
(Ka) X"Y + ole)o(a)X = 0 
ago X (a) — a, X'(a) =0 (31.16) 
doX (8) + d,X"(8) = 


and 
T’ +dT =0. (31.17) 


Clearly, (31.16) is a Sturm—Liouville problem, for which we already know 
that 


1. there are infinite number of eigenvalues 0 < Ay < Ag <-:-, 
2. for each eigenvalue ,, there exists a unique eigenfunction X,,(2), 


3. the set of eigenfunctions {X,(x)} is orthogonal with respect to the 
weight function p(a)c(x), ie., 


For A = A, equation (31.17) becomes T’ + r,T;, = 0 and gives 
(6) Sc", n> 1. 


Hence, the solution of (31.13) — (31.15) can be written as 


j= 3 Ga Xalaje o, (31.18) 


Finally, we note that condition (31.2) gives 
w(a,0) = u(a#,0) — v(a) = f(a) — v(x) = F(a), say. (31.19) 
The solution (31.18) satisfies (31.19) if and only if 


w(a, 0) = Doak 


which gives 
i p(x)c(x) XZ (x)dax 


Therefore, in view of (31.10) and (31.18) the solution of (31.1)—(31.4) ap- 
pears as 


(31.20) 


u(x,t) = v(a ClOyr n(xje—>m?, (31.21) 


n=1 
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where a,, n > 1 are given by (31.20). 


From the representation (31.21) the following properties are immediate: 


(i) Since each A, > 0, u(x,t) > v(x) as t > oo. 

(ii) For any t; > 0, the series for u(x, t,) converges uniformly ina < a < 2 
because of the exponential factors; therefore u(x, t,) is a continuous function 
of x. 

(iii) For large ¢t we can approximate u(x,t) by 


v(a) + a1 X4(a)e~™*. 
Example 31.2. For the problem (30.1)-(30.3) and 
hu(a,t) +u,(a,t)=0, t>0, h>0, (31.22) 


which is a particular case of (31.1)—(31.4), we have uv() = 0. The eigenval- 
ues are c?\?, where A, is the root of the equation htan Aa + A = 0, and 


the eigenfunctions are X,,(”) = sin A,x, (see Problem 18.1 (iv)). Thus, the 
solution can be written as 


u(x,t) = >a ane © >n* sin An®, (31.23) 
n=1 
where 
a So f(a) sin Anadzx 7 2h fy f(a) sin hadi et. (31.24) 


Ae sin? \,,7dx ah + cos? Ana 


Fora=1, h=2, f(x) =1 this solution becomes 


=e. 1—cosApy, 2 r2t 
u(a, t) _ ay a GS) e rn’ sin An®. 


Problems 


31.1. Solve the initial-boundary value problem (30.1)—(30.4) when 
i. ay e=d, Hayate 
(i) w=7, ¢=2, f(2)—2? 
(imi) #=1, 6 =5, Fie =—e*. 


31.2. Solve the initial-boundary value problem (30.1), (30.2), (30.12), 
(30.13) when 
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f(x) = To sin? = —,0<u<a 
a 

(ii) f(z) =Toz?, O<a<a 

f(x) = Toe", 0<a<a. 
31.3. Solve the initial-boundary value problem (30.1), (30.2), (30.20), 
(30.21) when 
(i) a=10, c=10, f(x) =0, A=10, B=30 
(ii) a@=1, c=1, f(x) =3(1-2), A=3, B=1 
(iii) a=7, c= V3, f(x) =—cos7z, A=—1, B=1. 


31.4. Find the solution of the initial-boundary value problem (30.1)— 
(30.3), (80.13), and in particular solve when a = 7, c= 1, f(#) = a(m7—2). 


31.5. Find the solution of the initial-boundary value problem (30.1), 
(30.2), (30.4), (30.12), and in particular solve when a= 7, c=1, f(x) = 


x(a — 2). 


31.6. Heat conduction in a thin circular ring (consider it as a rod, 
bent into the shape of a circular ring by tightly joining the two ends) of 
length 2a, labeled from —a to a leads to the equation u; = c?Uzz, —a < 
x<a,t>0, c>0 with the initial condition u(#,0) = f(@), -a<a<a 
and the periodic boundary conditions 

u(—a, t) = u(a, t) 


31.25 
Uz(—a,t) = uz(a,t), t>0. ( ) 


Find the solution of this initial-boundary value problem, and in particular 
solve when a= 7, f(x) = |a]. 


31.7. Find the steady-state solution of the problem 


) Ou Ou 
<= ae |, peseeey : t 
Da (m3) CPF O<a<a, >0 
u(0, t) = To, u(a, t) =7T, %t>0, 
where h(a) = ko + Gx and ko and £ are constants. 
31.8. Find the steady-state solution of the problem 


10 
+PU(@) -u) =F5, O<ar<a, t>0 


Ou 
Ox? 


a 
u(0,t) = Up, 5p (et) a0, $30; 


where U(x) = Up + Sx and Up and S are constants. 
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31.9. Find the solution of the initial-boundary value problem (30.1), 
(30.2), (31.22) and hu(0,t) — u,(0,t) = 0, t > 0. 


31.10. If the lateral surface of the rod is not insulated, there is a heat 
exchange by convection into the surrounding medium. If the surrounding 
medium has constant temperature To, the rate at which heat is lost from 
the rod is proportional to the difference u — To. The governing partial DE 
in this situation is 


Cure =U +b(u—To), O<a2<a, b>0. (31.26) 


Show that the change of variable u(x,t) = Tp + v(x,t)e~™ leads to the 
heat equation (30.1) in v. In particular, find the solution of (31.26) when 
c=1, b=4, To = 5, a=1, satisfying the initial and boundary conditions 
u(z,0) =5+ 2, u(0,t) = u(1,t) =5. 


31.11. Find the solution of the partial DE 
Ut =Uge + 2kuz, O<a<a, t>0 


subject to the initial-boundary conditions (30.2)—(30.4); here k is a con- 
stant. 


Answers or Hints 


B11. (i) 322, &(2(-1)"*2 + 1)e716""*"t sin nae 


n=1 nt 
() Dp etn sin One-+ See [BT — setae] etna 
x sin(2n — 1)zx (iii) OP, PSF [1 + e(-1)""7] e bn? nt sin nee. 
31.2. (i) B(1—cos 2t%e7(4r"e"/0")t) (ii) $0°T)+ op mee HEL 


een (nme? ja? )t (iii) Ta (¢ -)+™ ee 1) cag B= en (nn 262 fq? St. 


31.3. (i) 10 ks + 20 Sea BCU" sin (232) ene rt (ii) eee 
esi ae ene GE) Ce ng eae ‘sin na. 
31.4. ns SS) Oneill Brak pian eee where Cp, = 

81)" | sin G2 Ye l)ax 


2 (2n—1)rx oo 32 

aia sin “Sadr, din=i [aot + n—1)2 
x me 1)? t/a 
$1.5.. u(2,7) = > 7,1 Cn C08 eee eed ae where Cy = 
2 a (2n— ste oo $2(—1)"—1 8 (2n—1)x 
z Jo f(a) cos dz, Yin=1 m(In—1)s o| COs "3 


x e—(2n—1)7#/4 ne same solution can be obtained by replacing x in Prob- 
lem 31.4 by a— «a. 
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31.6. 3-420", Om? cos(2n + 1)xe7 2n+1)7e"t, 

31.7. v(x) = Aln(ko + Bx) +B, where A= (T; —T)/In (1+ #4), B= 
31.8. v(x) = Acoshya + Bsinhyx + Up + Sx where A = 0, B = 
—S/(ycosh ya). 


S10 a An ee ene Ant So £(@)(An cos Ant + hsin Apx)dx 
where A, are the zeros of the equation tan = = 2h\/ (A? — h?). 


31.10. 5+ es pain ct ae ent sin nee. 


n=1 n 


31.11. ae b= yea exp {= (22)’ + r?] th e *® sin 2&2 where cn = 


2 NTL 
2 fo £( “sin “2 dx. 


Lecture 32 


The One-Dimensional 
Wave Equation 


In this lecture we shall provide two different derivations of the one- 
dimensional wave equation. The first derivation comes from the oscillation 
of a elastic string, whereas the second one is from the electric oscillations in 
wires. Then, we shall formulate an initial-boundary value problem, which 
involves the wave equation, the initial conditions, and the boundary condi- 
tions. Finally, we shall use the method of separation of variables to solve 
the initial-boundary value problem. 


Consider a tightly stretched elastic string of length a, initially directed 
along a segment of the z-axis from O to a. We assume that the ends of the 
string are fixed at the points « = 0 and x = a. If the string is deflected from 
its original position and then let loose, or if we give to its points a certain 
velocity at the initial time, or if we deflect the string and give a velocity 
to its points, then the points of the string will perform certain motions. 
In such a stage we say that the string is set into oscillation, or allowed to 
vibrate. The problem of interest is then to find the shape of the string at 
any instant of time. 


We assume that the string is subjected to a constant tension T, which 
is directed along the tangent to its profile. We also assume that T is large 
compared to the weight of the string so that the effects of gravity are 
negligible. We further assume that no external forces are acting on the 
string, and each point of the string makes only small vibrations at right 
angles to the equilibrium position so that the motion takes place entirely in 
the ru-plane. Figure 32.1 shows the string in the position OPQa at time 
t. 


0 x x+ Ax a 
Figure 32.1 


Consider the motion of the element PQ of the string between its points 
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P(a,u) and Q(a+Az,u+Au) where the tangents make angles ¢ and ¢+A¢ 
with the x-axis. Clearly, this element is moving upwards with acceleration 
0?u/0t?. Also the vertical component of the force acting on this element is 


T sin(¢é + Ad) — Tsing 
T|tan(¢+ Ag) —tan¢g], since ¢ is small 


Ou Ou 

Ox at+Aa Ox x , 
If m is the mass per unit length of the string, then by Newton’s second law 
of motion, we have 


2 
hee =T ae - cu 
Ot? Ox ee Ox } 


which is the same as 


l2 


= T 


9 


at om 
Finally, taking the limit as Q — P, i.e., Ax — 0, we obtain 


Oru O7u T 
—=C55, C=. (32.1) 
Ot? Ox? m 
This partial DE gives the transverse vibrations of the string. It is called 
the one-dimensional wave equation. 


Equation (32.1) by itself does not describe the motion of the string. 
The required function u(x,t) must also satisfy the initial conditions which 
describe the state of the string at the initial time t = 0 and the boundary 
conditions which indicate to what occurs at the ends of the string, i-e., 
x = 0 and « =a. At t = 0 the string has a definite shape, that which we 
gave it. We assume that this shape is defined by the function f(a). This 
leads to the condition 


u(z,0)= f(a), O<a<a. (32.2) 


Further, at t = 0 the velocity at each point of the string must be given, we 
assume that it is defined by the function g(x). Thus, we must also have 
Ou 


— =uz(x,0) =g(x), O<a<a. (32.3) 
Ot leg 


Now since we have assumed that the string at « = 0 and w = a is fixed, for 
any t the following conditions must be satisfied 


u(0,t)=0, t>0 (32.4) 
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u(a,t)=0, t>0. (32.5) 


The partial DE (32.1) together with the initial conditions (32.2), (32.3) and 
the boundary conditions (32.4), (32.5) constitutes a typical initial-boundary 
value problem. 


Now we shall show that the problem of electric oscillations in wires also 
leads to equation (32.1). The electric current in a wire is characterized by 
the current flow i(a,t) and the voltage v(a,t), which are dependent on the 
coordinate x of the point of the wire and on the time ¢t. On an element Az of 
the wire the drop in voltage is equal to u(x, t)—u(a+Aaz, t) ~ —(Ov/dx)Aa. 
This voltage drop consists of the ohmic drop which is equal to iRAz, and 
the inductive drop which is the same as (0i/0t) LAx. Thus, we have 


SA = = iRAx + o LAg, (32.6) 


where R and L are the resistance and the coefficient of self-induction per 
unit length of wire. In (32.6) the minus sign indicates that the current flow 
is in a direction opposite to the build-up of v. From (32.6) it follows that 


= dep e b_ =(, (32.7) 
av 


Further, the difference between the current leaving the element Az and 
entering it during the time At is 
: Oi 
i(a,t)-—i(a+Aa,t) ~ - ano? xt. 
In charging the element Az it requires CAax(0v/0t)At, and in leakage 
through the lateral surface of the wire due to imperfect insulation we have 
AvAzAt, where A is the leak coefficient and C is the capacitance. Equating 
these expressions and canceling out AxAt, we get the equation 
Oi Ov 
C— + Av=0. 32.8 
da OE = ee) 


Equations (32.7) and (32.8) are called telegraph equations. 


Differentiating equation (32.8) with respect to x, (32.7) with respect to 
t and multiplying it by C, and subtracting, we obtain 
ai Ov i ari 
— +A— - CR -CL—, =0. 
Ox? Ox Ot Ot? 
Substituting in this equation the expression 0v/Ox from (32.7), we get an 
equation only in 2(z, ¢), 


Ot Oi Ot : 
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Similarly, we obtain an equation for determining v(z,t), 


O?u 0?u Ov 


If we neglect the leakage through the insulation (A = 0) and the resis- 
tance (R = 0), then equations (32.9) and (32.10) reduce to wave equations 


git - 0% 207u Av 


Coe on “ae oF ca) 


where c? = 1/(CL). Again the physical conditions dictate the formulation 
of the initial and boundary conditions of the problem. 


Now to solve the initial-boundary value problem (32.1)—(32.5) we shall 
use the method of separation of variables also known as the Fourier method. 
For this, we assume a solution of (32.1) to be of the form u(x, t) = X(x)T(t) 
# 0 where X, T are unknown functions to be determined. Substitution of 
this into (32.1) yields 

XI” =e X"T = 0. 


Thus, we obtain 


Tu eX" r 
i a’ aii. 
where A is a constant. Consequently, we have two separate equations: 
T” =X\T (32.12) 
and 
OX” =AX. (32.13) 


The boundary condition (32.4) demands that X(0)T(t) = 0 for all t > 0, 
thus X (0) = 0. Similarly, the boundary condition (32.5) leads to X(a)T(t) = 
0 and hence X(a) = 0. Thus, in view of (32.13) the function X has to be a 
solution of the eigenvalue problem 


yn ae =0, X(0)=0, X(a)=0. (32.14) 
Cc 


The eigenvalues and eigenfunctions of (32.14) are 


nn? Ce NTL 


Aw =——a— Xn(#)=sin——, 2 =1,2,---. (32.15) 


a 


With A given by (32.15), equation (32.12) takes the form 


ea 
a 
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whose solution appears as 


t 
Eb gi. eh os (32.16) 
a 


t 
T(t) = an cos a 


where a, and b, are the integration constants in the general solution. 


Therefore, it follows that 


(32.17) 
is a solution of (32.1). Clearly, u(x, t) satisfies conditions (32.4) and (32.5), 
and it will satisfy (32.2) provided 


S~ an sin = f(x), (32.18) 
n=1 a 
which is the Fourier sine series for f(a). Consequently, a, is given by 
2° f | Tx 
a == | f(a) sin —dz, n=1,2,---. (32.19) 
a 0 a 


Likewise condition (32.3) will be satisfied provided that 


sin" (»..) = g(x) (32.20) 
n=1 a 


and hence 


which gives 


2 . ; 
by = — | g(x)sin ade, n=1,2,---. (32.21) 
a 


We conclude that the solution of the initial-boundary value problem 
(32.1)—(32.5) is given by (32.17) where a, and b, are as in (32.19) and 
(32.21) respectively. This solution is due to Daniel Bernoulli. 


Example 32.1. We shall find the solution of (32.1)—(32.5) with c = 
2,a=7, f(x) =a(n-— 2), g(x) = 0. From (32.21) it is clear that b, = 
0, n > 1. Now from (32.19) we have 
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rid 
| x(a — &) sin nada 
0 
rid ri 
[ [ xsinnadx — | x? sin nde] 
0 0 
—axcosnz|" 1 
m4 ——| +- cos nadx 
n g Rio 


2 me 
{ x COSNX 


= ff seosnaae} 
+= x cos nxdx 
o MJo 


Alm Alm Alw 


2, -—acosnm = Tcosnt 2 sin na |" ie sin nx 
= — T-__ ——_—__—_—_——_ — ——_—_ _— ——————_ 

T n n n lp 9 7 

2 — (-1)"t1n? 2 cos nx 

T n n n lo 

22 f1-(-1)"] 4 
= ee 1 _ —l ie is 

Tn? | n me. Ce 


Thus, the solution of (32.1)—(32.5) in this particular case is 


Co 


4 
u(z,t) = ~ — [1 — (—1)"] cos 2nt sin na 
n=1 
- +s — cos 2(2n + 1)tsin(2n + 1)a. 
= m(2n + 1)3 


Now for simplicity we assume that g(x) = 0, ie., the string is initially 
at rest. We further define f(a) for all x by its Fourier series (32.18). Then, 
f(a) is an odd function of period 2a, i.e., f(—a) = —f(a) and f(a + 2a) = 
f(x). With these assumptions b, = 0, n > 1 and thus the solution (32.17) 
by the trigonometric identity 


. nx ni«ct 
sin —— cos = 
a a 


1 . nT . nT 
= (sin —(x+ ct) + sin —(ax — ct)) 
2 a a 


can be written as 
(x,t) 3 (si “7 (e + ct) + sin “( t)) 
== sin — sin —(x — 
UL, 2 an 1 a x Cc a Cc ; 


n=1 


which in view of (32.18) is the same as 


[f(a + ct) + f(x — ct)]. (32.22) 


NlR 


u(a,t) = 


This is d’Alembert’s solution. It is easy to verify that this indeed satisfies 
(32.1)—(32.5) with g(a) = 0 provided f(z) is twice differentiable. To realize 
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the significance of this solution, consider the term f(a—ct) and evaluate it at 
two pairs of values (x1,t1) and (2, t2), where tg = t1 +7, and a = a -+cr. 
Then 21 — ct) = xg — ctg and f(a — ct) = f(a2 — ctz), which means that 
this displacement travels along the string with velocity c. Thus, f(x — ct) 
represents a wave traveling to the right with velocity c, and similarly, f(a+ 
ct) represents a wave traveling to the left with velocity c. It is for this reason 
that (32.1) is called the one-dimensional wave equation. 


Lecture 33 


The One-Dimensional 
Wave Equation (Cont’d.) 


In this lecture we continue using the method of separation of variables to 
solve other initial-boundary value problems related to the one-dimensional 
wave equation. 


Suppose that the vibrating string is subject to a damping force that is 
proportional at each instance to the velocity at each point. This results in 
a partial DE of the form 


Ox? CP 


arte) O<a<a, t>0, c>0. (33.1) 


uo (3 Ou 
We shall consider this equation together with the initial-boundary condi- 
tions (32.2)—(32.5). In (33.1) the constant k is small and positive. Clearly, 
if k = 0 the equation (33.1) reduces to (32.1). 


Again we assume that the solution of (33.1) can be written as u(x,t) = 
X(x)T(t) 4 0, so that 


X"(a)T(t) = 4(X(x)T"(t) + 2kX(a)T"(t)) 


Ce 
and hence 
xX" _ Git +2kT"’ _ \ 


xX eT . 
which leads to 
X"—)\X =0, X(0)=X(a)=0 (33.2) 
T" 42hT’ —A\PT =0. (333) 
For (33.2), we have 
2,2 
Mi = a , Xp,(x) = sin = 


With A = A, = —n? x? /a? equation (33.3) takes the form 


nc? 


Te he DT Tn = 0. (33.4) 


a2 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_33, 
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The auxiliary equation for (33.4) is 


2,22 
m? +2km + = 0, 
a 
ca 2,22 
(m +b =- (“SS -) 
a 
and hence 


2,22 1/2 
m=—k+ipun where in=(* = - 1?) : 


Recall k > 0 and small, so pp, > 0, n> 1. 
Thus, the solution of (33.4) appears as 
Tn(t) = e—* (an COs pint + bn Sin pint) . 


Therefore, the solution of (33.1) which satisfies (32.4) and (32.5) can be 
written as 


co 
u(x,t) = S e* (an COS [int + bp Sin fint) sin —: (33.5) 
a 
n=1 


This solution satisfies (32.2) if 


f(x) = So an sin ——, 
n=1 
which gives 
9 a 
ay == | f(x) sin “dz, n=1,2,---. (33.6) 
a Jo a 


Finally, condition (32.3) is satisfied if 


= NTL 
g(0) = (kay + ban) sin 


n=1 


and hence 


which gives 


n 2 
by = (i g(x) sin ni de, n=1,2,---. (33.7) 
Ln LMn@ Jo a 
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In particular, we shall find a, and b, when g(a) = 0, and 


From (33.6), we have 


2 79 @ D 
Qn = / n—sin“ae + | n(2- =) sn Ey 

a 0 a a a/2 a a 

2h 206 NTx ( a ) 2 . nT a? i 

= — — | cos — (—— } — —sin — { —-—— 
a a a nt a a nea 7) ng 
{( =) NTx a 2\ . nrx a? . 
+ = — cos“ (-+) =) ——]) sin: S505 
a a nT. a a nT 2=a/2 


2h 2 a? 2. ni 
a eee sin — 
a a ner 
8h sinn7/2 
a ry 


Finally, from (33.7) in view of g(x) = 0, we find b, = kan/pn. 


Now we shall assume that for the vibrating string the ends are free— 
they are allowed to slide without friction along the vertical lines « = 0 
and x = a. This may seem impossible, but it is a standard mathematically 
modeled case. This leads to the initial-boundary value problem (32.1) 
(32.3), and the Neumann boundary conditions 


us(0,t)=0, t>0 (33.8) 
Uz(a,t)=0, t>0. (33.9) 


In this problem conditions (33.8), (33.9) are different from (32.4), (32.5); 
therefore, if we assume a solution in the form u(x,t) = X(x)T(t) 4 0, X 
must satisfy the eigenvalue problem 


x" Ax =o 
c 


X'(0) = X"(a) =0 (instead of X(0) = X(a) =0). 
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For this problem the eigenvalues are 


nn? C7 


2 ? 


Ao = 0, An = 


a 
and the corresponding eigenfunctions are 
Xo(z) = 1, Xp(x) = cos —, n=1,2,--- 
For Ap = 0 the equation T” — AT = 0 reduces to Tj’ = 0, and hence 
To(t) = bot + ao. 


For Ay, = —n? 1c? /a? the equation T” — \T = 0 is T” + (n?n2c?/a?)T, = 0 
and hence the solution is the same as (32.16). Thus, the solution of (32.1) 
satisfying (33.8), (33.9) can be written as 


u(z,t) = $0 Xn(w)Tn(t) = Xo()To(t) + D7 Xn(z)Trl(t), 
n=0 n=1 
or 
— nme _ NTC nna 
u(x,t) = (bot + ao) + d, (an cos oe + by, sin at) cos — —. (33.10) 
The solution (33.10) satisfies (32.2) if and only if 
= nna 
f(x) =ao+ Deas s 
and hence 
1 a 
a = - | f(a)da 
; a _ (33.11) 
ay = = | f(x) cos —dz, n=1,2,---. 
a Jo a 


Finally, the solution (33.10) satisfies (32.3) if and only if 


g(x) = bo + 2d by — cos ~< 
and hence 
1 a 
bo = a g(a)dx 
2 (33.12) 
2 & : 
bn = — g(x) cos dar, m= 1,2,++>. 
NTC 0 a 
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Thus, the solution of (32.1)—(32.3), (33.8), (33.9) can be written as (33.10), 
where the constants an, bn, nm = 0,1,--- are given by (33.11) and (33.12), 
respectively. 


Next we shall consider the equation of the general vibrating string 


) du\ _ p(x) Ou 


subject to the initial conditions (31.2), 
u(z,0) = g(a), ax<xr<B (33.14) 


and Robin’s boundary conditions (31.3), (31.4). These boundary conditions 
describe some type of an elastic or spring attachment at both ends of the 
string. Now following as in Lecture 31, although there is no steady state 
for the wave equation (33.13), we let v(x) be the solution of the problem 
(31.5), (31.6). Again, we define the function w(a,t) as in (31.10), which 


satisfies the wave equation 


a) Ow p(x) 0?w 
— (ke) ) = BS t Jl 
ay ( (x) =) 2 92 % <a<fP, t>0, (33.15) 
the initial conditions (31.19), 
wi(#,0) =g(4), a<a<Q, (33.16) 


and the boundary conditions (31.14), (31.15). We use the substitution 
w(a,t) = X(t)T(t) 4 0, which leads to solving 


(k(2)X")' + Lola) X =0 


agX (a) — a, X"(a) = 0 (33.17) 
doX (3) + diX"(3) =0 
and 
Tp OT =O. (33.18) 


o] 


0< 1 < A2 <--- and eigenfunctions X,,(a) of (33.17) appears as 


Thus, the solution of (33.15), (31.14), (31.15) in terms of the eigenvalues 


w(x, t) = S > (an cos Ant + bn sin V/Ant)Xn(2). (33.19) 
n=1 
This solution satisfies the initial conditions (31.19), (33.16) if and only if 


1, da Pl XnlayFa)dx Se (2) Xn()gla)de 


B . : os B ; 5 te 
Jo. P(@) Xp (a) dx VAn Jey P(t) X7 (x) dx 
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Finally, the solution of (33.13), (31.2), (33.14), (31.3), (31.4) is obtained 
from the relation u(x,t) = w(a,t) + v(2). 

Problems 


33.1. Solve the initial-boundary value problem (32.1)—(32.5) when 
(ij) a=7, c=5, f(x) =sin32, g(x) =4 
(ii) a=7, c=1, f(x) =2(7 — 2), g(x) =3 


vz, O<a<l1 

(iii) a=3, c=2, f(x~)=4 1, l<a<2 , g(x) =0 
3-a, 2<2“2<3 

(iv) a , c= 2/3, f(z) =sin? x, g(z) = sing 

(v) a ,c=l, f(z) = 2°(n — 2), g(x) = 0. 


33.2. <A tightly stretched string with fixed end points x = 0 and =a 
is initially in a position given by u = ug sin® ra’/a. If it is released from rest 
from this position, find the displacement u(z, t). 


33.3. The points of trisection of a string of length a are pulled aside 
through the same distance h on opposite sides of the position of equilibrium 
and the string is released from rest. Derive an expression for the displace- 
ment of the string of subsequent time and show that the midpoint of the 
string remains at rest. 


33.4. Solve the initial-boundary value problem (32.1)—(32.4), uz(a, t) 
= 0, t > 0, i.e., the string is fixed at the end x = 0 and free at the end 
C=O. 


33.5. Solve the initial-boundary value problem (32.1)—(32.3), (32.5), 
u,(0,t) =0, t > Oie., the string is free at the end x = 0 and fixed at the 
end 7 =a. 


33.6. Suppose that wu is a solution of the initial-boundary value 
problem (32.1)—(32.3), 


u(0, t) A, t>0 


; 33.20 
u(a,t) = B, t>0 ( 


where A and B are constants. Show that if 


v(x,t) = u(z,t) + (: — *) Ase (33.21) 
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then v is a solution of the initial-boundary value problem (32.1), 


«t—-a 


v(e,0) = f(a) + ( 


(32.3)—(32.5). In particular, solve the problem (32.1)—(32.3), (33.20) when 
(i) a=, c=1, f)=2(7-2), g(z)=3, A=0, B=5 
(i) a=n7, c=1, f(x) =27* (4-2), g(x) =0, A= B=2. 


) 4-2s, O<a2<a (33.22) 
a 


33.7. Consider the particular case of the telegraph equation (32.10), 
vin + 2a, + a2v = C Une, 


with the initial conditions v(#,0) = d(x), v:(x,0) = 0 and the boundary 
conditions v(0,t) = v(a,0) = 0. Show that the change of variable u(x,t) = 
e~“u(z, t) transforms this initial-boundary value problem to (32.1)—(32.5) 
with f(a) = d(x) and g(x) = ad(z). 


33.8. Solve the initial-boundary value problem (33.1), (32.2)—(32.5) 
when 
(Gi) a=1,c=1, k=1, f(x) = Asinaz, g(x) =0 
(ii) a=7,c=1, k=1, f(x) =a, g(x) =0. 


33.9. Solve the initial-boundary value problem (32.1)—(32.3), (33.8), 
(33.9) when a, c, f(x) and g(a) are the same as in Problem 33.1 (i)—(v). 


33.10. Show that the solution (32.17) of (32.1)—(32.5) can be written 
as 


x+ct 
u(x,t) = ee + ct) + f(a — ct)] 4 : / g(z)dz. 


2c —ct 


This is d’Alembert’s solution. Thus, to find the solution u(x,t), we need to 
know only the initial displacement f(a) and the initial velocity g(a). This 
makes d’Alembert’s solution easy to apply as compared to the infinite series 
(32.24). In particular, find the solution on —co < « < oo, t > 0 when 


(i) f(a) =1/(1+ 22), g(x) =0 

(i) f(z) =e7Fl, g(x) = 2e-™” 

(iii) f(x) =sechaz, g(x) = «/(1+27). 

33.11. The partial DE which describes the small displacement w = 


w(a,t) of a heavy flexible chain of length a from equilibrium is 


Ow Oy iq yyw 
a ag IN FP) age? 


where g is the gravitational constant. This equation was studied extensively 
by Daniel Bernoulli around 1732 and later by Leonhard Euler in 1781. 
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(i) Set y=a-—a, u(y,t) = w(a—2z,t) to transform the above partial DE 
to 
O7u Ou O7u 
— =jg— —. 33.23 
ae ~ 99_ + Moy (33.23) 
(ii) Use separation of variables to show that the solution of (33.23) which 
is bounded for 0 < y < a and satisfies u(a, t) = 0 is 


Ss Jo (2, i!) (an, COS Ant + by sin Ant), 
n=1 


where Ay, = (1/2)bo.nV/g/a and bo,» is a positive root of Jo(x). 


33.12. A bar has length a, density 6, cross-sectional area A, Young’s 
modulus EF, and total mass M = éAa. Its end x = 0 is fixed and a mass 
m is attached to its free end. The bar initially is stretched linearly by 
moving m a distance d = ba to the right, and at time ¢ = 0 the system 
is released from rest. Find the subsequent vibrations of the bar by solving 
the initial-boundary value problem (32.1), u(#,0) = ba, uz(x,0) = 0, (32.4) 
and murz(a,t) = —AEu;(a,t). 


33.13. Small transverse vibrations of a beam are governed by the 
partial DE 
O'u tu 


ap to 5g4 = % 0<a<a, t>Q0O, 


where c? = EI/Ap, and E is the modulus of elasticity, J is the moment of 
inertia of any cross section about the x-axis, A is the area of cross section, 
and yz is the mass per unit length. Boundary conditions at the ends of the 
beam are usually of the following type: 


(1) A fixed end also known as built-in or a clamped end has its displacement 
and slope equal to zero (see Figure 33.1a): 


u(a,t) = oa.) =0. 


(2) A simply supported end has displacement and moment equal to zero 
(see Figure 33.1b): 


(3) A free end has zero moment and zero shear (see Figure 33.1c): 


Oru Bu 
Byz st) = ag (a,t) = 0. 
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: 4 
iS) 1 
supported Yy Free 
end end 


Figure 33.la Figure 33.1 Figure 33.1¢ 


Find the solution for the vibration of a beam that has simply supported ends 
at « = 0 and x = a with the initial conditions u(xz,0) = f(x), u(#,0) = 
g(x), O0<a<a.In prebien m compute the solution when f(x) = Axz(a—<) 
and g(x) = 0. 


Answers or Hints 


33.1. (i) cos 15tsin 3a + paar Sante 


(ii) ye ooo cos(2n = 1)t + Grae sin(2n = 4] sin(2n —_ l)a 


sin 5(2n + 1)tsin(2n + 1)a 


Cees co 12 nT NTL 2nrt 
(ili) Dona wea? Sin SF cos “F sin “Z* cos “Bt 


; ‘ 2(2n—1)t 
(iv) $sinzsn—SS0™%, on Dian aT] sin(2n — 1)a cos erat 


(v) $+ DL, — xix cos 2nt cos2na + TO, ar 7 os | 
x cos(2n — 1)tcos(2n — 1)a. 


33.2. Use sin? @ = +(3sin — sin30), u(z,t) = 42 (3sin Zxcos 


—sin sty cos scr) , 


x, 0<a<a/3 
33.3. In (32.1)-(32.5), f(z) = 34 ¢ (a—22), a/3 <2 <2a/3, g(x) =0, 
(a —a), 2a/8<a<a 


" — Qh 1 2nt oun anne 
u(x,t) = 3 >= nai pe Sin #32 sin 222 x cos -222t, 


33.4 — Gn COS (2n— = aet + by, sin Stl aint Qn ire 
Qn = 2 [” f(x) sin Oxi) n>1, 


=a ae is g(x) sin Cn“ VF dep, n> 1. 


33.5 a Gn COS Qn—l ret + by sin (Qn— et 608 ne 


n=1 
an = 2 fy f(x) cos ate n>1 
_ 4 (2n—1)rx 
bn = Garayee Jo. g() cos Cn Re dy ,n>i. 
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33.6. (i) ee 4 ae 1 7g C08 2nt sin 2nx + pre 1 {loys = or 
x cos(2n — 1)t-+ gaa sin(2n — vet sin(2n — 1)a 


(ii) 2+ aa —535 cos 2nt sin 2nzx + a on _ ain 
x cos(2n — 1)tsin(2n — 1)a. 


33.7. Verify directly. 

33.8. (i) Aen? (cos Vit = Tt + ae sin Vr? = Tt) sin ma (ii) 2e-*x 
n+1 

[a +t)snz+ >”, = (cos vn2—1t+ a sin Vn? — Tt) sin ne] : 


33.9. Compute a, and b, using (33.11) and (33.12) and substitute in 
(33.10). 


33.10.Use sin Asin B = $[cos(A — ze —cos(A + B)] and (32.22). 


() 3 [redrar + =| (a) gle Pree Be 


da 
“% ic Perey, — ~~?) (iii) 4 (sech (x + ct) + sech (x — ct)) 
+z [In(1 +(x + ct)?) —In(1 + (a — ct)? )] ’ 


33.11.Compare the ordinary DE with (9.19). 


= co Anct os fat = 4absinay 
33.12.u/(z, t) = eae bn cos a sin where Da = Gn (2a, +sin 2a,) and 
Q, is a root of the equation tana = AEgh Use the fact that the set 


x 


cnt} is not orthogonal on [0, a], however, in view of Problem 18.4 the 
set {cos *} is orthogonal on {0, a}. 


33.13 See Problem 18.9(i), 7°, (1 cos oe + by sin cust) sin 222, 


2 ra : 
where a, = 2 f} f(x) sin 4dr, bp = te So 9 xz) sin “22 dz. 
8 Aa? oo 1 608 lores 1a a (2n+1)ra 

TS n=0 (2n+1)3 a? a : 


Lecture 34 


Laplace Equation 
in Two Dimensions 


In this lecture we give a derivation of the two-dimensional Laplace equa- 
tion and formulate the Dirichlet problem on a rectangle. Then we use the 
method of separation of variables to solve this problem. 


Consider the flow of heat in a metal plate of uniform thickness a (cm), 
density p (g/cm?), specific heat s (cal/g deg) and thermal conductivity k 
(cal/cm sec deg). Let the XY-plane be taken in one face of the plate. If the 
temperature at any point is independent of the z-coordinate and depends 
only on a, y, and time ¢ (for instance, its two parallel faces are insulated), 
then the flow is said to be two-dimensional. In this case, the heat flow is in 
the XY-plane only and is zero along the normal to the XY-plane. 


Figure 34.1 


Consider a rectangular element ABCD of the plate with sides Ax and 
Ay as shown in Figure 34.1. By Fourier’s law, the amount of heat entering 
the element in 1 sec from the side AB is 


= —kadxz (5) : 
Oy} y 


and the amount of heat entering the element in 1 sec from the side AD is 


= —kady (S*) ‘ 
t xv 


The quantity of heat flowing out through the side CD in 1 sec is 


= —kaAz ($*) : 
Oy ytAy 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
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and the quantity of heat flowing out through the side BC in 1 sec is 


= —kady (5) : 
rtAxr 


Hence, the total gain of heat by the rectangular element ABCD in 1 sec 
is 


= -hade(S*) - kody ($*) + kode( 3) +kody(5*) 
oy y Ox xc Oy ytAy Ox a+Aa 


Bu Bu ou) = () 
_ (ge ane = (pale (#3 ytAy oy y 
= kaAwrAy aa = + —— i, 
(34.1) 
Also the rate of gain of heat by the element is 
0 
- pArAyas—. (34.2) 


Thus, equating (34.1) and (34.2), dividing both sides by aAxvAy, and taking 
limits as Az — 0, Ay — 0, we get 


k Oru | Oru = Ou 
Oa2 | Oy2) oe’ 


Ou 5 (Pu On 
yee eh ee 4. 
a (= me a) co 


which is the same as 


where c? = k/(ps) is the diffusivity coefficient. 


Equation (34.3) gives the temperature distribution of the plate in the 
transient state. In the steady state, u is independent of t, so that uz = 0 
and the equation (34.3) reduces to 


Ast = Ure + Uyy = 0, (34.4) 


which is the well-known Laplace equation in two dimensions. Since there 
is no time dependence in (34.4), no initial conditions are required to be 
satisfied by its solution u(x, y). However, certain boundary conditions on 
the boundary of the region must be satisfied. Thus, a typical problem 
associated with Laplace’s equation is a boundary value problem. A common 
way is to specify u(x, y) at each point (x, y) on the boundary, which is known 
as a Dirichlet problem. 
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Now we shall use the method of separation of variables to solve the 
Dirichlet problem on the rectangle R=0<a2<a, 0<y<b,ie., find the 
solution u(z, y) of (34.4) on R satisfying the boundary conditions 


u(z,0) = f(a), O<a<a (34.5) 
u(a,b) =g(x), O<a<a (34.6) 
u(0,y)=0, O<y<b (34.7) 
u(a,y) =0, O<y<b. (34.8) 


This problem is illustrated in Figure 34.2. 


0 u(e,0)=f(e) @ 
Figure 34.2 


We seek a solution of (34.4) in the form u(x, y) = X(x)Y(y) 40. Thus, 
it follows that 
X"(a)¥ (y) + X(#)¥"(y) = 0, 


or 
X"o)  ¥"Yy 


lI 
=) 


which is the same as 


mee) = ew = (constant). 


X(t) Y(y) 
Hence, we have 
X"+X\X = 0, (34.9) 
and the conditions (34.7) and (34.8) imply 
X(0)=0, X(a)=0. (34.10) 


Also Y satisfies the differential equation 
y” —\Y =0. (34.11) 


The eigenvalues and eigenfunctions of the problem (34.9), (34.10) are re- 


spectively given by 
n2 7? 
az’ 


he = n=1,2,->- (34.12) 
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and 
NTL 


X,(x) = sin —, n=1,2,---. (34.13) 
a 


For A as given in (34.12) the general solution of the differential equation 
(34.11) is 


Yn(y) = an cosh ae ee b, sinh ss (34.14) 
a a 


Thus, the solution of (34.4) satisfying (34.7) and (34.8) can be written as 


Ma 


u(x, y) = (an cosh —2 + b, sinh a) sin. (34.15) 
a a a 


n=1 


Now (34.15) satisfies (34.5) if and only if 


love) 
 nnrx 
= ) an SIN ——, 
a 
n=1 


which gives 


9 a 
= =| f(z) sin “de, n=1,2,-". (34.16) 
a 0 a 


Finally, (34.15) satisfies (34.6) provided 


= > (0 cosh —— ae b, sinh a sin —. 
wet a a 


which gives 


nab 2 * 
Gn cosh —— + b,, sinh an = - | g(x) sin un dix 
a a a Jo a 
and therefore 
b 2 f* 
by, sinh a | g(a) sin mm da — Gy, cosh on 
a a Jo a a 
which in view of (34.16) gives 
1 van 
sinh [a Jo a 


" (34.17) 
ae [re ) sin de , n>1. 


Hence, the solution of the boundary value problem (34.4)—(34.8) is given 
by (34.15) where a, and by, are as in (34.16) and (34.17), respectively. 
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In particular, we shall solve the boundary value problem (34.4)—(34.8) 
with f(#) = 0, g(a) =a, a=1, b=1. Clearly, from (34.16) and (34.17), 


we have 


GQ, = 0, n2>1 


1 1 
b, = — 2 / esinnneds| 
sinh nz 0 
1 7 2(-1)""1 


2 x COS mr 


sinh na nt s=0 nasinhn7 


Thus, the solution in this particular case is 


= 2(-1)"*1 
u(2,y) = d, nasinbnq ue nry sinnre. 


Next we note that as for the problem (34.4)—(34.8) the solution u(x, y) 
of the Dirichlet problem (34.4) on the rectangle R satisfying the boundary 
conditions 


u(z,0)=0, O<a<a (34.18) 

u(z,b)=0, O<a<a (34.19) 

u(0,y)=h(y), O<y<b (34.20) 

u(a,y) =k(y), O<y<b (34.21) 

(see Figure 34.3) can be written as 
y 
Figure 34.3 
=>- (an cosh ““* + g,, sinh =) sin — (34.22) 


n=1 


where 


9 pe 
Qn = = | h(y) sin PTY oy, n=1,2,--- (34.23) 
0 
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and 


sinh - 


9 b 
— (cos *7*) = f h(y) sin —“ dy , n=1,2,--: 
b / b Jo b 


(34.24) 
In the particular case h(y) = Ay(b—y), k(y) = 0 this solution simplifies 


1 of? 
i = =e ef k(y) sin 2 dy 
b Jo b 


to 


sin 


u(x, y) = 2n + 1)3 Siri aes 5 b 


13 
n=0 


8.Ab? 3 1 sinh Cnt UF (q —2) . (Qn+1)0 
( 


Finally, from the linearity of the problem as well as by direct substitution 
it is clear that if ui(x,y) is the solution of the problem (34.4)—(34.8) and 
u2(x,y) is the solution of the problem (34.4), (34.18)—(34.21) then 


u(x, y) = wil, y) + vale, y) (34.25) 


is the solution of the Dirichlet problem (34.4) on the rectangle R satisfying 
the boundary conditions (34.5), (34.6), (34.20), (34.21) (see Figure 34.4). 


0 u(z,0)= f(x) 4 
Figure 34.4 


In particular we shall solve the boundary value problem (34.4), (34.5), 
(34.6), (34.20), (34.21) with f(x) = x, g(x) = 0, h(y) = siny, k(y) = 
0, a=b=1. From (34.16), (34.17), (34.23) and (34.24) it follows that 


2(—1)rt1 2(-1)” 
i= comes eee by = =) coth ni 
nm nT 
(—1)"*12nz sin 1 —1)"*!2n7sin 1 
An = a By, = —coth a a 4 
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Thus, the solution in this case appears as 


us (x,y) + ua(ax, y) 


u(x, y) 


Sess 2(— Lett 9(—1)” 
= y aa cosh nay + ee coth naz sinh nay| sin nTx 
nT 
=1 


3 


— 


a= yes 2n7 sin 1 ak 
a NTL 
—— 1 . 


n=1 
(—1)"*12n7 sin 1 


— coth nm a 


sinh nms| sin ny. 


Problems 


34.1. Solve the Dirichlet problem (34.4)—(34.8) with 
(i) a=2, b=1, f(x) =0, g(x) = 
(ii) a=1, b=1, f(x) =a, g(x) =sinra 
(iii) a= 2, b=2, f(x) =e”, g(x) =4 cosa. 

34.2. Solve the Dirichlet problem (34.4), (34.18)—(34.21) with 
(i) a=1, b=1, h(y) = 0, k(y) = (1/2) cosy 

34.3. Solve the Dirichlet problem (34.4)-(34.6), (34.20), (34.21) with 
(i) a@=1, b=1, f(z) =2, g(x) =sinzz, Aly) =0, Hy) = (1/2) cosy 
(i) a=1, b=1, f(z) =2, g(x) = sina, Aly) = (1/2) cosy, Hy) =0 
Gi) @=1,b=1, f(a) =jsmnz, ge) =a; hig) Ss, Ay) = 0. 


34.4. Show that Neumann boundary value problem Agu = 0, uy(z, 0) 
= f(x), uy(x,b) = g(x), us(0,y) = 0 = uz(a,y) has an infinite number of 
solutions. 


34.5. Solve the Laplace equation (34.4) in the rectangle R = 0 < 
x <a, 0< y < 1 subject to the mixed boundary conditions u(#,0) = 
Tocosz, u(z,1) = Tycos? xz, uz(0,y) =0, uz(a, y) = 0. 


34.6. Solve the Laplace equation (34.4) in the rectangle R = 0 < 
x <1,0< y < 1 subject to the mixed boundary conditions u(#,0) = 
-, Uy (x, 1) = 0, uz (0, y) = 0, Un 1, ¥) = 0. 
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34.7. Solve the Laplace equation (34.4) in the rectangle R = 0 < 
z<1,0< y < 1 subject to the mixed boundary conditions u(a,0) = 
0, Uy (1/2) — a, Uy(z, 1) = (1/2) — a, Ux(0, y) = 0, Ux(1, y) = 0. 


34.8. <A rectangular plate with insulated surface is a cm wide and 
so long compared to its width that it may be considered infinite in length 
without introducing an appreciable error. If the temperature of the short 
edge y = 0 is given by f(x), 0 < x < a and the two edges x = 0, t =a 
are kept at 0°C, determine the temperature at any point of the plate in the 
steady state. In particular, solve this problem for 


(i) f(a) = To 


(ii) f(z) = cx 
“Si 20x, 0O<a<5 
(iii) a=10, f(x) = { 2010-2), 5<a<10. 


Answers or Hints 


34.1. (i) et CLE CoPD Ie. = (-1)"e ?| sinh “4 amy sin ae 


(ii) E cosh my + (1 — 229882) atau | sin7x 


+r 5 a as [cosh nay — coth nz sinh ny] sin na 


fore) nt n nT 2nnm(1—(—1)” cos2 
(iii) panes { 2a 5(1 = (—1) e”) cosh oo 7 aoe Jeon) 


— eet ejcothint) inh =} in BRE. 


n2ne2+4 sin 2 
‘ oo 1 nm(1—(—1)" cos1) .: F 
34.2. (i) Sonny Se ET inh never sin ny 


(a) yas nm (i— (A) cond) (cosh nzx — coth nz sinh n7x) sin nary 
(iii) 3, { Pat (1 —(—1)"e) cosh na — Seer 


+ 2nacoth ne (4 - (-1)"¢)| sinh na} sin ny. 
34.3. (i) ui(x,y) + u2(x,y) where uy is the solution of Problem 34.1(ii) 
and uz is the solution of Problem 34.2(i) (ii) ui(x,y) +u2(x, y) where wy is 
the solution of Problem 34.1(ii) and uz is the solution of Problem 34.2(ii) 


(iii) [cosh my + (2-3 —coshr) S24 au sin ra 


sinh 7 
ys co 2—n? 7? 4 \n 2 2sinh ny 
Sona nT? ( 1) ns | sinh nt sin nTa 


oo (—1)"*12n7 sin 1 - a 
+ nel) oo [cosh nx — coth nz sinh nra] ¢ sin ny. 


34.4. If u is a solution, then u+ K is also a solution. 
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34.5. Tp (4y + SahO-o) cog ae + Sh 2y cog 2x). 


34.6. $+ 37, _— cosh na(1 — y) cosn7a. 


cosh nt 
h((2n+1)7y) 
34.7. u(z,y) == De 07 Ont SEN OT pey cos((2n +1)r2). 
34.8. u(x,t) = 0, "79/4 sin AE ty == 2 fo £( )sin “dz, 
(i) 4to bj ‘ sao e —(2n+1)ry/a gi apenestin (ii) asa —_ : ea . 


= 1 mbt e = 2n—1 
e Pee sin 222 (iii) a ; oo D e7 (2n 1)ry/10 gj arm ea 


Lecture 35 


Laplace Equation 
in Polar Coordinates 


In this lecture we shall discuss the steady-state heat flow problem in a 
disk. For this, it is convenient to consider the Laplace equation in polar 
coordinates instead of rectangular coordinates. 


Consider the steady-state heat conduction problem for a flat plate in 
the shape of a circular disk with the boundary curve x? + y? = a?. In 
what follows we assume that the plate is isotropic; i.e., the flat surfaces 
are insulated, and that the temperature is known everywhere on the cir- 
cular boundary. The temperature inside the disk is then a solution of the 
Dirichlet problem (see Figure 35.1) consisting of Laplace’s equation in polar 
coordinates (see Problem 35.1) 


O2u 1du 1 07u 


——_ — — ————— | = < . 
72 trop + 723m 0, O<r<a, T<O< Tt (35.1) 
and the boundary condition 
u(a,0) = f(0), -—a<@<rT. (35.2) 
(9) 


A: \ 


Figure 35.1 


In problem (35.1), (35.2) we notice that r = 0 is not a physical boundary; 
rather we recognize it as a “mathematical boundary,” and for a solution 
u(r, 0) to be physically meaningful we need to impose at r = 0 the implicit 
boundary condition 


|w(0,8)| < 00; (35.3) 


i.e., the solution remains bounded at the origin. We also wish to allow @ to 
assume any value rather than restrict it to the interval —7 < @ < 7, and 
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hence we assume that (0), and consequently u(r,@) to be periodic with 
period 27. Thus, we also need the conditions 


u(r,7) =u(r,—7), O<r<a (35.4) 
Ou Ou 
39 (" T) = 99 (7): O0<r<a, (35.5) 


which are actually continuity requirements along the slit 6 = 7. The prob- 
lem (35.1)—(35.5) is often called as an interior problem. 


To solve (35.1)—(35.5) we assume u(r, 0) = R(r)O(0) 4 0. Clearly, equa- 
tion (35.1) becomes 


1 1 
R'O0+-R'O0+ =RO” =0, 
r r2 


which gives 
r2 R! + rR! Qe” 


an is 
and hence 
0” +\9=0, -1t<O0<07 (35.6) 
and 
rR’ +rR'-\R=0, 0<r<a. (35.7) 
Now (35.4) implies 
O(—7) = O(n), (35.8) 
whereas (35.5) gives 
9'(—7) = O'(z). (35.9) 


For (35.6), (35.8), (85.9) we know that the eigenvalues and eigenfunc- 
tions are 
Ao =0, Oo=1 


An=n? (n>1), On =cosnfO and sinné 
(two linearly independent eigenfunctions). 


(35.10) 
Next for A = 0, equation (35.7) is 
r?Ri +rRi =0 (35.11) 


for which the auxiliary equation is m(m—1)+m = 0, or m? = 0 and hence 
m = 0,0. Thus, two linearly independent solutions of (35.11) are 1 and 
Inr. However, in view of (35.3) the solution Inr is discarded because of its 
behavior at r = 0. Thus, we have 


Ro(r) =1. (35.12) 
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For A = Ap, = n?, equation (35.7) is 

rR +rR! —n? Ry, =0 (35.13) 
for which the auxiliary equation is m(m—1)+m—n? = 0, or m?—n? = 0 and 
hence m = n,—n. Thus, two linearly independent solutions of (35.13) are 


r” and r—”. However, since the solution r~” is unbounded as r approaches 
zero, to fulfill condition (35.3) we need to discard it. Thus, we obtain 


R,(r) =r". (35.14) 


Therefore, the solution u(r,@) can be written as 
u(r, 6) = als S- r” (Gp cosn@ + by sin nd). (35.15) 
n=1 
This solution satisfies (35.2) if 


u(a, 0) = f(0) = > + :> a” (ay, cos nO + by, sin né). (35.16) 


n=1 


Clearly, (35.16) is a Fourier trigonometric series, and hence 


an = <a | M(@)cosnddd, n>0 

o — (35.17) 
mn = <—f f(e)sinnodd, n> 1. 

ra” J__ 


In conclusion the solution of (35.1)—(35.5) can be written as (35.15), where 
Gy, and b, are given in (35.17). 


As an example we shall solve (35.1)—(35.5) with 


0, -a<60<-—7/2 
f@=¢ 1, -1/2<0<n/2 
0, w/2<0<7. 


From (35.17), we have 


1. pe? 1 
a =~ | L-dp=—-4=1 


T J—7/2 
1 nm /2 ae a/2 
in = — 1-cosn¢d¢ = eet 
Ta” J_me/2 Ta nm | as 


1 | nm, ( nn) 2 sin(n7/2) 
= — |sin — — sin |—-— }]) = ———— 
nia” 2 2 nma” 
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1 n/2 n/2 
bn, = — 1-sinnddd = = cos nb =0. 


n 
Ta —1/2 1/2 


Hence, the solution of (35.1)—(35.5) in this particular case is 


1 a 2 sin(na/2) r” 
0 —_ = eee 
u(r, 0) 5 + 2d = cos n@ 


Now in (35.15) we substitute the coefficients a, b,, from (35.17), inter- 
change the order of summation and integration, and use some elementary 
identities, to get 


u(r,@) = — ” F) w4+eo e osm ( " f() cos node 
+sinnd( f(¢) sinned) 
1 [” 1 oar 
= = f(¢) E + — (cos nf cos n@ + sin nd ina) do 
=f. 2 cos n@ cos s s 
= =] Ke) E + )>cosn(9 — 4)| ae 
TT n=1 
=f naff EEHermsenoy] a 
1 Le ia r _b\ n T _(9_¢)i n 
2a ae 1 oe 


Now since |e*”’| = 1, for r < a we can sum the geometric series, to obtain 


Lot re(0-9)i re~(0-8)i 
u(r.) = 5 f Fe) a ea dg, 
which is the same as 


c=) f(g) 
u(r, @) = ef. Buea ras oe) r<a. (35.18) 


This formula is called the Poisson integral formula. It shows that the tem- 
perature at any interior point (7,0) of the disk of radius a may be obtained 
by integrating the boundary temperatures according to the formula (35.18). 
In particular, if r = 0, then the temperature at the center of the disk is 


u(0,0)=5- | sede, (35.19) 
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i.e., the temperature at the center is the integral average of the boundary 
temperatures. This fact is called the mean value theorem and holds for all 
functions that satisfy Laplace’s equation on the disk. 


Now we shall find the solution of the Laplace equation (35.1) outside 
the disk r = a (see Figure 35.2). For this, again we assume that the 
conditions (34.2), (35.4), (35.5) are satisfied, but the condition (35.3) has 
to be replaced by 

jim |u(r, 0)| < ~. (35.20) 


Figure 35.2 


Clearly, for this exterior problem also all the steps remain the same as 
for the case r < a, except that the solution of (35.13) which satisfies the 
condition (35.20) is now r—”. This change leads to the solution 


ety) = —n ; 
era (a, cos nd + GB, sin nd), (35.21) 
where — 
= eS i f(¢) cosnddd, n>0 
TT 
ae ae (35.22) 
be = Sf f(e)sinnsde, 21. 


As an example, we let a = 1, and 


1, -17<6<0 
0) ={ 06, 0<0<r7. 


Then, from Example 19.3, we have 


an = An = 
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Thus, the solution of the interior problem can be written as 


2 nt 


1+% GS ,f(-l*-1 —1+(1—7)(-1)" , 
6 = 2 mp ss 0 3 6 
u(r, 9) pay ( a Cost + sinné }, 
—™7<0<T7 


whereas the solution of the exterior problem is 


14+4 < —1)"-1 pt a\(-1)" 
u(r, 0) = 2 +S¢ oo i cos n6 + nue er sin nb), 


2 nt 
n=1 


—7<O0< 7. 


Finally, comparing (35.15), (35.17) with (35.21), (35.22) we see that 
the only difference between the two sets of formulas is that r and a are 
replaced by r~! and a~!. Thus, with this change the Poisson’s formula for 


the exterior problem appears as 


ey uals f() 
u(r, 0) = oe fe Par ee =e r>a. (35.23) 


Problems 


35.1. Make the change of variables x = rcos@, y = rsin@ to show 
that Laplace’s equation (34.4) in rectangular coordinates becomes 


Pu 1ldu 1 Pu _ ; 
Or? r Or 2 002 | 
in polar coordinates. 


35.2. A circular plate of unit radius, whose faces are insulated, has 
upper half of its boundary kept at constant temperature 7; and the lower 
half at constant temperature T2. Find the steady-state temperature of the 
plate. 


35.3. Solve the Dirichlet problem (35.1)—(35.5) when 


(i) F(0) = 5(1 + cos 8), —17<O0<T7 
(ii) #0) = 51 +cos*0), —1<0<_n 
(iii) f(0)=|0|, -17<O0<7 


cos), —1/2<0< 7/2 


0, otherwise. 
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35.4. Show that a necessary condition for the existence of a solution 
to the Neumann problem (35.1) 


o] 


a (a,0) = F(0), —n<0<n (35.25) 


is that 


wT 


f(¢)do = 0, 
i.e., the mean value of the normal derivative on the boundary is zero. 
35.5. Solve the Laplace equation (35.1) in the wedge with three sides 


6=0, 6 = 6, and r = a (see Figure 35.3) and the boundary conditions 
u(r, 0) =0= u(r, 8), 0<r <a, and (35.2) for0< 6< £. 


Figure 35.3 


35.6. Solve the same problem as in Problem 35.5 with condition (35.2) 
replaced by the Neumann condition (35.25) for 0 < @ < #. 


35.7. The diameter of a semi-circular plate of radius a is kept at 0°C 
and the temperature at the semi-circular boundary at T°C. Show that the 
steady-state temperature in the plate is given by 


= 2n-1 
u(r, 0) = = d, — (=) sin(2n — 1)0. 


35.8. A semi-circular plate of radius a has its circumference kept 
at temperature k@(7 — 0), while the boundary diameter is kept at zero 
temperature. Find the steady-state temperature distribution u(r, 6) of the 
plate, assuming the lateral surfaces of the plate to be insulated. 


35.9. Solve the Laplace equation (35.1) in the annulus 0 < a? 
x? + y? < b? (see Figure 35.4) with the Dirichlet conditions u(a, @) 
£(), u(b, 0) = 9(8), —m<O<rm. 


< 
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DJ 


Figure 35.4 


Further, show that in the particular case f(0) = To, g(@) = T; the solution 
reduces to 


35.10. The velocity potential function u(r,6) for steady flow of an 
ideal fluid around a cylinder of radius r = a satisfies (35.1) for r > a with 
the boundary conditions 


ur(a, ) = 0, u(r, 7) = u(r, —6) 
lim [u(r, 0) — Uor cos 6] = 0. 
Find its solution and the components of the velocity. 


35.11. From the real part of the solution of Laplace’s equation in two 
independent variables 


ae’? + a+ iy 


Lr) eae ea 


show that Poisson’s integral 


al v(0) 
0 


20 a? +r? — 2ar cos(0 — ¢) 


do, 


where « = rcos@, y=rsin@ and V is an arbitrary function, is a solution. 


Answers or Hints 


35.1. Verify directly. 


35.2. SE2 + 2(7, — Tr) Or, sar?" sin(2n — 1)0 


7 n= In—1" 
— T14+T> T,—T>2 —1 2rsin 0 
77 + 4 tan (2 ) ‘ 
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35.3. (i) 4(1+4cos0) (ii) 4 + (1+ 3 cos0 + 12 cos30) (iii) $+ 
ye, MOU) © cosnd (iv) + 2 cos6 + Oe, Aen ore 7 cos nd. 


n=1 mm m(n7—1) 


35.4. Use Green’s theorem [J .(fAag — gAzf)dS = fp (13 - a3) ds. 


35.5. u(r, 0) = 3°, Anr”™/8 sin 220, Ay = 2a-"7/8 [? F(d) sin 22 ddd. 
n=1 B 0 B 


35.6. u(r, 60) = ¥, Anr™”/9 sin 2 79, An = 4 a‘ nn/B £” Fp ) sin “F bd¢. 
35.7. Use Problem 35.5. 
35.8. u(r,0) = 8 O° abe (£)°" | sin(Qn — 18. 


35.9. u(r,0) = $(cotdolmr)+ 30, (anr™+dnr—”) (An cosn6+B, sin nd), 
where the unknowns are determined by using the boundary conditions. 


35.10.u(r, 0) = 2(r?+a?) cos 0, Uz = 4(r?—-a? cos 26), uy = —Ba? sin 20. 


35.11. Verify directly. 


Lecture 36 


Two-Dimensional 
Heat Equation 


In this lecture we shall use the method of separation of variables to 
find the temperature distribution of rectangular and circular plates in the 
transient state. 


Suppose that for a thin rectangular plate which occupies the plane re- 
gion 0<a2<a,0<y< 5b, the top and bottom faces are insulated, and 
that its four edges are held at zero temperature. If the plate has the ini- 
tial temperature function u(z,y,0) = f(x,y), then in the transient state 
its temperature function u(x, y,t) is the solution of the following initial- 
boundary value problem (see Lecture 34): 


= Weg tty), O<e<a, Ox y<d, t50, e>0 (36.1) 


u(z,y,0) = f(z,y), O<a<a, O<y<b (36.2) 
u(z,0,t)=0, u(#,b,t)=0, O<a<a, t>0 (36.3) 
u(0,y,t) =0, u(a,y,t)=0, O<y<b, t>0. (36.4) 


We shall find the solution of (36.1)—(36.4) by the method of separation 
of variables. For this, we assume that 


u(x,y,t) = O(a, y)T(t) A 0 (36.5) 


so that ; 


and hence on dividing by ¢T, we get 


1 ye 
(dua + dyy) é = OT 
Arguing as before the common value of the members of this equation 
must be a constant, which we take to be —\?. The equations that result 
are 
bea + byy =—r°6, O<a<a, 0<y<b (36.6) 


T'+NCT=0, t>0. (36.7) 
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It is also clear that (36.3) implies 
o(x,0) =0, (a,b) =0, (36.8) 
whereas (36.4) implies 
$(0,y) =0, (a,y) = 0. (36.9) 
Next to solve (36.6), (36.8), (36.9) we assume ¢(a,y) = X(x)Y(y), to 


obtain 
Xa). Y¥"(y) 


X(x) — Y(y) 
The sum of a function of x and a function of y can be constant only if these 
two functions are individually constant, i.e., 


=—-, U<2 <4, eye t, 


— =constant, — = constant. 
xX Y 


We assume that 


xX" y" 
“—_=- yp? and y= -v*, (ie, 2 =p? +’) 


xX 
so that 
X" + p?X =0 (36.10) 
Y" +1°Y =0. (36.11) 
From (36.8) and (36.9) it also follows that 
X(0)=0, X(a)=0 (36.12) 
Y(0)=0, Y(b)=0. (36.13) 
For (36.10), (36.12) the eigenvalues and eigenfunctions are 
mn mara 
Men, = ——>-)— Xm(x) = sin » m=1,2,---. (36.14) 
a a 


Similarly, the eigenvalues and eigenfunctions of (36.11), (36.13) are 


w= Y(y)=sin—2, n=1,2,--. (36.15) 
b? b 
Notice that the indices n and m are independent. This means that ¢ will 
have a double index. Thus, a solution of (36.6), (36.8), (36.9) can be written 
as 


dmn(@,Y) = Xm(x)Yn(y), a = ue + v2. (36.16) 
For A = Amn, equation (36.7) takes the form 


Tota lin 0, 
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which gives 
Tmn(t) = exp (—A7,,€°t) . (36.17) 


Hence, in view of (36.5), (36.16), and (36.17), the solution u(z, y, t) of (36.1) 
satisfying (36.3) and (36.4) can be written as 


L,Y; isin sin exp —)? ct ; 36.18 
Lyst b mn 
m=l1n=1 
where aa a 
2 mn no 
Man = 2 + 2 (36.19) 


Finally, this solution satisfies (36.2) if and only if 


f(a,y) = ule, y,0 3 3 Onn sin —— sin (36.20) 


m=l1n=1 


Multiplying (36.20) by sin(pra/a) and integrating over [0, a] gives 


mre . pra nry 
med — mn ra Tz: 
[ tensin® c= sy" ([ sin = sin v) sin ? 


m=l1n=1 


However, since 


[sn ME inde =f 07? mes 
0 a a 0 if mA¢Ap 


it follows that 
[a f(x,y) sin mde = a = On 5 sin a (36.21) 
Now multiplying (36.21) by sin(qry/b) and integrating over 0, b], we find 


b a 
| (/ f(x,y) sin 7 ar) sin dy = a : Opn = cf sin — sin dy, 


which is the same as 
a b 
b 
[ | (ey) sin sin S GY dedy = = > 5404 


and hence 


can = ff He)sin 


sin <A dedy. (36.22) 
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Therefore, the solution of (36.1)—(36.4) appears as (36.18) where damn, 
are given by (36.22). 


In particular, we shall find the solution of (36.1)—(36.4) with a = b = 
mt, c=1and f(x,y) = xy. Clearly, from (36.22) we have 


Qmn = ah f zy sin ms sin nydxdy 
is m(- 1 de 7 4(-1)™*™ 
7 - m n 7 mn | 


Hence, in view of (36.18), (36.19) the solution in this case is 


co co A(—1)mtn 
u(z,y,t) = 2 S oe sane nye Or tn? )t, 


Now we shall consider the heat equation (36.1) on a circular plate 0 < 
x+y? <a”. From Problem 35.1 it follows that (36.1) in polar coordinates 
can be written as 


1 1 
us = 2 (oy + Pun + ume) O<r<a, -1t7<O0<7, t>0, c>O0. 
r r 


(36.23) 
We will find the solution of (36.23) subject to the initial and boundary 
conditions u(r,?,0) = f(r) and u(a,0,t) = 0. Since these two conditions 
are independent of 6, we must expect that u will also be independent of 0, 
i.e., u=u(r,t). Thus, the problem we wish to solve is— 


1 
w= (opt tun), O<r<a, -7<0<80, t>0, c>0 (36.24) 
r 


u(r,0)= f(r), O<r<a (36.25) 
u(a,t)=0, t>0 (36.26) 
|u(O,t)| < co, #>0. (36.27) 


Let u = u(r, t) = R(r)T(t) F 0 in equation (36.24), to obtain 


T’  R’+2R 


— =—_—)? 
eT R : 
which leads to the ordinary DEs 
rR" +R +rVR=0 (36.28) 


and 
tT +eNMT =0. (36.29) 
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Note that (36.28) is the Bessel equation of order zero (see Problem 9.5), 
and hence its solution is 


R(r) = AJo(Ar) + BJ? (Ar). (36.30) 

In view of (36.26) and (36.27) we need this solution to satisfy 
R(a) =0 (36.31) 
|R(0)| bounded. (36.32) 


However, since J°(Ar) — oo as r — 0, condition (36.32) implies that in 
(36.30) the constant B must be zero. Now the condition (36.31) is satisfied 
provided AJo(Aa) = 0, ie., Aa should be a root of the equation Jo(a) = 0. 
The function Jo(a@) has infinitely many positive zeros, which we write as 
Qn, n = 1,2,---. Thus, the solution of (36.28), (36.31), (36.32) can be 


written as Ps 
Rr) =JoAnr), An =, N= 1,20. (36.33) 


Now with \? = \? the solution of equation (36.29) appears as 
T(t) = en? (36.34) 
Hence, the general solution of (36.24), (36.26), (36.27) is 


u(r, t) = S> Ane" tg(Anr). (36.35) 


n=1 


This solution satisfies the condition (36.25) if and only if 
f(r) = $2 Andon). (36.36) 
n=1 


To determine the unknowns A,,, n = 1,2,--- we recall the orthogonality of 
the Bessel functions. We multiply (36.36) by Jo(Amr)r and integrate over 
0 to a, to obtain 


i f(r) JoAmr)rdr = Am f Je (Amr) rdr; 
0 0 
and hence in view of (13.7), we have 


_ JE FO)JoAnrirdr — 2J8 F()JoAnryrdr 
a fe ROnrirdr ~~ @dZOqa) 2° (36.37) 


In conclusion, the series (36.35) where A, given by (36.37) is the solution 
of the initial-boundary value problem (36.24)—(36.27). 
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When f(r) = uo, we can use Problem 9.2(v), to get 


2uo0 


An = aya) 
An@dJ1 (Ana) 


and hence in this particular case the solution (36.35) reduces to 


_ = iL =)? ct 
u(r, t) = 2u0 Tay Jo(Ant). 


Problems 


36.1. Find the solution of the initial-boundary value problem (36.1)— 
(36.4) when 
(Gj) a=b=n7, c=1and f(z,y) =sinzsin2y 
(ii) a=b=n7, c=1and f(a,y)=a2+4+y. 

36.2. Find the solution of the initial-boundary value problem (36.1), 
(36.2) 
, Uy (a, b, t) 0O<a<a, t>0 


=> 0, 
(36.38) 
? ux(a, y, t) = 0, O0<y<b, t>0. 


36.3. Find the solution of the initial-boundary value problem (36.1), 
(36.2) 
u(a,0,t)=0, u(az,b,t)=0, O<a<a, t>0 


36.39 
uz(0,y,t) =0, ur(a,y,t)=0, O<y<b, t>0. ( ) 


36.4. Find the solution of the initial-boundary value problem (36.1), 
(36.2) 


Uy(x,0,t) =0, Uuy(#,b,t)=0, O<a<a, t>0 


36.40 

u(0,y,t)=0, usz(a,y,t)=0, O<y<b, t>0. ( ) 

36.5. Find the solution of the initial-boundary value problem (36.1), 
(36.2) 


0<a2< a ->0 


O<y<b, t>0. 


u(x,0,t)=0, uy(z, b, t) (36.41) 
— 0, , 


u(0, ¥, t) Ux(a, y, t) = 0, 


36.6. Find the solution of the initial-boundary value problem (36.24), 
(36.25), (36.27), and u,.(a, t) = 0. In particular, show that when f(r) = uo, 
then u(r,t) = uo. 
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36.7. Assume that a circular plate of radius a has insulated faces and 
heat capacity s calories per degree per square centimeter. Find u(r,t) by 
solving (36.24)—(36.27) when 


qo 
f(r) = sTre2” 
0, e<r<a. 


O0<r<e 


Further, use the fact that J,(”)/2 — 1/2 as x — 0 to find the limiting 
solution as € — 0. 


36.8. Find the solution of the initial-boundary value problem (36.24), 
(36.25), (36.27), and hu(a,t) + ku,(a,t) = 0, h > 0, k > 0. In particular, 
find the solution when f(r) = uo. 


36.9. Let u(r,t) be the temperature in a thin circular plate whose 
edge, r = 1 is kept at temperature wu = 0, and whose initial temperature 
is wu = 1, when there is surface heat transfer from the circular faces to 
surroundings at temperature zero. The heat equation can then be written 
as 


Ut = Ure + —u, — hu, 
r 


where h is a positive constant. Find the series expansion of u(r, t). 


Answers or Hints 


$6.1. G) u(e,y,t) =e" sm esin dy Gi) w(e,;y,t) = > a Ht aan X 
e-(m +n*)t f (-1)™ — (-1)" + 2(-1)"*™} sin mz sin ny. 


36.2. u(x, y,t) = 79 Dieg @mn cos @22 cos “44 exp (—A?.,,c7t), an = 


36.3. u(x y, t) = OP 1 Amn cos “# sin = exp (—A?,,c7t), an = 


36:4. 042) = >, 3 De Oren Si Gmti)re cos 222 exp (—A?,,, 74), 
2 = (Qm+1)?n? _ nen? 


mn 4a2 T b2.° 


$6.5. u(%, 9,1) =), 6) oe sin 2mtire sin 22+ Lary exp (—A?2_,,c7t), 


2 (2m+1)?27? Ai (2n41)? 7? 
mn ~~ 4a 4b2 : 


36.6. u(r,t) = Bo t+ Oo, Bye’ tJo(Anr), where Ayn = Apn/a, An isa 
2 fe f(r) Jo(Anr)rdr 


positive root of Jj(a) = 0, Bo = 4 fi rf(r)dr, Bn = EO) aa 
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use Ji (Qn) = —J}(an) = 0. 
2 eo) Ji (Ane) .—)? c? oo 
Site Ser ey 4 Fane) fa Ane Ig Ant) > sata ona Fay * 


en Anet Jy(Anr) where An, = Ap /a and dy is a positive root of Jo(a) = 0. 


56.8, ued) = 4 Cent Jg(Anr), Where An = Qn/A, On is a positive 
22 [° f(r) Jo(Anr)rdr 
root of HJo(a) + aJj(a) = 0, H = ah/k, Cy = oS , 


eo) AnaJ1(Ana —)? ¢? 
u(r, t) = 2uo penne CHLEES can ORK Xn € Jo(Anr)- 


36.9. u(r,t) = 2e°" OE, oe Mt, where A; are the positive roots 


Lecture 37 


Two-Dimensional 
Wave Equation 


Using the method of separation of variables in this lecture we shall 
find vertical displacements of thin membranes occupying rectangular and 
circular regions. 


The vertical displacement u(x,y,t) of a thin rectangular membrane, 
which is homogeneous, perfectly flexible, maintained in a state of uniform 
tension, and occupying the plane region 0 < « < a, 0 < y < b satisfies the 
two-dimensional wave equation 


Ut = C’ (Uae + Uyy); 0O<a<a, 0<y<b, c>0, (37.1) 


where the positive constant c depends on the tension and physical properties 
of the membrane. If all four edges of the membrane are fixed, and it is given 
the initial shape f(x,y) and released with velocity g(x,y), then u(z, y, t) 
satisfies the initial conditions (36.2), 


ur(x,y,0) = g(a,y), O<a<a, 0<y<b (37.2) 
and the boundary conditions (36.3), (36.4). 


Following exactly as in Lecture 36, the solution of the initial-boundary 
value problem (37.1), (36.2), (37.2), (36.3), (36.4) can be written as 


o] o] 


a . _ mr , niry 
u(xz,y,t) = Amn COS Amnct + bmn Sin Amnct) sin sin ——, 
n= | ) 

(37.3) 
where Amn and @mn are the same as in (36.19) and (36.22), and 
4 a pb _ mmx. nmry 
4 = — g(a, y) sin sin —dady. (37.4) 
abcAmn 0 0 a b 


Now we shall consider the motion of a vibrating circular membrane that 
is clamped along its edge. We assume that the center of the membrane is at 
the origin of a polar coordinate system and the edge of the membrane lies 
on the circle r = a. Let u(r, 6,t) represent the displacement of a point (r, 6) 
of the membrane at time t. Again we assume that the membrane in thin, 
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homogeneous, perfectly flexible, maintained in a state of uniform tension, 
and subject to no external forces. Under these assumptions the equation 
of motion of the membrane is 
10 Ou 10u ss 1 Pu 
-—(r—]|+53—a=3—a_:*0 - 0< t>0. (37.5 
r Or (3) oe @ oe” 1 S8r RSS he te ere) 
Since the membrane is clamped along its edge, we have 

u(a,6,t) = 0 (37.6) 
for all @ and positive t. 


We assume that the membrane is set into motion by displacing its equi- 
librium position. Since there are no external forces, we can assume that 
there are possible modes of vibration in which the motion of each point is 
periodic. A normal mode of vibration is one in which all points of the mem- 
brane vibrate with the same period and pass through their equilibrium 
positions at the same time. We shall search for normal modes of vibra- 
tion by considering possible displacement function of the form u(r, 6,t) = 
u(r, 0) cos(wt + d), where w and d are some constants. 


Since the membrane is circular, the function v must be periodic in 6 
with period 27. For simplicity, we assume that u(r, 6) = R(r) cos né, where 
n is a nonnegative integer. Thus, it follows that 


u(r, 6,t) = R(r) cos(n@) cos(wt + d). 
A substitution of this choice of u into (37.5) and (37.6) yields 


dR dR w 2 
27 — _ 2 2 — = 
ra +r ip ++ ( =) rm—n | R=0, R(a)=0. (37.7) 


From the considerations in Lecture 9, the general solution of the Bessel 
DE in (37.7) can be written as 


R(r) = AJn (=r) BT, (=r) ' (37.8) 


where A and B are arbitrary constants. Clearly, from the physical rea- 
sons the displacement at the origin should be bounded; however, since 
lim; |J-n(wr/c)| — oo, we must have B = 0. Finally, the condition 
R(a) = 0 is satisfied provided 


0 = R(a) = AJn (=) 


Thus, the constant w = cbn,p/a, where b,, is a root of J,(x). Hence, any 
function of the form 


On nm 
u(r, 0,t) = AJp (“2,) cos(né) cos (faze + a) 


gives a normal mode of vibration for the circular membrane. 
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Now we shall consider the vibrations of a circular membrane governed 
by the initial-boundary value problem (37.5) 


o] 


u(r,0,0) = f(7,@), O<r<a, -17<O0<7 (37.9) 
Ou 

Bp 6 9:9) = alr), O<r<a, -17<0<7T (37.10) 
u(a,6,t)=0, t>0, -a<O0<a7 (37.11) 
|u(0,0,t)| < co, t>0, -17<O0<a4 (37.12) 
u(r, —1,t) =ul(r,7,t), O<r<a, t>0 (37.13) 

Ou Ou 
99 (" —1,t)= 9g (ht), O<r<a, t>0. (37.14) 

Clearly, this problem is a two-dimensional analog of (35.1)—(35.5). 
We assume that u(r, 6,t) has the product form 

u(r, 0,t) = o(r,O)T(t) F 0, (37.15) 


which leads to the equations 


10 ( 06\. 186 : 
_-— — —oo- = < . 
(SF) +a vo, O<r<a, —t<O0<7 (37.16) 


and 
T"+MOT=0, t>0. (37.17) 


Next we assume that ¢(r, 0) = R(r)O(0) 4 0, so that (37.16) takes the 


form 


1 1 
—(rR')'@ + he" = —)’RO. 


In this equation the variables can be separated if we multiply by r? and 
divide it by RO. Indeed, we get 


R’ / Ee” 
rr ) Vr -3 = pe, 


which gives two differential equations 
eo” +wO=0, -—T<O0<_a (37.18) 
and 
(rR -PR+NrR=0, 0<r<a. (37.19) 
r 


Clearly, in view of (37.13) and (37.14) we need to solve (37.18) with the 
boundary conditions 
O(—7) = O(7) (37.20) 
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@/(—7) = O'(n). (37.21) 


Further, equation (37.19) can be written as 


Ne 
RY + R= er MrR=0, 
or 
oR +rR + (dr? — p?)R=0. (37.22) 


Note that (37.22) is the Bessel equation (2.15). In view of (37.11) and 
(37.12) we need to solve (37.22) with the conditions 


R(a) =0 (37.23) 


|R(0)| bounded. (37.24) 


For the problem (37.18), (37.20), (37.21) we know the eigenvalues and eigen- 
functions are 


pa = 0, O57 =1 


ae . (37.25) 
pe =m, On(0)=cosmé and sinmé, m=1,2,--- 


From the considerations of Lecture 9 we note that for uw? = y?, = m? the 
solution of (37.22) can be written as 


hh Adm (Ar) + BJ-m(Ar) if m>0 
mh") Ado(Ar) + BJ(Ar) if m=0. 


However, since J_m(Ar) as well as J°(Ar) > co as r > 0, in R,(r) the 
constant B must be zero. So, we find that 


Rm(r) = Im(Ar), m=0,1,---. (37.26) 
Now this solution satisfies (37.23) if and only if 
Rm(a) = Jm(Aa) = 0, 


i.e., Aa must be a root of the equation J,,(a) = 0. However, we know that 
for each m, Jm(a) = 0 has an infinite number of roots which we write as 
Am1,Am2,°°*,Amn***- 


In conclusion, the solution of (37.19), (37.23), (37.24) appears as 
R(r) = Im(Amnr); (37.27) 


where i 
Amn = ——, m=0,1,2,---, m=1,2,---. (37.28) 
a 
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From (37.25) and (37.27) it is clear that ¢(r,@) takes the form 


Jm(Amnt) cosmO,  Im(Amnr)sinmé, m=1,2,---, n=1,2,--- 
and 
Jo(Aont)- 
(37.29) 
Now for A? = A2,,, equation (37.17) can be written as 


Te oe Dn aU 


for which solutions are cos(Amnct) and sin(Amnct). Thus, the solutions of 
(37.5) satisfying (37.11) — (37.14) appear as 


Jo(Aonr) cos(Aonct), Jo(Aonr) sin(Aonct) 
Jm(Amnt) cos MO cos(Amnct), Im(Amnr) cos m0 sin(Amnct) 
JIm(Amnt) sinmé cos(Amnct), Im(Amnr) sin mé sin(Amnct). 


Hence, the general solution of (37.5), (37.11) — (37.14) is 
u(r, 0, t) = ye aonJo(Aonr) cos(Aonct) 
+ S- @mnIm (Amn) cos MO cos(Amnct) 


+ s bm nIm(Amnt) sin MO cos(Amnct) 


m,n 


(37.30) 
Ir a Aon Jo(Aonr) sin(Agnct) 


+ > AmnJIm (Amn) cos MO sin(Amnct) 


m,n 


+ S- BirnJIm(Amnt) sin mé sin(Amnct). 


m,n 


This solution satisfies the condition (37.9) if and only if 
2 aonJo(Aonr) + d AmnJIm(Amn?) cos mé 


Thal Amn’)sinmé, O<r<a, -17<0<7m. 


(37.31) 
Now recalling the orthogonality of the Bessel functions and the set {1, 
cos m6, sinn@}, we can find unknowns aon, @mn, bmn from the above rela- 
tion. For example, if we multiply (37.31) by rJo(Aopr) and integrate over 
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0 to a with respect to r, and integrate over —z to 7 with respect to 0, we 
obtain 


/ | f(r, 9)Jo(Aopr)rdrdé = dopo f Je (Aopr)rdr 
—nr JO 0 


and hence 
‘i jean r, 0) Jo(Aonr)rdrdé 
don = >, = 12, 
Qn i. Je (Aonr)rdr 
Finally, we remark that the constants Amn, m = 0,1,2,---, n = 1,2,--- 
and Bmn, m=1,2,---, n=1,2,--- can be calculated by using the condi- 


tion (37.10). 


In the particular case when the initial displacements are functions of r 
alone, from the symmetry it follows that u will be independent of #, and 
then the problem (37.5), (37.9)—(37.14) simplifies to 


_ (3) =5o" 0O<r<a, t>0 (37.32) 
u(r,0)=f(r), O<r<a (37.33) 

oer, 0)=g(r), O<r<a (37.34) 
u(a,t)=0, t>0 (37.35) 

|u(0,t)| < co, t>0. (37.36) 


From the above considerations the solution of the problem (37.32)— 
(37.36) appears as 


= aondo (Wont) cos(Aonct) + d, AonJo (Aonr) sin(Aonct), (37.37) 


nm 
where 


_ 2S F( r) Jo(Aonr)rdr A _ 2 fF gf r)Jo(Aonr)rdr 


n ’ ae =1,2,-%5. 
a2 J2( Nona) s " 


Aonca2 J? (Nona) —? 


Problems 


37.1. Find the solution of the initial-boundary value problem (37.1), 
(36.2), (37.2), (36.3), (36.4) when f(a,y) = Txy(a# — a)(y — b) and 
g(x, y) = 0. 
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37.2. Find the solution of the initial-boundary value problem (37.1), 
(36.2), (37.2), (36.3), (36.4) when a = 2, b= 3, c=3, 


ry O0<a2r<1, 0<y<3/2 
( )= a(3 — y) O<@<1, 3/2<y<3 
PUI 9 cay 1<a<2, 0<y<3/2 


(2—2x)(3-y) 1l<a<2, 3/2<y<3 
and g(x,y) = 0. 


37.3. Find the solution of the initial-boundary value problem (37.1), 
(36.2), (37.2), (36.38). 


37.4. Find the solution of the initial-boundary value problem (37.1), 
(36.2), (37.2), (36.39). 


37.5. Find the solution of the initial-boundary value problem (37.1), 
(36.2), (37.2), (36.40). 


37.6. Find the solution of the initial-boundary value problem (37.1), 
(36.2), (37.2), (36.41). 


37.7. Find the solution of the initial-boundary value problem (37.32)— 
(37.36), when 


Or: wot ro ={ ; ee and g(r) = 0 


(ii) a=1, f(r) =0, g(r) =1. 
37.8. Find the solution of the initial-boundary value problem (37.32) 
(37.36) when f(r) = 0 and 
Po 
gir) = 4 pre” 
0, e<r<a. 


O0O<r<e 


Further, use the fact that Ji(a)/x — 1/2 as x — 0 to find the limiting 
solution as € — 0. 


Answers or Hints 


(2m+1)ra 
a 


64T a7 b?_ yoo 0 1 ; 
37.1. en par, eae m+) Qnt1)> cos Aam+1,2n41¢t sin 


1/2 
2 siti Gn try where Amn = (mz) + (22)"] 


37.2. u(a,y,t) = 30%) 0, mee sin 4 sin 4 cos(3\mnt) sin 4 
ner 


x sin 242, where \?,,, = (ma/3)? + (n/2)?. 


mn 
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BTSs UO t) = aa 20 lens Amnch Ona sil matt) cos 
22 22 
“> + “3 


nay 2 —_ 
xX CoS *, Ann = 


374: (0,952) = Dono Li Gann 0O8 Amach + Dam Sit Amc) cos = 
2 22 


+ nqmry 2 mer? nen 
x sin =", Ann = +a. 


a2 


S75: 0, yt) = > Yh Cen C08 Anat + Din SI gent) 


(2m+1)rax nmy \2 (2m+1)?x? nn? 
mn 


x sin 2a cos = 4ae oe 


ST.0. 20,0, 0) = 5. 4 Fp) Ou COS Amat Din, SET a) 


(Qm4+1)rx .. (2n+1)ry 2  _ (2m+1)?7? (2n+1)? 1? 
a a a a ee aa ie 


37.7. (i) u(r,t) = Ory ESB Jo(Aonr) cos(Aonct) 


x sin 


ee foe) sin(Aon¢ 
(ii) w(r,t) = 2 Dy SA Jo(onr): 


2Poc oo 1 Ji (Aon€) eo 
37.8. pete il (ona) Jz Cron a) oy J0(Aon”) sin(Aonct) — 
Gata 4 Coney? TozayJ0(Aon™) sin(Aonct) where Aon = on /a@ and aon 


is a positive root of Jo(a) = 0. 


Lecture 38 


Laplace Equation 
in Three Dimensions 


The three-dimensional Laplace equation occurs in problems such as 
gravitation, steady-state temperature, electrostatic potential, magnetostat- 
ics, fluid flow, and so on. In this lecture we shall use the method of sepa- 
ration of variables to find the solution of the Laplace equation in a three- 
dimensional box, and in a circular cylinder. 


If the stream lines are curves in space, i.e., the heat flow is three dimen- 
sional, then instead of (34.3) we arrive at the equation 


dus ng fu Ou Ou 
= — fb fe) al 
Ot ( +o t a2 an) 
In the steady state this equation reduces to 
A3U = Ure + Uyy + Uzz = 0, (38.2) 


which is the three-dimensional Laplace equation. First, we shall find the 
solution of (38.2) in the three-dimensional box D = {0 <a <a, 0<y< 
b, 0 < z < c} satisfying the boundary conditions on the six sides 


u(0,y,2)=fily,2), ula,y,2) = falysz), O<y<b, O<z<ec 

u(z,0,z)=gi(@,z), ula,b,z)=g2(a,z), O<a<a, 0<z<c 

u(x, y,0) = hi(z,y), u(x, y,c) = he(z,y), O0<a24<a, O<y<b. 
(38.3) 


Clearly, the solution of this problem can be obtained by summing the 
solutions of six problems of the type (38.2), 


u(0,y,z)=0, u(a,y,z)=0, O<y<b, 0O<z<c 
u(x,0,z)=0, u(#,b,z)=0, O0<a<a, 0<z<e (38.4) 
u(x,y,0) =hi(a,y), u(a,y,c)=0, 0<a<a, 0<y<b. 


As such, Problem (38.2), (38.4) could occur in finding the potential 
function inside a rectangular parallelepiped in which four lateral faces and 
the top are at potential zero and the potential on the bottom is a given 
function of x and y (see Figure 38.1). 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_38, 
© Springer Science+Business Media, LLC 2009 


Laplace Equation in Three Dimensions 301 


y 


x (a, b, 0) 


Figure 38.1 


Following exactly as in Lectures 36 and 37, we separate the variables, 
ie., assume that u = u(a2,y, z) = X(x)Y(y)Z(z), and use the homogeneous 
boundary conditions, to obtain 


CoO 0 


(x,y, z = Soa Amn Sinh Amn(c — Z) sin — sin es (38.5) 


m=l1n=1 


where Amn is the same as in (36.19), and 


Lz, Pr 
oe Cee Amn) soo fh [ Pay) 


In particular, when a = b= c=7, f(x,y) = xy the solution of the 
problem (38.2), (38.4) can be written as 


* sin <a dedy. (38.6) 


yarn 


w=) oi Ann (at — 2) sin marsin ny, 


m=l1n=1 


where Amn = Vm? +n?. 


Now we shall find the steady-state temperature distribution in a solid 
cylinder made of homogeneous material. For this, we need to consider the 
Laplace equation in cylindrical coordinates (see Problem 39.6) 


10 Ou 10u Pu 
ae a i. <Q - 0< 0 h 
(ro) On | OF : Sa eee BO ee eis 
(38.7) 
with the boundary conditions 
u(r, 6,0) = a(r, A) bottom 
u(r, 0, h) = B(r, A) top (38.8) 


u(a,0,z) = (0, z) lateral side. 
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U= Br, 0) 
Uu= (9, z) 


u = a(r,@) 


Figure 38.2 


Clearly, the solution of this problem can be obtained by summing the 
solutions of the following three problems: 


(38.7), u(r,6,0) =0, u(r,@,h) = B(r,9), ula, 6, z) = 0, (38.9) 
(38.7), u(r,0,0) =a(r,A), u(r,é,h) =0, u(a,0,z) =0 (38.10) 


and 
(38.7), u(r,6,0)=0, u(r,6,h)=0, ul(a,6,z) = (0,2). (38.11). 


To find the solutions of these problems, we shall apply the method of 
separation of variables by assuming that u is a product of functions of r, 6, 
and z,ie., u = u(r,6,z) = R(r)O(0)Z(z). Substituting the appropriate 
derivatives into the partial DE (38.7), we obtain 


OZ d dR RZ O a?Z 
oF dr (F) + age | AO ga = 


and now division of the above equation by ROZ/r? yields 


rd dR r? PZ 1d€0O 
Rar (S) +7 ae ~~ 6a 
Since the left-hand member of the last equation is independent of 6, the 
equation can be satisfied only if both members are equal to a constant. 
Hence, 

120, 

6 dz 
or 

e” +m70 = 0. (38.12) 
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Note that we have chosen the separation constant m?. This will force © 
(and w) to be periodic of period 27 in 0. This is in fact the desired situation 
in many applied problems. Clearly, the solutions of (38.12) are cosmé@ and 
sinmé, m=0,1,2,---. 


Now the second separation yields 


1d ( =) m? 1 @Z 


fee a) ee eae 
Hence, we have 
Z"_)\7Z=0 (38.13) 
and 
rR +rR + (Ar? _ m*)R — 0. (38.14) 


For the problem (38.9), we note that the condition u(a,6,z) = 0 leads 
to the boundary condition R(a) = 0. Further, as in Lecture 35 we need to 
impose at r = 0 the implicit boundary condition |R(0)| < co. The Bessel’s 
equation (38.14) together with the boundary conditions 

|R(0)| < co, R(a)=0 (38.15) 
has the eigenvalues \ = A2,,, and the eigenfunctions Jm(AmnT), Mm = 
0,1,2,---, m = 1,2,---, where Ann is the same as in (37.28). Now since 
\ = X?2,,, > 0, from the equation (38.13) and the condition u(r, 6,0) = 0 
which implies Z7(0) = 0, we have Z(z) = sinh(Amnz). Thus, by the prin- 
ciple of superposition the solution of (38.7) satisfying u(r,@,0) = 0 and 
u(a, 0,2) =0 can be written as 


co Ch 


u(r,6,z) = se S- Amn Sinh(Amn2Z)Im(AmnT) cos me 
gins (38.16) 
+ » S- bmn Sinh(AmnZ)Im(Amnr) sin m6. 


m=1n=1 


The unknowns Gy, and bm, in (38.16) are determined by using the 
nonhomogeneous boundary condition u(r, #,h) = 3(r, 0). For this, a Fourier 
series in # and a Fourier—Bessel series in r are required. 


The solution of the problem (38.10) can be obtained similarly, and ap- 
pears as 


u(r,6,z) = .S » Cmn Sinh|Amn(h — 2)|Jm(Amnr) cos mé 
aes agua (38.17) 
+ 2 SC dinn sinh[Amn(h = 2)]Jm(Amn?) sin md. 


m=l1n=1 
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The unknowns Cm, and dm,» in (38.17) are obtained by using the nonho- 
mogeneous boundary condition u(r, @,0) = a(r, 6). 


Now we shall find the solution of the problem (38.11). We note that 


the conditions u(r, 6,0) = u(r,6,h) = 0 imply that 7(0) = Z(h) = 0, and 
hence the equation (38.13) has nontrivial solutions only when 


r=- (SY, n=1,2,« (38.18) 


and Z(z) = sinnaz/h. Substituting (38.18) in (39.14), we obtain a modified 
Bessel’s DE 


2 
rR’ +R — (($) r? + m?) R=0. (38.19) 


This equation with the transformation « = nmr/h, n = m is exactly the 
same as (9.15). Thus, the solutions of (38.19) are 


Im (=r) and Ky, (=r) : 
Now since |R(0)| < oo and the solution K,, is singular at r = 0, we need to 


discard it. Hence, by the principle of superposition the solution of (38.7) 
satisfying u(r, 6,0) = u(r, 0@,h) = 0 can be written as 


u(r,6,z) = y ba em be (=) sin — cos mé 
cages (38.20) 
ae » x flo (=r) sin — sin mé. 
ma=1n=1 


Again the unknowns e€m, and fmn in (38.20) are obtained by using the 
nonhomogeneous boundary condition u(a, 0, z) = y(9, z). 


In particular, if wu is independent of z, then the temperature distribution 
in every circular cross section along the z-axis will be the same. In this case 
the problem is mathematically equivalent to the one we have discussed in 
Lecture 35. Similarly, if the temperature on the surface of the cylinder is 
prescribed in such a way that the functions a, @ and ¥y are independent of 
0, then the temperature inside the cylinder will also be independent of 0. 
In such a case, the problem (38.7), (38.8) reduces to 


10 Ou O7u 
oo (rst) += O<r<a, 0<z<h (38.21) 
u(r,0)=a(r), ulr,h) =A(r), ula,z) = y(2); 


and the solutions (38.16), (38.17) and (38.20), respectively, reduce to 


u(r, z) = S~ an sinh(Anz)Jo(Ant), (38.22) 


n=1 
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ae sinh[An(h — z)]Jo(Anr) (38.23) 
n=1 
and 
NT Z 
)= drew (F r) sin“ —, (38.24) 


where A,, is the same as in (36.33). 


In particular, when a(r) = uo, B(r) = y(r) = 0, the solution (38.23) 
simplifies to 


_ 2u0 = sinh[A,(h — z)|Jo(Anr) 
AnJi( )sinh(A,h) ” 


Similarly, when a = h=1, a(r) =0, B(r) =1—7?, y(z) = 0, the solution 
(38.22) becomes 


sinh(A,z)Jo(Anr) 
(r,2 8) 3 sinh An Jin) 


Lecture 39 


Laplace Equation 
in Three Dimensions (Cont’d.) 


In this lecture we shall use the method of separation of variables to find 
the solutions of the Laplace equation in and outside a given sphere. We 
shall also discuss briefly Poisson’s integral formulas. 


From Problem 39.10 we know that the Laplace equation in spherical 
coordinates x = rsing@cos#, y=rsindsin#, z= rcos@, takes the form 


1 0 2 Ou 1 O _ Ou 1 O7u - 
ee (~ 7) Wag OF (sino55) 7 eggs 


We assume that a solution of (39.1) can be written as u = u(r,0,¢) = 
R(r)O(@)®(¢). Substituting the appropriate derivatives into the partial DE 
(39.1), we obtain 


Od / .dk i RO df. gee " R6 do 
r dr \' dr) rsingdd \> * dd 
and now division of the above equation by RO®/r? sin? ¢ yields 
sin?¢ d ( dR sngd /. d® 1@20 
— —)]+ — | sind— } = -~——. 
R dr dr ® dé dé © dé? 


As earlier since the left-hand member of the last equation is independent 
of @, the equation can be satisfied only if both members are equal to a 
constant. Hence, 


32 92? 
r2 sin? @ d6? 


a ae 
Od’ 
or 
@” +m? = 0. (39.2) 


Note that again we have chosen the separation constant m?. This will 
force © (and w) to be periodic of period 27 in 9. This is in fact the desired 
situation in many applied problems. Clearly, the solutions of (39.2) are 
cosmé@ and sinmé, m=0,1,2,---. 


The second separation yields 
1d /.dR 1 d/. ,d® m 
=—— [|r — | = — | ——- — [ sing— } — —— |] =A 
Rdr dr ®sin d dd do sin? ¢ 
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Hence, we have 


d (dR 
and j j . 
1 ® m 
—— — | sin g¢— A-—— | ®=0. 39.4 
ing dg (sno) ( aay 
Clearly, (39.3) can be written as a familiar Cauchy—Euler equation 
rR" + 2rR-—dAR=0, (39.5) 


which has a solution R = r* provided k? + k — \ = 0. If we choose k = n, 
then A = n(n + 1), and if we choose k = —(n + 1), then also A = n(n + 1). 
Thus, with \ = n(n + 1), equation (39.5) has two linearly independent 
solutions r” and r~("+, 


In equation (39.4), we make the substitutions x = cos¢, ® = y, so that 


d_ded__ gd 
dp dede  ~ ° dx 
and hence 
d . d® . d ({. dxd® 
a (sin 6) = —sin eae (sin one) 


: d 2 ,dy 
sin "a5 (sin ott) 
a: tae (a = oot) 

dx x 
Thus equation (39.4) becomes 


2 I f m? _ 
(1 —a*)y" — 2ay’ + |n(n + 1) i_2 y =0, (39.6) 


which is exactly the same as Legendre’s associated DE (7.20) with solutions 
P(x) and Q?"(«x) defined in (7.21) and (7.22). 
Now we shall find the solution of (39.1) in a sphere of radius a, satisfying 
the boundary condition (see Figure 39.1) 
u(a,0,¢) = f(0,¢), O<@0<2n7, O0<d<zT. (39.7) 


For this, as in earlier lectures discarding the solutions r~("+)) and Q'(x), 
using Problem 7.12, and arranging the terms, we obtain 


Srvrfl 
u(r,6,¢) = » (=) ton Pa (eo ?) 
= (39.8) 
+ S- (Q@mn COSMO + bmn sin mO) P”" (cos ) | , 


m=1 
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u(r, 6, d) x 
Figure 39.1 
where 
20 
dies a ne ae | [ (0, 6) (cos @) cos mé sin ddddd, 
(39.9) 
20 
binn = ee is [ (0, 6) P™ (cos ¢) sin m@ sin ¢d¢d9. 
(39.10) 


Next we shall consider the problem when u(r,0,¢) = u(r, ¢). This is 
not an unrealistic assumption, since many problems in dléeteostatite occur 
in this manner. In such a case, equation (39.1) reduces to 


1 0 [ ,0u 1 O 
a —— = 0. 11 
r? Or G =) srr ere (sin 5) : eed) 
We shall first consider (39.11) in a sphere of radius a, satisfying the bound- 
ary condition 
u(a,@) = f(cos¢), O<d<T. (39.12) 
From (39.8) the solution of the problem (39.11), (39.12) appears as 


ied = 5 y (=) P,,(cos $)(2n +1) ia f(a)P,(a)dx, (39.13) 


where in the integral we have used the substitution « = cos ¢. 
In particular, when 
V, O0<¢é<7/2 (0<a4<1) 
f(cos ¢) = (39.14) 
-V, 1/2<¢<7m (-l<2#<0) 
we have 


0 if n is even 


1 
-1 av | P,(a)dx if n_ is odd, 
0 
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and hence (39.13) reduces to 


u(r, @) =V SEP loos ¢) - : (“) P3(cos @) + x (*) P(cos @) +++ | ; 


Similarly, to find the solution of (39.1) outside the sphere of radius a, 
satisfying the boundary condition (39.7), we discard the solutions r” and 
Q(x), of the equations (39.5) and (39.6), respectively, to obtain 


oO a\ ntl 
u(r,0,¢) = ) 7 ron Pa (e084) 
oa (39.15) 


m=1 


+ oo (Qmn Cos MO + bmn sin m6) P?”" (cos a] ; 


where the constants Gy, and bm, remain exactly the same as in (39.9) and 
(39.10). 


Thus, the solution of the problem (39.11), (39.12) outside the sphere of 
radius a, can be written as 


r 


(ees n4+1 1 
u(r,d)= 595 (2)"" Py (cos¢)(2n +1) i f(a)Pa(x)dx. (39.16) 
2 n=0 =H 
This solution in particular, when f(cos @) is given by (39.14) becomes 


eg = v5 (2) Pi(cos#) — 7 (2)' Py(cos 6) 


+E ‘ey Ps(cos d) +-- | . 


By adjusting the terms it can be shown that the solution (39.8) can be 
equivalently written as 


= 27 dé dé 
u(r, 0,) = (as “| a a Cen? r <a, (39.17) 


— 2racos (r2 + a2 — 2racos)3/2 ; 
where = _ _ 
cos w = cos cos + sin dsin d cos(@ — 6). 


This is Poisson’s integral formula in three dimensions for the interior prob- 
lem (39.1), (39.7). In this formula (r? + a? — 2racos7)!/? is the distance 
from the point (r,0,¢) to the point (a, 9, 0). 


Similarly, the solution (39.15) of the exterior problem (39.1), (39.7) can 
be written as Poisson’s integral lie 


20 
u(r,0,) = ae ov | [ ee andap r >a. (39.18) 


(r? + a2 — 2racos)3/2’ 
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From (39.8) as well as (39.17) it is clear that 
27 
u(0,6,4) = al [ f@,9) sin Sabb. 


Thus, the value of u at the center of a sphere is the mean value of u(a, 0, ¢) 
over the surface of the sphere. This fact is called the mean value theorem 
and holds for all functions that satisfy Laplace’s equation on the sphere. 


Similarly, from (39.15) as well as (39.18) it follows that when r > oo, 


2n 
= a 1 
u(r, 0,6) = al [ f(0,8) sin dB + 0 (=). 
Anr r 
Finally, we consider a more general boundary condition for Laplace’s 
equation (39.1) in the sphere r < a, 


COs @ a, 6,6) +sina u(a,6,¢) = f(6, ¢). (39.19) 
Here a may assume values between 0 and 7/2. Clearly, for a = 1/2, (39.19) 
reduces to the Dirichlet condition (39.7), and for a = 0 it reduces to Neu- 
mann condition (39.20) which is considered in Problem 39.11. An interme- 
diate value of a corresponds to a mized condition. Physically this occurs 
when we have free radiation of heat according to Newton’s law of cooling. 


For the mixed problem also the solution remains the same as (39.8), 
and it satisfies the boundary condition (39.19) if and only if 


f(0,¢) = > (sina “cos «) Feo Pa (e089) 


+ sl Amn COSMO + bmn sin mO)P" (cos d)} . 


m=1 


Thus, the constants Qn, and bm», remain exactly the same as in (39.9) and 
(39.10), except that each need to be divided by the factor (sina + 4 cosa). 


In particular, when a = 77/4, f(0,¢) = f(cosd) = (1/V2)cos¢, the 
solution of the mixed problem (39.11), (39.19) in view of (39.13) can be 
written as 


1 n re a ae | 
u(r,d) = 3 (=) Lica poe 
n=o ‘4 vot age sive 
3. 2 
= Va cea 
r cos @ 
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Problems 


39.1. Show that 
27 


u(x, y,z) = f(xcost + ysint + iz, t)dt 
0 


is a solution of Laplace’s equation (38.2). 


39.2. Show that the gravitational potential due to the attraction of n 
particles 


where m; is the mass of the particle, (a;,;,c;) its coordinates, and r? = 
(2 — ai)? + (y — bi)? + (z — G)?, satisfies Laplace’s equation (38.2). 


39.3. Show that the potential of a body at an exterior point (x, y, z), 


Lexar oTF 


where p is the density and the integral is extended over the body, satisfies 
Laplace’s equation (38.2). 


39.4. Find the solution of the boundary value problem (38.2), (38.4) 
when a=b=c=7, hi(a,y) =sinzsin? y. 


39.5. Find the solution of the following initial-boundary value problem 
Ut = Ure +Uyy tUzz, O<aK<m, O<y<m, O<z<7, t>0 
u(x, y,2,0) = f(x,y, 2) 
uz(0,y,2,t) =0, us(7,y,2,t) = 0 
Uy(x,0,z,t) =0, uy(x,7,2,t) =0 
uz(z,y,0,t) =0, uz(2,y,7,t) =0. 

In particular, find the solution when f(a, y, z) = xyz. 


39.6. Show that in cylindrical coordinates, « = rcos#, y=rsin@, z= 
z, Laplace’s equation (38.2) becomes 


10 Ou 1 O7u ” O7u 7 
"Or) | 72002 Oz2 


39.7. Find the steady-state, bounded temperature distribution in the 
interior of a solid cylinder of radius a and height h, given that the temper- 
ature of the curved lateral surface is kept at zero, the base is insulated, and 
the top is kept at uo. 
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39.8. Find the steady-state, bounded temperature distribution in 
the interior of a solid cylinder of radius 1 and height 7, given that the 
temperature of the curved lateral surface is y(z) = z, and the base and top 
are insulated. 


39.9. Find the solution of the following problem: 


Urry + (1/r)u,p +uzz =0, O<r<a, 2>0 
u(r,0) =a(r), O<r<a 

ju(r,z)|<oo, O<r<a, z>0 
ur(a,z)+ku(a,z)=0, z2z>0, k>0. 


39.10. Show that in spherical coordinates, « = rsing@cosé, y = 
rsingsin#, z = rcos¢, Laplace’s equation (38.2) becomes 


r2 Or Or r2 sind 0d Ob r2sin? 6 002 


39.11. Find the solution of (39.1) in a sphere of radius 1, satisfying 
the boundary condition 


24 (1,0,6) = 1(0,8), 0<0<2n, 0<o<n (39.20) 


where [°" [" (0, ¢) sin ddgd0 = 0. 


39.12. A solid hemisphere of radius a has its plane face perfectly 
insulated, while the temperature of its curved surface is given by f(cos@). 
Find the steady-state, bounded temperature at any point in the interior of 
the hemisphere. 


39.13. The temperature on the surface of a solid homogeneous sphere 
of radius a is prescribed by 


V, O0<¢<7/2 
,o) = 
ie 0, m/2<d<7. 


Find the steady-state temperature distribution in and outside the sphere. 


39.14. Find the steady-state temperature distribution u(r,¢) in a 
hollow sphere with its inner surface r = a is kept at temperature u(a, ¢) = 
f(cos ¢), and its outer surface r = b at u(b, d) = 0. 


39.15. The Laplace equation can be used in mathematical modeling 
of the growth of a spherical tumor as follows: Assume that the tumor is 
initially the shape of a sphere of radius a, and as it grows remains a sphere 
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of radius R(t). Let p(r,t) be the pressure within the tumor at distance r 
from its center and at time t. Then, p satisfies 


1 O(rp) 
v2 Or? 
where S is the rate of volume change per unit volume. Let u(r,t) be the 


nutrient concentration outside the tumor and wo be that inside the tumor. 
Then, wu satisfies 


=S5, r< Rd), 


= =0, r> R(t). 


The above equations are subject to the following conditions: 


(a) p(0,t) is bounded 

(b) p(R(t), 1) = B/ R(t) 

(c) up — p(u — up)!/? = 0 for r = R(t) 

(d) lim, oo u(r, t) = Uso, 

where S, 3, pu, Uo and uo are constants. 

(i) | Use (a) and (b) to find p(r,t), r < R(t). 

(ii) Use (c) and (d) to find u(r,t), r > R(t). 

Now we know p(r,t) and u(r,t) in terms of the unknown expanding radius 


of the tumor R(t). However, R(t) can be determined by solving the initial 
value problem 


a) 
Ri(t) = _ + u—uo)!/2 for r=R(t), R(0) =a. 
r 
(iii) Find the limiting size of the tumor, ie., R when R’(t) = 0. 


Problems in which one of the boundary is unknown and changes with time 
are known as moving boundary value problems. 


39.16. The Schrédinger equation for a single particle of mass m 
moving in a potential field V(x, y, z) is 
ih ‘oa 
ant = — 7 Anh + Viz, y, 2)y. (39.21) 


Qr 8m? 


(i) Show that separating out the ¢ dependence as wW(a,y,z,t) = 


d(x, y, ze ?™Ft/" results in the partial DE 
8m? 
Aso + 55-(E—V)b = 0; (39.22) 


here A is Planck’s constant, and the total energy E is assumed to be a 
constant. 
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(ii) IfV =0 in (39.22), the resulting equation is called Helmholtz’s equa- 
tion. For this equation set ¢ = X(x)Y(y)Z(z) to determine the DEs for 
X, Y, and Z. 


39.17. The time-independent Schrédinger equation for a single particle 
of mass m moving in a potential field V in spherical coordinates is given by 


1 0 [ ,0W 1 Ow 1 07 8m? 
7 Or ¢ oo beeen (sino a) + *Gateoe ne YS 


where in some applications V = V(r). For this equation set 
w = R(r)®(¢)O(8) to determine the DEs for R, ® and O. 


Answers or Hints 


39.1. Verify directly. 
39.2. Verify directly. 
39.3. Verify directly. 


38a : sinh /2(1—z) _ ie . sinh V10(7—z) 
39.4. 7 Sinvsin yan q Sin x sin $y ig, : 
_ m2 
39.5. u(x,y, 2, ie = scoot iy, Apo0€ —et * cos t+ om aomoe™ *cosmy 


2 2 
—(E+m")t cos Lx cos my 


—(€?+n?)t 


+4 >, one —"t cosnz + 4 5 om moe 
+4 ae Qomne Wm +r )t cos my cos Nz + 4 Yom Mone 
+ Eisen eee 
Qemn = 2s fo So So. f(x,y, 2) cos lx cos my cos nzdadydz. aooo = 7°, 
aeo0 = ~2n(1 — (-1)']/€?, emo = 4[1 — (—1)4][1 — (—1)™)/(n?m?), 
Aemn = —8[1 — (—1)'][1 — (-1)"]f1 — (-1)")/ (9? m7 n?). 


39.6. Verify directly. 


cos (x cos nz 


cos €z cos my cos nz, where 


2h cosh(Anz)Jo(Ant) 
39.7. u(r, z) = eee 1 oe oan) 


39.8. u(r,z) =F -4>0%, aaa ae cos(2n — 1)z. 


39.9. u(r,z) = SS a a de ra(r)Jo(Anr)dr, where Ap, 


are the positive roots of AnJj(Ana) + kJo(Ana) = 0. 


39.10. Verify directly. 


n 


39.11.u(r,0,¢) = >, — [Sa0nPn(cos ¢) + 0", 1 (dmn cos mb 


ln 


+0mn sin mé)P™ (cos @)]. 
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39.12.We need to find the solution of (39.11) where0 < r<a,0<d< 
m/2 with the boundary conditions u,(r,7/2) = 0, 0<r<a, u(a,¢) = 
TICS), 0< a < m/2, ju(r,@)| < 00, O< r<a,0<¢ < 7/2. Since 
z= rcosg¢, 33 = ou ote = —rsin 634, and hence at ¢ = 7/2 we have 


Ou 
Oz 


u(r, @) = 72.4 (4n + 1) (= ak Pon (cos ¢) finn x) Poy (x)dx. 
39.13.Use Problems 7.2, 7.8(i) to show that (39.13) and (39.16) reduce to 


= ao5h and now the condition wu, = 0 implies that ug = 0 at ¢ = 7/2. 


u(r, d) = t E v eer Ge (#8)3 sor (£)"" P2n+41(cos 0)| , 
w(r, 6) = [2 + Oeto(-1)” (S48) hehe (4)? Pansa(cos 9)] - 
39.14. . os = yee, Seer (2n + 1) (£)"*" Pa (cos d) 

s fy f(x) Pr(x)dz. 


39.15.Solve directly. 


39.16.(i) Verify directly (ii) X”+p?X =0, Y"+1°Y =0, Z"4+'HZ= 
where pi? + v2 + \? = ae 


39.17.43 = —m7Z0 (Azimuthal equation), 
SH (r = + a [E- Voge we R= 0 (radial equation), 


am ima 
aap ae (sin oat) + le (€+1)- a4 ® = 0 (angular equation), 
where the constants @ and mg, respectively, are the orbital angular momen- 
tum and magnetic quantum numbers. 


Lecture 40 


Nonhomogeneous Equations 


In Lectures 30-39 we employed the Fourier method to solve homoge- 
neous partial DEs together with appropriate initial and boundary condi- 
tions. However, often in applications the governing partial DE is nonho- 
mogeneous. In this lecture we shall demonstrate how the Fourier method 
can be employed to solve nonhomogeneous problems. Here our approach is 
similar to that of we have discussed in Lecture 24. 


When a heat source is present within the domain of interest, instead of 
(30.1), the governing partial DE is nonhomogeneous: 


Us — Ure = g(z,t), O<a<a, t>0, c>0. (40.1) 


We shall consider (40.1) with the initial condition (30.2), and the homoge- 
neous Robin’s conditions 


agu(0,t) —ayu2(0,t)=0, t>0, a®+a?>0 (40.2) 
dou(a,t)-+dyuz(a,t)=0, t>0, dé+d?>0. (40.3) 


Let An, Xn(x), n > 1 be the eigenvalues and eigenfunctions of the 
problem (30.5), 


X(0) — a, X'(0) = 0 
cpa Cee (40.4) 
do X (a) + d, X'(a) = 0. 
We seek a solution of (40.1)—(40.3), (30.2) in the form 
iat) = ST Kas), (40.5) 
n=1 


where the time-dependent coefficients T;,(t) have to be determined. As- 
suming that termwise differentiation is permitted, we obtain 


i= YT Xal@) (40.6) 
and = so 
tee = D> Tal) XN(2) = | Y AwTal)Xn(2)- (40.7) 
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Substituting these expressions (40.6) and (40.7) in equation (40.1), we ob- 


tain 
Co 


SSI) — AnTa(f)]Xn() = a(2, 1). (40.8) 


n=1 


For a fixed value of t, equation (40.8) represents a Fourier series repre- 
sentation of the function a t), with Fourier coefficients 


_ Jn ah Xn(x)da 
ina = aor 


Assuming A,, # 0, then for each n, (40.9) is a first-order linear ordinary DE 
with general solution 


t 
T,(t) = len f Qn(s)e**as| eS aS 1 ae, (40.10) 
0 


Substituting (40.10) in (40.5), we find the formal solution 


= > en a J enisier*as| et X, (x). (40.11) 


=Qn(t), say, n=1,2,---. (40.9) 


Finally, to determine the constants cn, n = 1,2,--- we set t = 0 in (40.11) 
and use the prescribed initial condition (30.2), to get 


u(a,0) = f(a) = > Cn Xn 


n=1 


which immediately gives 


Jd 
en = a HID ers, (40.12) 


In particular, we consider the initial-boundary value problem 


Up — Ure = —(1—ax)cosat, O<a<l1, t>0 
(40.13) 
u(0,t)=0, u(1,t)=0, u(a#,0) =0. 
For (40.13) it is clear that A, = —n?x?, Xy(x) = sinnz, cn = 0, and 


hence from (40.11), we have 


ee) t 1 : 
7—1)cosas sin natdr : 2: 
u(x,t) = y i farce et sin nx 


J, p Sin natdt 


n=1 
lo) t 2 
—2 cosas 22 eee ree 
= ) pe” ™ Sds| eo" * 'sinnra 
0 NI 
n=1 


— 2 2 . . 
a = 4) [n?n? (c n't _ cog at) —asin at| sin n7e2. 
(a +n*1 
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In the derivation of the wave equation (32.1) if there is a force q(a,t) per 
unit length acting at right angles to the string and m is the mass density 
per unit length, then the resulting partial DE is nonhomogeneous 


1 
Unt — C’Uge = (ast), OL e<a, Foo: (40.14) 


We shall find the solution of (40.14) subject to the initial and boundary 
conditions (32.2)—(32.5). Again, we assume that the solution can be written 
as (40.5), where now X,,(”), nm > 1 are the eigenfunctions of the problem 
(32.14), ie 


=m ) sin ——. (40.15) 

Now substituting (40.15) in dois, we obtain 

oo ye ie 1 

SS [m+ 252,00] sin = Fate. 

= a m 
and hence 

wn 2 ane 
Tl + == fo (z,t)sin “dx = Rn(t), say, n=1,2,--:. 
ma 


(40.16) 
Using the methods presented in Lecture 2, the general solution of (40.16) 
can be written as 


t t 
T(t) = an cos = +b, sin ss ee sin —(t — s)R,(s)ds 
a nite Jo 
Substituting this in (40.15), we get 
. ni«ct a , . nine 
=» Gn cos — mn by, sin + — |} sin —(t— s)R,(s)ds 
— a nme Jo a 


xsin——=. (40.17) 
a 


Finally, this solution satisfies the initial conditions (32.2) and (32.3) if and 
only if a, and b, are the same as in (32.19) and (32.21). 


In particular, if the string is vibrating under the force of gravity, the 


forcing function is given by q(a,t) = —g, and then we have 
2. ae nT 29 
Ry(t) = — = —dx = ——— (1 -—(-1)"). 
(=f asin de = —% 1 (-1)") 


r= | x, O0<a<a/2 


a-—a, a/2<a<a 
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and g(x) = 0, so that 


2 a/2 are % | nner 4a . nt 
an = — x sin ——dx + (a — x) sin ——dz| = ——; sin > 
a | Jo a a/2 a nen 2 


and 6, = 0. Thus, in this case the required solution is 


u(x,t) = 


Co 
4a nt nimct 
27-2 s 


_ 3 4a(—1)"*? a Aga? (2n — 1)ret 
7 LU (2n-1)?x? — m(2n — 1)8r8c? a 
Aga? NTL 


~ m(2Qn— a a 


Next we shall consider the nonhomogeneous Laplace equation known as 
Poisson’s equation: 


Aou = Urr + Uyy = 9(@,y), O<a<a, O0<y<b. (40.18) 


This equation appears in electrostatics theory. We shall find the solution 
of the boundary value problem (40.18), (34.5)—(34.8). We assume that the 
solution can be written as 


= 32 Xn(2)¥a(y) = Do sin — Yay), (40.19) 


n=1 


where X,,(a) = sin(n7a/a) are the eigenfunctions of the problem (34.9), 
(34.10). Substituting (40.19) in (40.18), we obtain 


nz 2 


» ar) - Eva) sin = gle.) 


and hence 
ey 9) a 
io > y= = | g(x,y) sin “de = Sp(y), Say, n=1,2,-:- 
a a Jo a 


(40.20) 
Now remembering that we will have to satisfy the boundary conditions 
(34.5) and (34.6), we write the solution of (40.20) in terms of Green’s func- 
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tion (see Problem 15.9) and substitute it in (40.19), to obtain 


= 1 b— 
u(z,y) = (sam { a, sinh dae) + by, sinh a 
Joy a a 
_ y 
-— sinh eet) S(T) sinh —dr 
7 a 0 
: y ni(b—T) nTx 
+sinh — | S),(7) sinh dt sin —— 
a 
y 
(40.21) 
Clearly, the conditions (34.5) and (34.6) now easily determine 
2 f° _ Ane 2. f" _ Ana 
Qn =— | f(«)sin—dzr, bh, =— | g(x) sin —dz. (40.22) 
a Jo a a Jo a 


In the particular case, when g(x,y) = —1, f(x) = g(x) = 0, we find 
Gn = bn = 0, 
2 n 
Sn(y) = —— (1 — (-1)”) 


and the solution (40.21) becomes 


4a? 
u(x, y) = a > we 


nodd 


nmb 


a 


a i sinh 4 + sinh nn(boy) _ nna 
— —_4# ____@ fg : 
sinh 


As in Lecture 34 we also note that if ui(x,y) is the solution of the 
problem (40.18), (34.5)—(34.8), and u2(x,y) is the solution of the problem 
(34.4), (34.18)—(34.21), then u(a,y) = ui(x,y) + ue2(x,y) is the solution 
of the Poisson equation (40.18) satisfying the boundary conditions (34.5), 
(34.6), (34.20), (34.21). 


Problems 


40.1. Consider the nonhomogeneous partial DE 


a) 0 
F (HOF) = ployee) aa), a<e<p, t>0 
together with the initial and boundary conditions (31.2)—(31.4). Show that 
its solution can be written as (31.21), where now v(z) is the solution of the 
nonhomogeneous equation 


e («oZ) =-q(z), a<2<8 
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satisfying the same boundary conditions (31.6). In particular, find the 
solution of the initial-boundary value problem 


Us — C'Ug, = a(x), O<a<a, t>0, c>0 


satisfying (30.2)—(30.4), when 
(i) g(x) = psinva 

(ii) g(x) = pe ”* 
(ili) g(x) = ware~ 


(occurs in radioactive decay) 


Vr 


40.2. Find the solution of the initial-boundary value problem (40.1), 
30.2)—(30.4) when 


( 
( 0, g(x, t) = 2x —5sint 
(i) a=1, c=1, f(@) =22, (x,t) =24t 
(ii) a=a, c=2, f(z) = (1/2)2(n —2)?, g(a, t) = 20. 
40.3. Find the solution of the nonhomogeneous partial DE 
Ut — C’Uce = Q(x), 0O<ax<a, t>0 
satisfying the initial and boundary conditions (32.2), (32.3), (33.20). 


40.4. Find the solution of the initial-boundary value problem (40.14), 
32.2)—(32.5) when 


i) a=n, f(x) =0, g(x) =0, g(x, t) = mgoc’ sinwt 


iii) a=1, c=1, f(x) =a(1—-2), g(x) =0, g(a, t) = m(a +2) 


( 

( 

(ii) a=7, c=1, f(x) =0, g(x) =2, g(a, t) = mat 

( 

(iv) a=2n7, c=1, f(xa)=a(a—-27), g(x) =0, qa,t)= 


40.5. Find the solution of the initial-boundary value problem (40.14), 
(32.2)-(32.4), uz(a,t) =0, t>0. 


40.6. Find the solution of the initial-boundary value problem (40.14), 
(32.2), (32.3), uz(0,t) = 0, t > 0, (32.5). 


40.7. Find the solution of the boundary value problem (39.18), (34.5)— 
(34.8) when 
(x) =0, g(@) = To, a(@,y) = —ay 
1 


(ii) a=7, b=7, f(x) =1, g(a) =1, g(x,y) = —sin3y. 


322 Lecture 40 


40.8. Find the solution of the following boundary value problem: 


1 
Ure + Ur + Wee = — (7; 2); Care L O<z<h 


u(r,0) =0, u(r,h)=0, u(1,z) = f(z). 


Answers or Hints 


40.1. v(x) +2 0°, (fo (F( (x)) sin "ttdn) ¢ —(n?n?c? fat gin nme 
where v(x) = 4 [(a— 2) fos ae , iste lt (a — s)q(s)ds] (i) v(x) = 
sro (asin vr ae va) (ii) v(x) = Be [a(1 — e7”*) — a(1 —e7”*)] 
(iil = sel") — Bale) aare Se"). 


40.2. (i) 2, [ats (-1)"4(1 — er mmty — 10 CACY) (227? sint 
—cost+ eatery] sinna (ii) SO, [2(- 1)" ptgte nme 
—((-1)" — 1)n?x2t + (et — 1)(1 — (-1)" + ( 1)"n?x?)] sin n7x 
(ay. [2(2 + (-1)")e~4n# 4. GU" (ante? — dnt +1 - mi 


x sinnz. 


&) + per (an cos “2 + by, sin “od sin 4" ne 
an = 2 fs (f(a ) = v(a)) sin MEE dy, b, = = = SS (x)) sin 222 der 
and v(x) = oa) 44 2B 4 1, (az) ) Io sa(s ae (a — s)q(s)ds] . 


oo §=6.2(—1) "+1 


40.4. (i) ane ao. odd Wor ara (wW sin nct —ncsinwt) (ii) }p, “3 


ol +) sinnt +4 ae (iii) ate . =i" ) (2eosnmé +t 
—=sinnat) + ase cos nat — 1)] sinnra ) dn: 2 1 [an cos B+ 
ze sin ne) sin, where ay, = -= sin = ao ((— 1)" —1). 


40.5. See Problem 33.4. 
40.6. See Problem 33.5. 


: ) oo sinh(2n—1 : 300 300 A(Siyre 
40.7. (i) 4to yee 1 aoe sin(2n— Doe ae 1 D4 a +n?) 


x sinmasinny (ii) 450°, seh ee sin(2n — 1)x 
4sin3y yr0o (2m—1) 
ar Fe Seal (Q2m Ge E +9] ° 
40.8. u(r,z) = 37, ano () sin ht m= ae bmnJo(Anr) sin B, 
where Jo(An) = 0, n= 1,2,-++, anlo (uz a =< afd ) sin 42dz, and 


1 fh 
bmn = = r,z)rJo(Anr) sin “2 ae 
ue hJ? (An) maz + )2 So to q( ’ o( An ) hh 


Lecture 41 


Fourier Integral and 
Transforms 


The Fourier integral is a natural extension of Fourier trigonometric series 
in the sense that it represents a piecewise smooth function whose domain 
is semi-infinite or infinite. In this lecture we shall develop the Fourier 
integral with an intuitive approach, and then discuss Fourier cosine and sine 
integrals which are extensions of Fourier cosine and sine series, respectively. 
This leads to Fourier cosine and sine transform pairs. 


Let fp(x) be a periodic function of period 2p that can be represented 
by a Fourier trigonometric series 


Co 
a nm 
f(z) = = + dan COS Wyk + bn sin WnX), Wn = “p? 
where 
1 P 
Qn = - | fp(t) coswytdt, n>0 
P J—p 
1 P 
b, = ~ | fp(t)sinw,tdt, n>1. 
P J—p 


The problem we shall consider is what happens to the above series when 
p — oo. For this we insert a, and b,, to obtain 
co 


1 [? 1 7 
fo(x) = a / ; fp(t)dt + : Se cos Wnt ye ; f(t) cos wptdt 


n=1 


P 
+sinuna f Jp(t)sin wt : 
—p 


We now set 
(n+1)r nr 
Aw = Wy41 — Wp = ———— - — = -. 
Pp Pp Pp 


Then, 1/p = Aw/z, and we may write the Fourier series in the form 
L. — ? 

fo(z) = — / fp(t)dt+— 5° (cos Wnt) Aw / fp(t) cos wntdt 
2p = emer) _p 


P 
+(sinwya) Aw | Fol) sinuytd ; (41.1) 
—p 
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This representation is valid for any fixed p, arbitrarily large, but fixed. 
We now let p — oo and assume that the resulting nonperiodic func- 

tion f(z) = limp... fp(x) is absolutely integrable on the z-axis, i.e., 

Jo |f(@)|dz < oo. Then, 1/p — 0, and the value of the first term on 


the right side of (41.1) approaches zero. Also, Aw = 2/p — 0 and the 
infinite series in (41.1) becomes an integral from 0 to oo, which represents 


f(a), ie, 
1 co co co 
f(x) = ~ | cos vz [ f(t) coswtdt + sin vz f f(t) sinwtat| dw. 
T JO —oo —oo 
(41.2) 
Now if we introduce the notations 
1 ie se 
A(w) = - | f(t)coswtdt, B(w)= - | f(t) sinwtdt, (41.3) 
then (41.2) can be written as 


f(z) = [ae coswa + B(w) sinwa]dw. (41.4) 


This representation of f(x) is called Fourier integral. 


The following result gives precise conditions for the existence of the 
integral in (41.4), and the meaning of the equality. 


Theorem 41.1. Let f(z), — co < x < oo be piecewise continuous 
on each finite interval, and \ oe |f(x)| < oo, ie., f ts absolutely integrable 
on (—oo,00). Then, f(x) can be represented by a Fourier integral (41.4). 
Further, at each 2, 


[ae coswx + B(w) sinwaldw = =[f(x +0)+ f(x —0)]. 


1 
2 


Example 41.1. We shall find the Fourier integral representation of 
the single pulse function 


1 if |el<1 
P=) 9 if Iolo. 


From (41.3), we have 


1 


a 1 
A(w) = - | f(t) coswtdt = ~ | cos wtdt = 


1 TU 


2sinw 


Pr 
Biw) = - | sin wtdt = 0. 


TSJ-4 
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Thus, (41.4) gives the representation 


2. f i 
ee -[ coswrsinw | (41.5) 
T Jo WwW 
Now from Theorem 41.1 it is clear that 
5 if |z|<1 
SE pe OOHO oe eos (41.6) 
0 ie 2 2 4 
0 if |a|>1. 
This integral is called Dirichlet’s discontinuous factor. 
From (41.6) it is clear that 
°° sin w 
=-, 41. 
| aH tw = 5 (41.7) 


For an even or odd function, the Fourier integral becomes simpler. In- 
deed, if f(x) is an even function, then B(w) = 0 in (41.3) and 


2 co 
Wes i AU couetde (41.8) 
T JO 
and the Fourier integral (41.4) reduces to the Fourier cosine integral, 
f(x) =| A(w) cos wadw. (41.9) 
0 
Similarly, if f(a) is odd, then in (41.3) we have A(w) = 0 and 
2. fe . 
Bw) = - | f(t) sin wtdt 
T JO 
and the Fourier integral (41.4) reduces to the Fourier sine integral 


f(x) = [ B(w) sinwadw. (41.10) 


Example 41.2. We shall find the Fourier cosine and sine integrals of 
the function f(z) = e~*", x > 0, a> 0. Since 


2 a —at 
Aw) = = e “cos wtdt 
T Jo 
2 a =Ay Ww, oo 2a/n 
= XS xe (—=sinwt + coswt))| = 7 
T a“ +w a 0 ar +w 
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it follows that 
_ 2a ~ Coswx 


_ .-an 
aye wm Jo a? +wr 
From this representation it is clear that 
~~ Coswx T 
Further, since 
2 °° 2 
Bw) = =f e  sinwtdt = ae, 
T Jo ar +Ww 
we have iy ues 
apie wsin wr 
f(z) =€é ae: — =| wu 
and hence Bs 
wsin wr oe 
| ew a = a” ot (41.12) 


The integrals (41.11) and (41.12) are known as Laplace integrals. 


Now for an even function f(x) the Fourier integral is the Fourier cosine 
integral (41.9) where A(w) is given by (41.8). We set A(w) = \/2/7 FL (w), 
where c indicates cosine. Then, replacing t by x, we get 


F.(w) = ef f(x) cos wadx (41.13) 


f(x) = ef F..(w) cos wxdw. (41.14) 


Formula (41.13) gives from f(x) a new function F.(w) called the Fourier 
cosine transform of f(x), whereas (41.14) gives back f(x) from F.(w), and 
we call it the inverse Fourier cosine transform of F.(w). Relations (41.13) 
and (41.14) together form a Fourier cosine transform pair. 


and 


Similarly, for an odd function f(x), the Fourier sine transform is 


F,(w) = ‘2 | "Pe instil (41.15) 


and the inverse Fourier sine transform is 


Pe ye J. Pianta (41.16) 
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Relations (41.15) and (41.16) together form a Fourier sine transform pair. 
Example 41.3. We shall find the Fourier cosine and sine transforms 


of the function 
k, O<a<a 
fe)={ j 


L> a. 


= =k | coswadx = 25 a : 
Vo V3 Ww 
[2 =x | [2 a aa 
sinwadz = : 
Ww 


Example 41.4. We shall find the Fourier cosine transform of the 
function e~”. Clearly, we have 


Clearly, we have 


I 


a 
F.(w) =/ e* coswads 
0 


T 


Dee . 
jill cos wx + wsin wa) 
TT 


If f(a) is absolutely integrable on the positive x-axis and piecewise con- 
tinuous on every finite interval, then the Fourier cosine and sine transforms 
of f exist. Furthermore, it is clear that F, and F, are linear operators, 1.e., 


F.(af + bg) = aF.(f) + bFe(9) 


a 4/2/10 


1+w?° 


(0) 


and 
F.(af + bg) = aF,(f) + bF.(g). 


Theorem 41.2. Let f(x) be continuous and absolutely integrable on 
the z-axis, let f’(a) be piecewise continuous on each finite interval, and let 
f(x) — 0 as x > oo. Then, 


(i) FA(f'(«)) = wFs(f ») - f210) , and 
(ii) F3(f"(@)) = —wF.(f (2). 


Proof. To show (i), we integrate by parts, to obtain 


F.(f(2)) = ie i f'(2) coswrde 
= V2 [702 coswe|* prof iG )sinwede 
- (240 +wF.(f(2)). 
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The proof of (ii) is similar. a 


Similarly, we can show that 
F.(f"(x)) = —w° Fe(f(x)) — (20. 
F.(f"(a)) = —w° Fs(f(x)) + 20) 


Fourier Cosine Transforms 


f(«) F(f) 
1 1, O<a<a 2 sin aw 
, 0, otherwise T WwW 
2. x ', O<a<l [22 cos 
T we 2 
2 a 
3. aoe 0 SS —— 
i i ig (a ‘3) 
ee 1 ag2y4 
4 e**, a>O e © /4a 
V2a 
5 zve**, a>O : lt Re(a + iw)"** 
? T (a? + w2)\nt1 
6 cost, 0<a<a 1 |sina(l—w)  sina(1+w) 
, 0, otherwise \/on 1-—w 1l+w 
1 wot 
7 cosax?, a>0 cos { — — — 
/2a ( +) 
1 wot 
8 sinaz?, a>0 cos { — + — 
V2a (: *) 
i . w<a 
9 SUL s0 ,/ 5° 
2 0, w>a 
e "sina 1 24 2 
10. t = 
zr Vin we 
2 1 2 
11. Jo(ax), a>O TJ/e@—w’ — 
0, w>a 
12. sechaz, a>0O ee ie 
2a 2a 
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Fourier Sine Transforms 


f(z) F(f) 
1 1, 0< £2<6 = jen 
: 0, otherwise T Ww 
9 1 1 
; Ja Jw 
1 
3 373 2/w 
T 
4. x ', O<a<l Nie hs ae 
T wt 2 
2 7) 
5 - = 
. T (7 =3) 
—axr 9 
6 , a>O0 =tan = 
x Vom a 
n ax 2 n! n+1 
7 ze “*, a>O0 yee ti 
~ax2 Ww —w?/4a 
8 xe , a>O (2a)372 
9 sint, 0<a<a 1 |sinad—w) — sina(l+w) 
, 0, otherwise or l-—w 1l+w 
10. a acai . acw 
“ 0, a>w 
11. tan | ae a>0O Pcs ae 
x Ww 
mW 1 Tw 


12. cosechaz, a> 0 —-tanh—. 
a a 


Lecture 42 


Fourier Integral and 
Transforms (Cont’d.) 


In this lecture we shall introduce the complex Fourier integral and the 
Fourier transform pair, and find the Fourier transform of the derivative of a 
function. Then, we shall state and prove the Fourier convolution theorem, 
which is an important result. 


We note that (41.2) is the same as 
1 co co : , 
f(x) = -{ / f(t)[cos wt cos wax + sin wt sin wa]dtdw 
7 Jo —oo 


_ =f if Pico wt)at de, 


The integral in brackets is an even function of w; we denote it by F(w). 
Since cos(wa — wt) is an even function of w, the function f does not depend 


(42.1) 


on w, and we integrate with respect to t (not w), the integral of F(w) from 
w = 0 to w is 1/2 times the integral of F(w) from —oo to oo. Thus, 


1 Co CO 
f(x) = =| ff f(t) cos(wa — wt)at dw. (42.2) 
T J—oco —oo 
From the above argument it is clear that 
sly ce = : 
oF / f(t) sin(wx — wt)at dw = 0. (42.3) 
WT Joo —0o 
A combination of (42.2) and (42.3) gives 
1 Co CO . 
f(x) = = / / fhe?) dtdw. (42.4) 
T Joo J—00 


This is called the complex Fourier integral. 


From the above representation of f(a), we have 


a fies pte at et du. (42.5) 
V 2m Joo LW 2m Joo 
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The expression in brackets is a function of w, is denoted by F'(w) or F(f), 
and is called the Fourier transform of f. Now writing x for t, we get 


F(w) je dar (42.6) 


=== | fe 


and with this (42.5) becomes 


1 = iwx 
f(x) = af. F(wye* dw. (42.7) 


The representation (42.7) is called the inverse Fourier transform of F'(w). 


Finally, as in Theorem 41.1, if f(a), — oo < x < oo is piecewise con- 
tinuous on each finite interval, and [° |f(x)| < co. Then, the Fourier 
transform (42.6) of f(a) exists. Further, at each a, 


Jel dus = S[F(@ + 0) + f(a —0)] 


se f Fw 


Example 42.1. We shall find the Fourier transform of 


ro)={ k, O0<a2<a 


0, otherwise. 
Clearly, we have 


, k(1 — —taw 
heed = Be). 


. rf iw / 2 


Example 42.2. We shall find the Fourier transform of f(x) = e~?™” 
a > 0. We have 


Fw) = — © gl-as*—iwal 
- el oo[ (8) «| 


- eo(-£) [oo[- (eae) 
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Example 42.3. We shall find the Fourier transform of the square wave 


function 
0, w<a 
f@)=¢ 1, a<a<b 
0, #> 6. 
From (42.6), we have 
1 ve b 
Fw) = rye '*? dy = —= e "dx 
(w) Tie lx f(z) iat 
—iwb —iwa 
e€ = ee 
= —V 271iwW 
b-a 
», w=O0 
V2 
Further, it follows that 
0, «w<a 
eiwb a e wa , 1/2, r=a 
— | ——__———e”’*' dw = 1; a<a<b 
V2T Jacg = V 2TIW 1/2, c=b 
0; B60; 


Example 42.4. We shall find the Fourier transform of the function 


x7e-*, a«>O0 
f(2) -| 


0, «<0. 
We have 


F(w) = ae a? e* ee * dr 


va ms 


= =| or et (1+iw) gp _ — 
V20 m (1+ iw) 


The Fourier transform is a linear operation. We state this property in 
the following result. 


Theorem 42.1 (Linearity Property). The Fourier transform is 
a linear operation, i.e., for arbitrary functions f(a) and g(x) whose Fourier 
transforms exist and arbitrary constants a and ), 


F(af + bg) =aF(f)+6F(qg). 


Now we state and prove the following two results, which will be used 
repeatedly in the next two lectures. 
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Theorem 42.2 (Transform of the Derivative). Let f(x) be 
continuous on the z-axis and f(x) — 0 as |x| — oo. Furthermore, let f’(x) 
be absolutely integrable on the x-axis. Then 


F(f"(x)) = iwF(f). 


Proof. Integrating by parts and using f(x) — 0 as |a| — 00, we obtain 


F(f'(z)) = =|. fi'(xje"* da 


= arene Scie) [ seyerrae] 


V2n 
iwF(f(x)). 


l| 


It is clear that 
F(f") = twF(f’) = (iw)? F(f) = —w* F(f). 


Example 42.5. Clearly, we have 


P(e) = P(-Yery)=-te(e*y) 
1 


= ape (e-**) = adi ten w/t 
J/2 
ee ww enw /4 
2/2 


Theorem 42.3 (Convolution Theorem). Suppose that f(z) 
and g(x) are piecewise continuous, bounded, and absolutely integrable func- 
tions on the z-axis. Then 


F(f *g) = V2nF(f)F(9), (42.8) 


where f * g is the convolution of functions f and g defined as 
(fx g)(a y= fis f(t)g(a — t)dt = fia f(a —t)g (42.9) 


Proof. By the definition and an interchange of the order of integration, 
we have 


F(f*g) = =| i. f(t)g(a — r)e" drdx 
= = [. i f(r)g(a — r)e~* dadr. 
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Now we make the substitution « —7 = v, so that x =7+v and 


F(f*g) = 


=| 7 / 7 f(rar)e 


1 oe) 
= a. f(r)e 
= V2n F(f)G(g). 


TY) toate 


“err f g(vye "dv 


—Co 


By taking the inverse Fourier transform on both sides of (42.8) and 


writing F(f) 


= f(w) and F(g) 


cancel each other, we obtain 


10. 


(f*g)(@ 


= g(w), and noting that 27 and 1/V27 


=f fw 


)a(w)e™* du. (42.10) 


Fourier Transforms 


1, -—b<a<b 
0, otherwise 


Ly. Deez 
0, otherwise 
1 

x? + @?’ 
Oe <b 


2r—a, b<a< 2b 
0, otherwise 


a>0O 


e °*, «>0 
0, otherwise 


ee”, b<auK<e 
0, otherwise 
ev -—b<ea<b 
0, otherwise 


eb beoa<e 
0, otherwise 


— e7 2tbw 


V2n(a + iw) 


ela-twye _ ela—tw)b 


V2n(a — iw) 


2 sin b(w — a) 
™ Wa 


eibla—w) ic(a—w) 


a 


V2n 


TT 
2? |w| <a 
0, |w| >a. 


= 


aw 
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Problems 


42.1. Find the Fourier integral representation of the following func- 
tions: 
-1l, -l<2z<0 
Gi) f(~@)=4 1, O<a<l 
0, otherwise 
(i) f(z) =e"! 
_ f 1-27, |2l<1 
~ 1 0, Jal > 1. 


42.2. Use Fourier integral representation to show that 


© gin ew 1/2, x>0 
(i) | —dw= 0, r=0 
S ” —n/2, «<0 
°° cos aw + w sin zw lp 
(ii) | ee dw = n/2, t=0 
0 1l+w 5 
me *, 2> 0 
co, 3: 
(iii) i te = se" cosx if x >0 
co L= 
(iv) | ae’ sin awdw = { re: ee 
0 Ww 0, «>T7 
v) i. ee, _ J (m/2)cosx, |x| < 1/2 
0 1l-—w 0, |x| > 1/2 
(vi ia sin Tw sin rw A= (x/2)sinz, 0O<a<a4 
0 1—w? 0, @>T. 


42.3. Show that 


1 7 
(i) cosax? = , cos (= — *) coswrdw, a>0 
0 


+ *) coswrdw, a>O0 


a 2 [9 w2+2 
(iii) e~* cosa = -/ Tq 008 wxdw, x >0. 
TJo wit 


42.4. Show that 


oo 8 
; = WwW : 
(i) e "cose = = | hee z>0 
T Jo Ww 


2a Mee ae 
(ii) tan-+— = 2 | sinhawsinwrdw, a>0, «>0 
0 (Uw 
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|e ae Tw 
(iii) cosechax = ~ | tanh — sinwadw, a>0, «>0. 
a Jo 2a 


42.5. Find Fourier transforms of the following functions: 
e “sng, «>O0 

0, «<0 

. e*, x>0 

(i) f(a) = oe 

(iii) f(z) =e-l, a> 0. 


42.6.  Parseval’s equality for the Fourier transform (42.6) and its 
inverse (42.7) becomes 


[itepae= [ PwyPaw. 


Use Example 42.3 to show that 


1 co le-e = ea? 


5 dw = b—-a. 


27 Joo Ww 


42.7. Show that the solution of the integral equation 
i: f(w) sinrwdw = g(x), 
0 


where g(x) = 1 when 0< a <7, g(x) =0 when x > 7 is 


21- 
(joo wo, 


TT WwW 


42.8. Show that the integral equation 


| f(w) cos awdw =e", 
0 


has the solution 
2 1 


pias Pre 


fe) = 


42.9. Find the solution of the integral equation 


Fla) = gle) +f ne) fle — Hat, 


=090 
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where the functions f, g and h satisfy the conditions of Theorem 41.1. In 
particular, solve the integral equation 


al f(t)dt 1 
EE UE ER eee tee b. 
/ ore x2 + b2’ a 


42.10. Evaluate the following integrals 


0 fa, a>0, b>0 
I 


a>0O, b>0. 


Answers or Hints 


42.1. (i) ae (4298) sin wadw (ii) 2 f>° Spar dw 


0 
(iii) ve (sinwaw008) cos wordw. 


is 1 a 3 ses 2 a 
42.5. () Seatoag ) yep tog Mil) (2a 


F(g) iwa a(b~a) 
an loc 1-VanF(h)© du, ba (x?+(b—a)?) * 


42.10.Put x = 0 in (4.9) and (4.10). (i) 


42.9. f(x) = 


amarey (ii) Tepay- 


Lecture 43 


Fourier Transform Method 
for Partial DEs 


Here and in the next lecture we shall consider problems in infinite do- 
mains which can be effectively solved by finding the Fourier transform or 
the Fourier sine or cosine transform of the unknown function. For such 
problems usually the method of separation of variables does not work be- 
cause the Fourier series are not adequate to yield complete solutions. This 
is due to the fact that often these problems require a continuous superpo- 
sition of separated solutions. We shall illustrate the method by considering 
several examples. 


Example 43.1. We will show how the Fourier transform applies to 
the heat equation. We consider the heat flow problem of an infinitely long 
thin bar insulated on its lateral surface, which is modeled by the following 
initial-value problem 


Ut = C’Uze, —-w<a4<o, t>0, c>0 
u and uz finiteas |r| — oo, t>0 (43.1) 
u(z,0) = f(@), -o<4<o, 


where the function f is piecewise smooth and absolutely integrable in 
(—co, 00). 


Let U(w,t) be the Fourier transform of u(x,t). Thus, from the Fourier 
transform pair, we have 


1 ee . 
u(z,t) = =| U(w, te" dw 

1 = 
U(w,t) = =| u(a,t)e "dx. 


Assuming that the derivatives can be taken under the integral, we get 


Bi oa A ED aie 
Ot tn t_ «=O 

a - mf. U(w, t)(iw)e* dw 
Pu 


= 1 - . 2 twa 
a = ae U(w, t)(iw)*e" dw. 
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In order for u(a,t) to satisfy the heat equation, we must have 


2 
Ou 20 U _ jee 5 Put wt ee dy. 


1 a ( 
~ Ot Ox? aie at 
Thus, U must be a solution of the ordinary differential equation 


dU 2 2 _ 
a ee U=0. 


The initial condition is determined by 


U(w,0) = =f. u(x, Oe” dx 
1 bs —iw7 _ Ww 
= sa | tee dx = F(w). 


Therefore, we have 


and hence , a 
u(x,t) = — | F(w)e7 tel? duy, (43.2) 


Now since 


1 °° 2024 4 e~ 2 /(4e*t) 
=—— ee 6 edly = V2 ——_, 
V2Qr [. VArc?t 


if in (42.10) we denote F(w) = f(w) and g(w) = e~*”**, then from (43.2) 
it follows that 


es en (@—p)?/40%t 
. we ns —____ 7 
u(x,t) =f F(w)v2m V4arct ? (43.3) 


oo | \ aaa 
7 [. Mu VAre2t 
This formula is due to Gauss and Weierstrass. 


For each yu the function (2, t) > e~ (eH)? /40%t Hy 4rc?t is a solution of 
the heat equation and is called the fundamental solution. Thus, (43.3) 
gives a representation of the solution as a continuous superposition of the 
fundamental solution. 


We recall that the standard normal distribution function ® is defined as 


1 c 
®(c) = Tal en? /2dz, 
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This is a continuous increasing function with @(—co) = 0, ®(0) = 1/2, 
®(oo) = 1. If a < b, then we can write 


b e7(@—K)? /4e7t , 1 po -2/24 (x = 1) 
——— = —= e€ Z, ~—— =z 
a VArctt . V2 J (x—b)/V2e2t V2ct 


(a—a) (a—b) 


1 V2c2t 215 1 ‘a = 2/2 
a e€ ie dz i —— e e dz 
V2 V 27 Joo 


- (Gas) -° cat) 


(43.4) 
From (43.3) and (43.4) it is clear that the solution of the problem 
Ut =CUrz, —oO<a<oo, t>0 
0, uw<a 
u(z,0)= f(a)=4 L, a<a<b 
0, «>b 


can be written as 


u(z,t) = L® (==) —~L® (=) 


Now using the properties ®(—co) = 0, ®(0) = 1/2, ®(oo) = 1 we can 
verify that 


0, u<a 
L/2, xc=a 
limu(#,t)=¢ L, a<u<b 
L/2, x=b 
0, «>b. 


Example 43.2. Consider the problem 
Ut = C"Uee, x>0, t>0 
u(0,2)=0, *>0 


wu and wu, finiteas © > w, t>0 
u(x,0) = f(x), «>90, 


(43.5) 


which appears in heat flow in a semi-infinite region. In (43.5) the function 
f is piecewise smooth and absolutely integrable in [0, co). 


We define the odd function 
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Then from (43.3), we have 


e~ (ep)? /4c7t 7 


u(x,t) = [Selous 


0 o-(e—p)?/ac7t _ 00 p—(a—p)?/4e7t _ 


ae Tee Pte + ‘ eee 
In the first integral we change ps to —y: and use the oddness of f, to obtain 
0 p-(w—p)?/407t _ fore e7 (etn)? /407t 
= me i : eee a 
Thus, the solution of the problem (43.5) can be written as 
°° en (eH)? /4c7t _ en (eth)? /4e7t 
u(x,t) = | _— eg 


The above procedure to find the solution of (43.5) is called the method 
of images. 


(43.6) 


In an analogous way it can be shown that the solution of the problem 


Ut = C’Ura, x>0, t>0 
uz(0,t) =0, t>0 


. (43.7) 
u and u, finiteas « > oo, t>0 
u(z,0) = f(z), «>0 
can be written as 
lo) e— (eH)? /407t 4 p— (ety)? /4e7t 
u(x,t) = ——. dy. 43.8 
(at) = | — f(wdu. (43.8) 


Here, of course, we need to extend f(x) to an even function 


f(x), «>0 
f(-a), «<0. 


In (43.7) the physical significance of the condition u,(0,t) = 0 is that 
there is a perfect insulation, i.e., there is no heat flux across the surface. 


Example 43.3. Consider the initial-value problem for the wave equa- 
tion 
Ute = C’Une, —-o<2<o, t>0, c>0 


u and uz finiteas |r| —- oo, t>0 
u(z,0) = fi(t), -wo<a%<o 
ur(x, 0) = fo(z), -woO<c@r<cn, 


(43.9) 
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where the functions f; and f2 are piecewise smooth and absolutely inte- 
grable in (—oo, 00). 


To find the solution of this problem, we introduce the Fourier transforms 


Fi(w) = e WF Ee x)dx, j=1,2 


val. 


and its inversion formulas 


fj(x) = eM F(y)dw, j=1,2. 


=. 


We also need the Fourier representation of the solution u(x, t), 


u(a, t) Jel dey, 


ere 


where U(w,t) is an unknown function, which we will now determine. For 
this, we substitute this into the differential equation (43.9), to obtain 


ae oe 


Thus, U must be a solution of the ordinary differential equation 


+ cw? (uw, 0) et du. 


d?U 2 
Ge tcw'u =0, 


whose solution can be written as 


U(w,t) = c1(w) cos wet + c2(w) sinwet. 


To find cy(w) and c2(w), we note that 


and hence Fi (w) = c1(w) and Fo(w) = wec2(w). 


Therefore, it follows that 


F: 
U(w,t) = Fi (w) cos wet + sin wet 
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and hence the Fourier representation of the solution is 


u(a, t) =f. rw) ) cos wet + Pt) 


Now since cos @ = (e* + e~*)/2, sin@ = (e* — e~*)/2i, we have 


1 Pe 
—— F\(w)(cos wet)e’*’* dx 
Ta | Pieveosize 
i : oe 
Fi (w) en att ene) edu) 


1 
) V 27 Joo 


So Filw (civeter) + eiule-et)) dw 
ee ae 1(w) 


= alfa + ct) + fi(a — ct)]. 


sinwet| e“’*dw. (43.10) 


Similarly, 


1 oe sin wet 
Fy et duy 
V2 [ a (w) We 


1 4 [.* elwet gee oiwe 

= Se : dw 
2/20 IWC 
1 ei (a+ct) _ cio (w— ie 
~ 3 V/2r =| _* 1WC = 
- atct , 

= fF ‘al I eas) dw 

ct 


4 ia ae “Fate a 
== | tiene, 


—ct 


Putting these together yields d’Alembert’s formula 


atct 
u(a,t) = sifle+ ot) + file — et) + = f fa(E)d€, (43.11) 


—ct 


which is also obtained in Problem 33.10. 


Lecture 44 


Fourier Transform Method 
for Partial DEs (Cont’d.) 


In this lecture we shall employ the Fourier transform, or the Fourier 
sine or cosine transform to find solutions of the Laplace equation in infinite 
domains. Here we shall also introduce finite Fourier sine and cosine trans- 
forms, and demonstrate how easily these can be used directly to solve some 
finite domain problems. 


Example 44.1. We shall find the solution of the following problem 
involving the Laplace equation in a half-plane: 


Ure +Uyy =0, -oo<a<o, y>O 
u(z,0) = f(@), -c<a4%<oo (44.1) 
Ju(x,y)| < M, —o << OO, y>0, 


where the function f is piecewise smooth and absolutely integrable in 
(—o0, 00). If f(a) — 0 as |x| — oo, then we also have the implied boundary 
conditions lim),|,.. u(z,y) = 0, limy+.. u(z, y) = 0. 


For this, as in Lecture 43, we let 


1 ee IW = 1 °° Wwe 
fla)= =f Fre dw, Fw)=s= | fee dx 


and 


1 a : 
u(x,y) = a. U(w, ye" dw. 
We find that 


1 se FU (w,y)]) ac. 
0 = Urer + Uyy — =f [-.?0, y) + — eda: 


Thus, U must satisfy the ordinary differential equation 


PU, 
—=$s _"/Y 
dy? 


and the initial condition U(w,0) = F(w) for each w. 
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The general solution of the ordinary differential equation is cje’Y + 
ce “Y. If we impose the initial condition and the boundedness condition, 
the solution becomes 


U(w,y) F(w)e-*¥, w>0 F(w)e7l#lv 

wy) = = Fl(wie ‘ 
u F(wje’¥, w<0 

Thus, the desired Fourier representation of the solution is 


1 a ; 
u(a,y) = al F(w)e—#l¥e%* du, 


To obtain an explicit representation, we insert the formula for F(w) and 
formally interchange the order of integration, to obtain 


was) = sf (ft ert8ae) Mirela 
Sy ([- cise) f(E)dé. 


i dx 
Now the inner integral is 
i ei (@—§) 6 l4l¥ dy) _ 2Re | ele (@—§) 6—¥Y qu 
aa 0 
1 _ 2y 
y-uUr—§)  y?+(@-€)?" 


Therefore, the solution u(a, y) can be explicitly written as 


ye 
uew=— fab leas. (44.2) 


This representation is known as Poisson’s integral formula. 
Pp g 


= 2Re 


In particular, for 


1, a<a<b 
otherwise 


(44.2) becomes 


1 f° y 1 f° dé/y 
ue.) = = | eae), Ee 
y 


Using the substitution v = (€ — x)/y, we have d€ = ydv, so that 
y pera/y 4 
u(x, y) = ee 1+v2 U 


1 b— _ 1 
= - (‘a 7 * _tan-1 *) = —(, — 9a), 
7 y y 7 
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where 6, and 6) are as in Figure 44.1. 


(x,0) (a,0) (6, 0) 


Figure 44.1 


Example 44.2. We shall employ the Fourier sine transform to find 
the solution of the following problem involving the Laplace equation in a 
semi-infinite strip: 

Ure +Uyy =0, O<a<ow, O<y<b 

u(z,0) = f(a), O<4%<a@ 

u(0,y)=0, O<y<b 

u(z,b)=0, O0<a<o, 


(44.3) 


where the function f is piecewise smooth and absolutely integrable in 
[0,co). We shall also need the boundary conditions lim; u(x,y) = 0 
and limy 6 Uz (2, y) = 0. 


For this, we let 


foo 2 Ee 
=,/— F;(w) sinwadw, F;(w) =4/—- x) sin wad. 
f(a) =f (w)sinwedw, F,(w) =f f(a) sinwards 
and 
5) fore) 
u(z,y) =4/— U,(w, y) sinwadw. 
(ew=\= f Uww)s 


This, as in Example 44.1, leads to the same ordinary DE U”/ = w?U,, and 
hence 
Us(w, y) = c1(w) coshwy + c2(w) sinh wy. 


Now the boundary condition U,(w,b) = 0 yields 


edi = sinh wb 
PE ONT soa oh 
Thus, we have 
_ sinh wb . _ sinh w(y — 6) 
Us(w,y) = —e2 oak wb cosh igi Galyl) simlnty eae!) coshwb ~ 
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Now since U,(w,0) = Fy (w), we find 


cosh wb 


c2(w) = —F;(w) 


sinh wb’ 


and therefore 
sinh w(b — y) 


sinh wb 


Us(w,y) = Fs(w) 


This gives the solution 


hw(b 
u(z,y) = ex <n y) sin wrdw 


= =f [oa f(t) wp enwlo—v) y) sin wadtdw. 
~ sinhwb 


Next we shall introduce finite Fourier sine and cosine transforms. 


Definition 44.1. The finite Fourier sine transform of f(x), 0 < x2 < L 
is defined as 


- nTa 
=| f(x) sin ——dz, (44.4) 


where n > 1 is an integer. The function f(x) is then called the inverse 
finite Fourier sine transform of F(n) and is given by 


S~ Fs(n) sin —. (44.5) 


Definition 44.2. The finite Fourier cosine transform of f(x), 0 <a < 
L is defined as 


L 
= / f(z) cos de, (44.6) 
0) 


where n > 0 is an integer. The function f(x) is then called the inverse 
finite Fourier cosine transform of F.(n) and is given by 


f(x) = >. F.(n) cos = (44.7) 


Le 


Finite Fourier transforms are useful in solving partial differential equa- 
tions. For this, we note that 


L 
t L 
7 a um dr = u(a, t) Si ee (a, t) cos ——dx 
0 Ox L L 0 
and hence 
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and, similarly, 


F, ($) = + Fo(n) —[u(0, t) — u(L, t) cos nm, (44.9) 
O7u nr Ou 
" (sz) 7 “rn (i) (44.10) 
= a (n) + [u(0,#) —u(L,t) cos nr], 
F. (=) a "© Rn) — [uz(0,t) — ua (ZL, t) cos nz]. (44.11) 


Example 44.3. We will use finite Fourier sine transform to find the 
solution of the problem 


du Pu 
Ot Ox?’ 
u(x,0)=2%, O<a<4 

u(0,t) =u(4,t) =0, t>0. 


O0<a<4, t>0 
(44.12) 


Taking the finite Fourier sine transform with L = 4 of both sides of the 
partial differential equation gives 


e 
9 Ot 4 
Writing U for F,(n) and using (44.10) with u(0,t) = 0, u(4,t) = 0 leads to 


dU (n, t) nx? 
dt ae 


which can be solved to obtain 


U(n,t) = als a 


Now taking the finite Fourier sine transform of the condition u(x,0) = 
2x, we have 


4 
U(n,0) = | 2x sin ——dz 
0 4 
9 cos n7a /4 sin naa /4 a 32 | 
7 . nm /4 n?n? /16 e606 es 


Since c = U(n,0) it follows that 


32 
U(n,t) = —— cos mre? #/16 | 
nT 
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Thus, from (44.5) we get 


1 co 
6 cos nT enor nt/16 g NTL 


Tv nm 
n=1 


Problems 


44.1. Use the Fourier transform to find the solution of the boundary 
value problem 
y" + ay’ + by = f(x) 
y(z) > 0, yx) + 0 as |x| > 00, 


where the function f is piecewise smooth and absolutely integrable in 
(—oo, 00). In particular, find the solution when a = 0, b= —1, f(x) = e7!*!. 


44.2. Use the Fourier sine transform to find the solution of the bound- 
ary value problem 
y -PyH=fa), V<a<o, kS0 
y(0)=1, y(x) > 0, y(t) > 0 a rom, 


where the function f is piecewise smooth and absolutely integrable in [0, co). 


44.3. Use the Fourier cosine transform to find the solution of the 
boundary value problem 
y" —k*y= f(z), O<a<oo, k>O0 
y'(0)=1, y(t) + 0, y(t) + 0 as ron, 


where the function f is piecewise smooth and absolutely integrable in [0, co). 


44.4. Use the Fourier transform to find solutions of the following 
ordinary DEs satisfying y(x) > 0, y'(a) > 0 as |a| — oo: 
(i) ay” +y'+ cy = 0 (Bessel DE of order zero) 
(ii) ay’ + y' — xy = 0 (modified Bessel DE of order zero) 
(ii) y” +y/+ay=0. 


44.5. Show that the solution (43.3) can be written as 


u(x,t) = = [. e” f(x + 2VC7t w)dw. 
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44.6. Show that the solution (43.6) can be written as 
2 fee —ctwt : 
u(a,t) = - | | f(we ©? ‘sinwysinwadwdy. 
™Jo Jo 
44.7. Show that the solution (43.8) can be written as 
2 an pes ctw 24 
u(a,t) = — f(we © % ‘ coswycoswadwdp. 
TJo Jo 


44.8. Find the solution of (43.1) when the initial temperature distri- 
bution in the rod is given by 
2 


f(a)=e* 7, -xwK<a<o. 


44.9. Find the solution of (43.5) when the initial temperature distri- 
bution in the rod is given by 


44.10. Use the Fourier cosine transform to solve the following problem: 


Ut=Urx2, © >0, t>O0 
u(z,0)=0, «2>0 

u(z,t) + 0 as room, t>0 
uz(0,t) = f(t), t>0 


where the function f is piecewise smooth and absolutely integrable in [0, 00). 


44.11. Use the Fourier transform to solve the following problem for a 
heat equation with transport term 
Ut = CUse +kuz, -~O<a<oo, t>0, c>0, k>0 
u(z,0) = f(@), -c<a%<o 
u(z,t) and u,(x#,t) finiteas |z|—> 00, t>0 


where the function f is piecewise smooth and absolutely integrable in 
(—co, 00). 


44.12. Use the Fourier transform to solve the following nonhomoge- 
neous problem 
Ut =C’Use + Q(z,t), -oo<a<oo, t>0 
u(z,0) = f(z), -—co<u4<oo 


u(z,t) > 0, us(z,t) > 0 as |a] oo, t>0 
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where the function f is piecewise smooth and absolutely integrable in 
(—oo, oo). 


44,13. Find the solution of the problem (43.9) when 


G)  fi(w) =3sin2a, fo(x) =0 
(ii) fi(z)=e7F!, f(x) =0 
(iii) fi(a) =0, fo(w) = 4cos5a 
(iv) fiz) =0, fa(x) =e7 FI. 


44.14. Use the Fourier sine transform to solve the following problem: 


Ut =Ure, t>O0, t>O0 
u(z,0)=0, «>0 
u(z,0) =0, «>0 
u(0,t)= f(t), t>0 


u(a,t) and uz(z,t) > 0 as too, t>0, 
where the function f is piecewise smooth and absolutely integrable in [0, 00). 
44.15. Find the solution of the wave equation 
Utt = C’Ure — ku, -wo<a4<ow, t>0, c>0, k>0 
satisfying the same conditions as in (43.9). 
44.16. Show that the solution of the following Neumann problem: 


Uge + Uy =0, -o<xr2<o, y>O 
uy(x,0) = f(z), -c<a%<oo 


u(a,y) and u,(z,y) > 0 as (2? +y?) > 00, 


where the function f is piecewise smooth and absolutely integrable in 
(—oo, 00), can be written as 


uy) = e+ =f se) inly? + (w— 9, 


where c is an arbitrary constant. 
44.17. Find the solution of the following problem: 
Ure +Uyy =0, O<a<m, O0<y<b 
u(z,0) = f(a), O<x2%<o 
uz(0,y)=0, O<y<b 
Uy(z,b) =0, V<4<a, 
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where the function f is piecewise smooth and absolutely integrable in [0, 00). 
44.18. Find the bounded solution of the following problem: 
Ura +Uyy =0, O<ax<c, 0O<y<oo 
Uy(z,0)=0, O<a<e 
u(0,y)=0, O<y<@w 
Ux(c,y) = fy), O<y<o, 
where the function f is piecewise smooth and absolutely integrable in [0, 00). 


44.19. Use the finite Fourier cosine transform to find the solution of 
the following problem: 
Ut = Cue, O<au<a, t>0, c>0 
u(z,0) = f(@), O<a<a 
uz(0,t) = uz(a,t)=0, t>0. 


44.20. Use the finite Fourier sine transform to find the solution of the 
following problem: 


Ut = Cure, O<ax<a, t>0, c>0 
u(z,0) = f(r), O<a<a 

ur(z,0) =0, O<a<a 
u(0,t) = u(a,t)=0, t>0. 


Answers or Hints 


44.1. y(x) =— [ g(x — t)dt, where g(x) = =a 
—e *(l+a2), c>0 
x exp as Va? — 4b .Yy(x) = 4 : net \ e 


44.2. y(x = nae sng F(w)dw. 

44.3. y(2) = pe — \/2 [p° HEF) de, 

44.4. (i) y(a) = $ [o° bsin( +02) de (8) wa) = £ [f° SEB 
(iii): (a) == e~“”/2 cos (< - wa) dw. 


3 


44.5. Use the substitution u = «+ 2Vc?t w. 
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44.6. Use e~ = Wa i e~#”*/44 cog wadw. 
44.7. Use the same identity as in Problem 44.2. 


44.8. u(x,t) = eW? / 2448) / /T 4 22. 


44.9. u(x,t) = ve (MOY /(1 + c?t/a?)9/?. 


t x? 
44.10.u(z,t) = = ce Taf) exp (-<5) dy. 


— 


e7(@—H)? /4c7t 
je Bee 1)? /4c? (tr) 
+f oo jl, T) fea dudr. 


44.13.(i) 3sin 2xcos2ct (ii) 2 [5° eectcoser dy (iii) 4 cos 5a sin Set 


1+w 5 
: 2 °° sin wet cos wx 
(iv) mela w(i+w2) du. 


44.14.u(z,t) = 4 a fo f( )sinw(t — ys) sin wadpdw. 


44.15.u(a,t) = rel fn w) cos t/k+w2c?2 + Fo(w js erro eT duy, 


Vk+w2c? 
44.16.z = uy, satisfies the Dirichlet problem (44.1). 


44.17.Use the Fourier cosine transform 


y=2 fo So f()cos wpe) cos wadtdw. 


44.18.Use the Fourier cosine transform 


vy) = 2 fo Joo F(t) coswt 2Be* cos wydtdw. 


22 2 


a “ u(a, . = ct 2 Blane Or ee cog te 
= a ) cos 242 da. 


7 u(z, . = 230%, Fs(n) cos 22 sin 224, 
= i501 )sin dx. 
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Laplace Transforms 


The method of Laplace transforms has the advantage of directly giving 
the solutions of differential equations with given initial and boundary con- 
ditions without the necessity of first finding the general solution and then 
evaluating from it the arbitrary constants. Moreover, the ready table of 
Laplace transforms reduces the problem of solving differential equations to 
mere algebraic manipulations. In this lecture we shall introduce some basic 
concepts of Laplace transform theory. 


We begin with the following definition of Laplace transform. 


Definition 45.1. The Laplace transform of a function f(x), 0 < x < 00 
is defined by the improper integral 


Lif (x)] = F(s) = i e °" f(x)da, (45.1) 


where it is assumed that the integral converges for at least one value of s, 
say, § = so. Clearly, then the integral converges for all s > so. 


Thus, the Laplace transform is an operator which transforms the func- 
tion f(a) into its image F(s). The original function f(a) in (45.1) is called 
the inverse transform, or inverse of F(s) and will be denoted by £71[F); 
i.e., we shall write 

flaj= oF). (45.2) 


Of course, s may be a complex number whose real part is sufficiently 
large to make (45.1) convergent, but in the early part of the theory, it is 
more definite to think of s as a real positive number. 


When evaluating the Laplace transform of some function f(a), we ac- 
tually use f(a) only for 0 < a < co. Hence it should be irrelevant, from 
the mathematical point of view, if and how f(x) is defined for x < 0. How- 
ever, some properties of Laplace transform, particularly those which reflect 
a relationship with the Fourier integral, can be better understood if f(x) is 
assigned the value zero for —oo < x <0. 


Definition 45.2. The Heaviside function H(a), defined by 


0, «<0 
1, “2>0, 


H(2) = { (45.3) 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_45, 
© Springer Science+Business Media, LLC 2009 
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is a discontinuous function that is important in certain applications. It is 
discontinuous at x = 0. 


0 
Figure 45.1 


Example 45.1. To find Laplace transform of H(x), we note that 


oo oo b 
| e "H(x)dx = | e **dx = lim | e *"dx 
0 0 boo Jo 


—sx7|? —bs 
= lim |-< | = lim ss |. 
b—0o Ss 


Thus, if s > 0 the above limit exists and, we obtain 


LIA] = Lil] = 3. (45.4) 
Example 45.2. 
Lilet] = i ee dz = | el?) dy 
0 0 
iy ws 1 (45.5) 
— —_—e 5 SSA. 
a-—s 0 s—a 
Example 45.3. 
Llp") = | e startle ae 1 ose nti 4 (n + 2 | esta dz 
0 $ 0 8 0 
1 aa 1 
= (n alr ) ‘| ea" dx = (n F ) ee”), 
Ss 0 Ss 
Thus, in view of (45.4), we have 
1 1 5 2 2! ‘ n! 
fel=-cil=4, CeJ=Ace]=5,-,ce=2. (456) 


Example 45.4. Let a >0 be a number. Then, 
Co CO a d 
| e *2%dr = | e 7 (=) = (using x = 7/s) 
Fi 9 s/ 8 


(45.7) 


I 


Lia] 
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Recall that ['(n + 1) = n!, so that (45.6) follows from (45.7). 
Example 45.5. 


co 
L{[cosaz] = | e ** cosaxda 
0 
a 7 [ oct ae 
a 0 0) a 


s co 
= = e *“sinaxrdz 
a Jo 


: CoO 
sn CO8 AE 


sx DIN AX 


8 
== Gz Fleos az], s>0 


a 
and hence ‘ 

L{cos ax] Pag 8? 0 (45.8) 
Similarly, we have 

L{sin ax] = —— s>0. (45.9) 

s*+a 
Theorem 45.1 (Linearity Property). Let f;(x), 1 < j < 
n, 0 <x < oo be functions whose Laplace transforms exist, and let c;, 1 < 
j <n be real numbers. Then, 
Lier fila) +--+ + enfn(x)) = allfil +--+ + nL fn]: (45.10) 


Proof. Clearly, we have 
Lie fi (x) ae Cn fn(x)| 
a | e-** (er file) +++ bea fala))de 
0 


=c ~8" Fi (a)da +++» +e, © ost n(x)dx 
Lf em flasdetten fe fala 
=(Lll[fiJt---+onlfn]- | 


Theorem 45.2 (Uniqueness Property). If f(x) and g(z) are 
continuous functions for 0 < a < oo and if Lif] = Lig], then f(x) = g(a), 
and conversely. 


In fact, if two functions defined on the positive real axis have the same 
transform, then these functions cannot differ over an interval of positive 
length, although they may differ at various isolated points. However, this 
is not important in applications; we may say that the inverse of a given 
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function is essentially unique. Of course, if two continuous functions have 
the same transform, they must be identical. 


Theorem 45.3 (Inverse Linearity Property). Let f;(x), 1< 
j <n, 0 < x < oo be continuous functions, and let Fj(s), 1 < 7 <n be 
their Laplace transforms. Then 


Le Fi(s) +-+++enFn(s)) = afl [Fil t+-::+en£L71 [Fh] 
= ci fi(t) +-+-+enfn(2), 
where c;, 1 <j < n are real numbers. 
Theorem 45.3 follows immediately from Theorem 45.2. 


Example 45.6. Since cos? x = (1 + cos 2z)/2, we have 


1 1 
2 _ et cote 
L{[cos* a] = L E + 5 cos 
1 1 Te od Ss 
= Flu + 3 Fleos 22] =o Se aA 
Example 45.7. 
Lida + 7e?* + 5cos3z] = 4L[x] + 7Lle2*] + 5L[cos 3a] 
4 7 5s 


Go Gao eG 


Example 45.8. Let 


bB 
fi 
Aes) 
lI 
B 
if 
——_—— 
fon) 
an 
o 
a ™~ 
wn 
an 
Q 
| 
wH 
Hm 
> 
Sy 
[ a | 
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If f(a) is a complex-valued function of the real variable x, ie., f(a) = 
u(a) + 7v(a), where u(x) and v(a) are continuous real functions, then from 
(45.10) it follows that 


Lif] = Liu + iv] = Liu] + 2L[v). 
Hence, 
L[Real part of f] = Real part of L[f] 


and 
L£{Imaginary part of f] = Imaginary part of L[f]. 


Example 45.10. Since 


1 s+iw 


s—w sttw? 
S Ww 


ee 
8? + w? 8? + w? 


Licoswx+isinwz] = Lie”) = 


it follows that 
Ww 


L [cos wa] = gage . 


s . 
geo ae and CL [sin wo] = 


Thus, (45.8) and (45.9) can be obtained from (45.5). 


Now we shall provide sufficient conditions which guarantee the existence 
of the integral (45.1). For this, we need to introduce the following definition. 


Definition 45.3. A function f(z) is said to be of exponential order a 
if there exist positive constants X and M such that |f(x)| < Me°* for all 
r> xX. 


Theorem 45.4 (Existence Theorem). If f(z) is piecewise 
continuous on [0, 00) and of exponential order a, then L[f] exists for s > a. 


Proof. Clearly, 


oo x 2 
| eo" f(e)de = / ce palde+ [ee f(e)de, (45.11) 


where X is the same as in Definition 45.3. The first integral in the right side 
of (45.11) exists because f(a) and hence e~** f(a) is piecewise continuous 
on [0, X] for any fixed s. Now since f(x) is of exponential order a, for x > X 
we have |f(a)| < Me” and hence 


|e~** f(x) | =e *"|f(x)| < e78* - Me™ = Me“ &-%®, 
Therefore, it follows that for s > a, 
foe) foe) M —(s—a)X 
| |e~** f(zx)| dz < u | a oO, 
x ie 


SO 
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ie., the second integral in the right side of (45.11) converges absolutely. 
But then f° e~** f(x)dz exists for s > a. Finally, since both the integrals 
in the right side of (45.11) exist for s > a, the Laplace transform L[f] exists 
fors>a. I 


The conditions in Theorem 45.4 are sufficient for most applications, and 
it is easy to find whether a given function satisfies an inequality of the form 
|f(x)| < Me®*. For example, a bounded function is of exponential order 
0. This is clear from the fact that |f(x)| <M = Me. Thus, cos ba and 
sin bx are of exponential order 0. The functions e“” cos bx and e*” sin ba are 
of exponential order a. The function 2” is of exponential order a for any 
positive a, since by the Maclaurin series 


so that 2” < (n!/a")e°*. However, the function e® is not of exponential 


order, because, no matter how large we choose M and a, e® > Me for 
all sufficiently large x. 


It should be noted that the conditions of Theorem 45.4 are only sufficient 


rather than necessary. For example, the function 1/,/z is infinite at x = 0, 
but its transform exists. Indeed, we have 


00 1. “fe 1 il T 
—sx —1/2q = =T 1/29 = —T/[-] = -—, 
I oe al TVS 2) Vs 


We also remark that if f(a) is of exponential order, then f’(x) need 
not be of exponential order, e.g., f(a) = sin e® is of exponential order 0, 
however, f’(x) = 2xe* cose” is not of exponential order. But, if f (2) is 
of exponential order a, then A f(7)dr is of exponential order a. For this 
it suffices to note that 


i f(r)dr 


Example 45.11. For the piecewise continuous function 


no={ 4 O< a <2 


. . Me. M 
< | If(nlar < / Meri = pay et 
0 (0) a 


a 


1, xe > 2 
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we have 


| 
JR 
| 
oo ~ 
= 
+ 
| 
ane 
fay) 
© 
as 
wD 
V 
So 


Example 45.12. For the piecewise continuous function 


, O0<a<l 
f(x) = 1, 1<2<8 


et 4 >3 


we have 


s>2. 
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Using the definition of Laplace transforms to get an explicit expression 
for L[f] requires the evaluation of the improper integral, which is often 
difficult. In the previous lecture we have already seen how the linearity 
property of the transform can be employed to simplify at least some com- 
putation. In this lecture we shall develop several other properties that can 
be used to facilitate the computation of Laplace transforms. 


Theorem 46.1 (Transform of the Derivative). Let f(z) 
be continuous on [0,00) and f’(x) be piecewise continuous on [0,00), with 
both of exponential order a. Then, 


Lif"| = sL[f]-— f(0), s>a. (46.1) 


Proof. Clearly, f’ satisfies the conditions of Theorem 45.4, and hence 
Lif’) exists. If f’(x) is continuous for all x > 0, then we have 


cif'|= | * 6% f!(n)dx = e-** f(2) 


+3 f e ** f(a)dx. 
(0) 0 


Since |f(a)| < Me*, the integrated portion on the right is zero at the 
upper limit when s > a and the lower limit gives — f(0). Hence, it follows 


that 
Lf’) = —f(0) + sL[f]. 


If f’() is only piecewise continuous, the proof remains the same, except 
that now the range of integration in the original integral must be broken 
up into parts such that f’(a) is continuous in each such case. a 


Theorem 46.2. Let f(x), 0 <i < n—1 be continuous on [0, 00) 
and f(")(x) be piecewise continuous on [0,00), with all f(r), O<i<n 
of exponential order a. Then 


LF] = s"£[f] — 5°) F(0) — 8) FO) — + = FOND). (46.2) 
Proof. From (46.1) it follows that 
Lif"] = s£[f'] — f'(0) = s[s£[f] — F(0)] — f’(0) = s°L[f] — sf (0) — f’(0). 
The proof now can be completed by induction. a 
R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
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Example 46.1. Let f(x) = sin’ so that f’(x) = 2sinrcosx = 
sin2x, f(0) = 0. Thus, from (46.1) and (45.9), we have 


2 
. 2 ¥ 
sL[sin* x] — 0 = Lisin 2z] = aan 
and hence . 
in” «] = —=—.. 46. 
L{sin® a] eth (46.3) 


Example 46.2. Let f(x) = xsinwz so that f’(rz) = sinwr+wz coswz, 
f" (x) = 2weoswa — w*asinwxz = 2wcoswax —w f(x), f(0) = f’(0) = 0. 
Thus, from (46.2) for n = 2, and (45.8), we have 


s’Llzsinwaz] = L[2wcoswa — w*xsinwz] 
= QwL{coswa] — w?L[x sin wa] = 5 —wL[x sin wa] 
and hence ae 
Lia sin wa] = 4a? (46.4) 


Theorem 46.3 (Transform of the Integral). If f(z) is 


piecewise continuous on [0,00) and of exponential order a, then 
st 1 
L / f(r) =-L{f], s > max{0,a}. (46.5) 
0 s 


Proof. Clearly, if f(x) is of negative exponential order, it is also of 
positive exponential order, and hence we can assume that a > 0. Now 
the integral g(x) = ft f(r)dr is continuous and as we have seen in the 
previous lecture it is of exponential order a. Also, g/(x) = f(x) except for 
points at which f(a) is discontinuous. Hence, g’() is piecewise continuous 
and g(0) = 0. Thus, from (46.1) we have 


HASH aslo ee ff f(a . Se 
0 
which is the same as (46.5). | 


From (46.5) and the definition of inverse transform it is clear that 
1 x 
c= Fa) = | f(r)dr. (46.6) 
7 0 


Example 46.3. 


£ sa — cos 0) = CL + / sin wrdr] 
w w Jo 
1 oi Ww 1 


w s s2t+w2  s(s?+w?)’ 
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Example 46.4. 


1 sin wx 1, {* 1 
Sg oe eg ee Fy a 
2 € . )| L Ee | ( COS WT) 7 ert 


Theorem 46.4 (s-shifting). If f(«) has the transform F(s) where 
s >a, then e*” f(x) has the transform fe — a), ie., 


Lle** f(x)] = F(s — a). (46.7) 


Proof. Since F(s) = f>° e~** f(x)dz, we have 


L 


Psa) = f° @-* F(a)de = fe fer" f(a)] de = Lle*f(0)]. 
From (46.7) it follows that 
Lo" |F(s — a)] = e* f(z) = e** £7 [F(s)]. (46.8) 


Example 46.5. 


Lle*a2™| = (s —a)rt1’ 
s—a 
Lie** coswa] = (ena)? 4a?” 
w 
Lie sinwa] = Gao ae 


Example 46.6. 
_ s+4+2 pot eset | nae ay | eed 
aaa = Peete cee i aoe 


= —32 —1 § me! —1 4 
= {zc cae ra Fash 


: 1 
= e (cos Ag — ri sin tr) : 


Theorem 46.5 (z-shifting). If f(x) has the transform F(s), then 
the function 


0 if x<a 


fale) = { f(xw-—a) if «>a (a>0) 46:9) 


has the transform e~** F(s). 
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Proof. Since 


fla a)H(e-a) =| yyy" if r<a 


x—a) if «>a 


(recall the definition of the Heaviside function H(«)) Theorem 46.5 can be 
reformulated as follows: If £[f] = F(s), then 


Li f(a — a)H(x—a)] =e“ F(s). (46.10) 


Now we have 
e *F(s) = e °° i? e °' f(r)dr = i. e (749) FOr) dr 
0 0 
= / e *"f(x—a)dx (7T+a=2) 
= [ efi ie wee Pee eee 
0 
From (46.10) it is clear that 
Lo" [e~* F(s)] = f(a —a)H(x — a). (46.11) 
Example 46.7. The function 
1, O<a<T7 
f(x) = 0, w<u<2a 


sing, «> 27 


1 e77s 7 e727 
8 S s?+1° 
Example 46.8. For the transformed function 


F(s) = i e728 2e725 2Qse77™ 


1 
s 


2 s? 8 s?+1 
an application of (46.11) gives 
f(z) = L|F(s)] 
= uw—(x—2)H(a —2) —2H(a —2) 4+ 2cos(a —7)H (a — 7) 
= x«—a«vH(x —2)—2cosxH(x— 7) 
| Ds 0<a4<2 
= 0, 2<4u<7 


—2cos%, @>T. 
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Remark 46.1. Formula (46.10) applies to translations to the right. 
For translations to the left, we have 


rta — © ese e+a)dr= © o-8(t=a) r)dr 
Lif(e +a) i fetad | f(r)a _ 


er Lif] = e971) Flr) dr. 


The finite integral cannot be neglected unless f(x) = 0 for a < a, as it 
accounts for the part of the function which has been “lost” by translation 
to negative x values where the Laplace transform does not operate. 


Remark 46.2. Let f(x) be a function and F(s) its Laplace transform. 


Then, for a > 0, we have 


Lif (ax)] = [ e °* f(ax)da = Z [ e (8/97 F(7)dr = —F (a): ' 


Theorem 46.6 (Derivatives of Transforms). If f(z) is 
piecewise continuous on [0,0o) and of exponential order a, then 


Lla"f(2)] = (-1)°F™(s), s>a, n=1,2,-+-. (46.14) 


Proof. Since F(s) = {5° e~** f(«)dx, a formal differentiation with re- 
spect to s (under the integral sign) gives 


F(s)= f “(ale fla)de = — f° ex fla)ldn = ~Llef2)], 


0 


and hence 
Lixf(x)] = —F"(s), (46.15) 


which is the same as (46.14) for n = 1. It is now easy to see that repeated 
differentiations of (46.15) formally lead to (46.14). a 


From (46.14) it follows that 
i [F™(s)] = (-1)"2" f(z). (46.16) 


Example 46.9. From (46.15) it is clear that 


Ll d 8 _ 8? —w? 

© COS wa is \Paa?) ~ Sra” 
2 

Lixsinwr) = ( 7 ) eee 
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Theorem 46.7 (Integration of Transforms). If f(z) is 
piecewise continuous on [0,00) and of exponential order a, and if f(x)/x 
has a finite limit as 2 — OT, then 


fe - i F(r)dr. (46.17) 
Proof. Clearly, 


L a Z a —slayae = | ([- "dr ote 
[ ([- =" (ade) —_ [ Ade 


here changing the order of integration is justified by the absolute conver- 
gence of the integral. a 


From (46.17), we have 


ome / F(r)dr| 7 f(z) (46.18) 
s av 
Example 46.10. From (46.17), we find 
Fe ame | ¢ 9 )+-— 7] ar = [2m -in(7? + w?) 
x ; T T2+w? ; 
rT? cs s? s? + w? 
- Yew? | ie a ial - 


Remark 46.3. Formula (46.17) can be generalized, to obtain 


[o-" flaw ey i of Fr)dndn (46.19) 


Remark 46.4. From the relations (46.5) and (46.17), we get 


c| [ Par] = i “| - = [Far (46.20) 


Theorem 46.8 (Transform of Periodic Functions). If 
f(a) is piecewise continuous on [0,00) and periodic of period T, then L[f] 
exists for s > 0 and is given by 


1—e st 


Yi 
cif) = er / e-* f(a) de. (46.21) 
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Proof. Since 


ein= [ ” 6m" f(a)de = | e** fla)de + [ce teas 


if we change the variable in the second integral to 7 = x — T, we obtain 


[estar =f congr+ ryar 
T 0 
= —sT —SsT dr= —sTr 
e€ | e °*'f(r)dr =e (f] 


and hence e 
cifl= fo es addr +e Up, 
0 
which can be solved for Lif] to yield (46.21). | 


Example 46.11. We shall find Laplace transform of the half-wave 
rectifier periodic function of period 27/T defined by 


A snTx if 0<a<a/T 
me 0 if t/T <a <2n/T. 


From (46.21), we have 


1 a/T ; . 
L[f] = —! e *“ sin Tadx 
: aes (—ssin Tx — TcosTx) ia 
Soom Oo (Sin Tr - at 
Le e727s/T g2 + T2 r 
7 1 Ter 1): iy 
| ~ e-208/T s2 +72 = (1 = e—78/T)(g2 4 T2)" 


Theorem 46.9 (Convolution Theorem). Let f(x) and g(z) 
satisfy the conditions of Theorem 45.4. Then, the product of their trans- 
forms F(s) = Lif] and G(s) = Lig] is the transform K(s) = L[k] of the 
convolution k(a) of f(a) and g(x), written as f * g and defined by 


k(x) = (f * g)(« = [ toa («—7) (46.22) 


Proof. Since for s > a, 
e *7G(s) = Lig(a—7)H(a—7)| 


= | e *"g(a—7)H(a —7)dx = i e *"g(a —7r)da, 
0 T 
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Fats) = f° er pyatsyar = f° ger) [erate — rae] ar. 


Here we integrate with respect to x 
from 7 to co and then over 7 from 0 
to co; this corresponds to the shaded 
region extending to infinity in the x7- 
plane. Our assumptions on f and g al- 
low us to change the order of integra- 
tion. We then integrate first with re- 
spect to 7 from 0 to x and then over x Figure 46.1 
from 0 to oo; thus 


riya(s) = fe (f seyate- nar) ae 


= | e-**k(a)da = Lik) = K(s). WN 


Example 46.12. Let 


From (46.22), we find 
Sia . = Uo 2 
k(x) = L*|[K(s)] = cosxxsing = cosT sin(a — T)dt = gesine. 
0 


Remark 46.5. Using the definition of convolution f * g in (46.22) the 
following properties are immediate 


fxg = gxf (commutative law) 
(fxg)xh = fx(gxh) (associative law) 
fx(gth) = fxgtfxh (distributive law) 


fx0 = Ox«f=0. 


However, f x14 f in general. For example, 1/s? has the inverse x and 1/s 
has the inverse 1, and the convolution theorem confirms that 


x 2 
ext= fo rdr=>, 
0) 2: 
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Laplace Transform Table 


f(z) Y(s) = Cf] 
Tin+ 
1 a” us 5 n>-l 
n ax “A nl 
2 uve (s—a)r*1 
3. gol? & 
8 
4. e* sin bx (s—a)y?+e 
= 6)2 
5. e*” cos bx oe 
—@)2 
> : o 
6. sinh ax eg? qe 
s 
te cosh ax mee 
ax ba 
eo” —e 1 
ee oe b 
: a—b (s—a)(s—b)’ ae 
ae*” — be?® 6 
9 nL ———_—_., b 
a—b CC og 
as 
10. i 
xsinax (9 + oP 
11. x COS ax 3 ep 
2as 
12. inh 
xsinhax (s oP 
s +a 
13. h 
3 — ax oe a?)? 
14. ee 
a 1+ i 
15 i —a/a 
: s(1+ as) 
1 —a/a 1 
1 es 
6 Que (1 - as)? 
1 : —axr 1 a 
7 e °"(1—az) (e+ a) 
18. all — cos ax) a(8?7 +a?) 
. i 
19. Ga (ax — sinaz) #8? +a") 
20. a (sin ax — ax cos ax) @+0 = 
2 
91. ee Bax V3sin Baa) = 
1. . a” 
22. 5 (sinh ax — sin ax) 34 — at 
os. = . 


F 
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Problems 


46.1. Let f(x) and g(a) be piecewise continuous on [a, b]. Show that 
f(x) + g(x) and f(x)g(z) also are piecewise continuous on {a, J. 


46.2. Let f(x) and g(x) be of exponential order. Show that f(x)+ g(x) 
and f(a)g() also are of exponential order. 


46.3. Show that if {5° e~** f(x)dx converges absolutely for s = so, it 
converges absolutely for each s > so. 


46.4. Let >, fn(x) be a uniformly convergent series of functions, 
each of which has a Laplace transform defined for s > a, i.e., Li fn] exists 
for s > a. Show that f(x) = 07<, fn(z) has a Laplace transform for s > a 
defined by £[f(x)] = nai £1 fn(2)]. 


46.5. Let f(a) be a piecewise continuous function on [0,0o) and 
periodic of period T. Show that f(x) is of exponential order a for any 
a> 0. 


46.6. (i) Differentiate (45.7) with respect to a to show that 


, = Co 
Oe = [em n aera 
Ss 0 


(ii) Show that C[Ina] = (I’(1) — Ins)/s. The constant y = I’(1) = 
0.57721566 - - - is called Euler’s constant. 


46.7. Assume that conditions of Theorem 45.4 are satisfied. Show 
that lims.. F(s) =0. 


46.8. Use (46.1) to show that 


(i) lim, _.9+ f(@) = limssoo sF(s) 
(ii) limgsoo f(x) = lims_.o sF(s). 


46.9. Give an example of the function F(s) for which the inverse 
Laplace transform does not exist. 


46.10. Assume that conditions of Theorem 46.1 are satisfied except 
that f(a) is discontinuous at zp > 0, but f(wo—) and f(ao+) exist. Show 
that 


L£[f’] = s£[f] — f(0) — [f(@o+) — f(eo—)Je*”’. 
46.11. Show that 


: a 
(i) L sinh aa] = Poa 
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(ii) L[coshax] = z=. 
12s 
(s2 + 1)(s? +25) 
48 


(s? + 4)(s? + 36) 
(vy) £ le (2 cos5a —3sin 52) = 


(vi) £ ff ar] a 
0 T Ss 


46.12. Let f(x) be the square-wave function defined by 


(iii) L[sin 2x sin 3a] = 


(iv) Lsin® 22] = 


2s—9 
s2?+6s +24 


1 if 2@<a2<2i+1 
O if Wt+1l<x2£<24+2, i=0,1,--. 


Show that ‘ 


46.13. Let f(x) be the square-wave function defined by 


i E if %T<a<(2%4+09 

: =f # QED <e< OFT 101 o 
Show that e if 
Lf] = — tanh = 


S 
46.14. Let f(x) be the sawtooth-wave function defined by 
f(a) =k(a@-iT), iT<a<(i+1)T, i=0,1,--:. 

Show that 


k kT eT 
Lifl=3- sate 


Ss 


46.15. Let f(x) be the triangular-wave periodic function of period T 
defined by 


Show that 
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46.16. For the Bessel function J,(x) of order n show that 


(i) L[Jo(x)] = (s? + 1)-? 
(ii) L[Jo(ax)] = (s? +a?)-/?, a>0 
(iii) L[J,(x)] = 1—s(s?+1)-'/? (Hint. use Ji(x) = —Ji(x)) 
(iv) L[Jo(Vz)] = e7*/4/s. 
46.17. The error function erf is defined by 
erf (x j= [ e~* du. 
Show that i 
clext(y@)] = =. 


46.18. Show that 
2s 


46.19. Show that 


° sin at el 1 
L i dt i, Se 
0 t 0 t? + 82 2 s 


and hence deduce that 
~~ sin xt 1 
| p=" 
0 t 2 


46.20. Show that for x > 0, 


co 
@ | ete dt = al 
0 x 
a wee = 
7 
59 14+ ae 


co eo 2 _ 
(iii) [ - ee is =lIn 2 
0 2 
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(iv) | ze ?* cosadz = a 
. 25 


46.21. Use convolution theorem to show that 


1 1 5. 
pe = <5 er aes 


e 7 dr=e erf (x) 


Va 


rT a re ne ee Does EF ges 
e€ eT [singe Ssinz| (« ) 


Answers or Hints 


46.1. Use definition. 

46.2. Use definition. 

46.3. Compare the integrands. 

46.4. Since the series converges uniformly [57> = >> J. 
46.5. Consider the function over [0, 7). 


46.6. Verify directly. 


a)x 


46.7. From Theorem 45.4, we have F(s) < fo e~*" f(a)da + Mee" | 
46.8. (i) In (46.1) let s — oo (ii) In (46.1) let s — 0. 

46.9. See Problem 46.7. Take F(s) = 1. 

46.10. Integrate over [0,z9—) and (29+, 00). 

46.12.Use Theorem 46.8. 

46.13.Use Theorem 46.8. 

46.14.Use Theorem 46.8. 

46.15.Use Theorem 46.8. 

46.17.Change the order of integration. 


46.19.Integrate first with respect to x. 


Lecture 47 


Laplace Transform Method 
for Ordinary DEs 


Laplace transforms supply an easy, efficient, and quick procedure to 
find the solutions of differential, difference, and integral equations. Here 
we summarize this method to solve the second-order initial value problem 


y" tay’ +by=r(z), yO=y, y(O=m (47.1) 
where a and b are constants. Of course, this method can be extended to 
higher order initial value problems rather easily. In engineering applications 
the function r(x) is called the input (driving force) and y(x) is the output 
(response). 

The main steps are as follows: 

1. Take Laplace transform of each side of equation (47.1), ie., 

Lly” + ay’ + by] = Lir]. 

2. Use the linearity property of Laplace transforms, Theorem 46.2 and 
the initial conditions in (47.1) to obtain a linear algebraic equation; i.e., if 
we denote Y = Y(s) = L[y] and R = R(s) = Lr], then 

(s?Y — sy(0) — y'(0)) + a(s¥ — y(0)) +0Y = RB, 
which is the same as 
(s?+as+b)Y =(st+a)ytytR. 
3. Solve the algebraic equation for Y, i.e., 


(sta)jyotyitR 


Y= 
(s? +as +b) 


(47.2) 


A, Use the table of Laplace transforms to determine the solution 
y(x) of the initial value problem (47.1). For this, often the partial fraction 
decomposition of the right-hand side of (47.2) is required. 


Example 47.1. For the initial value problem 
y" —2y’+ty=e +2, y(0)=1, y'(0)=0 (47.3) 
R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 


Universitext, DOI 10.1007/978-0-387-79146-3_47, 
© Springer Science+Business Media, LLC 2009 
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we have i i 
2 i — 
(s°Y — s) — 2(sY oe aaa 
and hence 
s—2 1 1 
YS =. SE 
@—1P “G18  #@—1)7 
_ 1 1 1 “ 1 2 ee 
~  s-1 (s—1)2 (s—1)3  (s-1)2 s-1 8? 8 
1 1 1 2 


Thus, the solution of the problem (47.3) is 


1 
y(a) = £-1(¥] =-e* + are +242. 


y+4y=sin2z, y(0)=1, y’(0)=0 (47.4) 


we have 


(s?¥ —s)+4Y = : 


and hence 
Ss 2 


(+4 rap 
Thus, the solution of the problem (47.4) is 


1 
y(z) = £-*[Y] = cos2a+ g (sin 2a — 2a cos 221). (47.5) 


Remark 47.1. A simple observation shows that y = y(z) is a solution 
of (47.1) if and only if ¢ = ¢(#) = y(# — c) is a solution of 


y +ay’+by=r(x—c), yo=yo, y()=y- (47.6) 
Example 47.3. In the initial value problem 
yl" +y=2e, y(n/4)= 7/2, y/(n/4) =2- V2, (47.7) 


since r(x) = 2a = 2(a — 7/4) + 7/2, in view of Remark 47.1, first we need 
to solve the problem 


y +y=2e+n/2, y(0)=7/2, y'(0)=2- V2. (47.8) 
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For (47.8), we have 


1 2 2 
(sty -Srs-24+ v2) 4y¥=5408 


and hence 
1 Ss 1 1 1 ak Ss 
Yous 2—vV2 2{— —- ——_ —{-— 
a a1 +! VI) oaqt (= aa) +3(- mae 
T 2 ak 
— —_ —_ ———— 
5° vay 


which gives the solution of (47.8) as y(a) = (1/2) +2a—V2sin x. Now once 
again in view of Remark 47.1, the solution $(x) of (47.7) can be obtained 
from the relation (x) = y(a — 7/4), ie., 


d(x) = <+2(2-“) — V2sin («- =) = 2x7 —sinx + cos. 


Now we shall consider the initial value problem (47.1) where the function 
r() has discontinuities, is impulsive, or is periodic but not merely a sine or 
cosine function. The Laplace transform technique shows its real power for 
these kinds problems. 


Example 47.4. For the initial value problem 


y —4y'+3y=r(x), y(0)=3, y'(0)=1 (47.9) 
where 
0, @<2 
r(z#) = LZ, 2<an<A4 
6, zt>4 


vH (x — 2) —aH(a# —4)+ 6H (ax — 4) 
(a — 2)H (x — 2) + 2H (ax — 2) — (a — 4) H (a — 4) + 2H (a — 4) 


I 


in view of (46.10), we have 


(s?Y¥ — 3s —1)—4(sY —3)+3Y = | 


8 s s 8 
and hence 
3s—11 2s+1 a52 2s—1 ae 
= = a PT aT ee a a er 
4 ic, (Ot, 29 Bo oe 7 TD 
= Bat 3 Sst satel 
1 At 2.2 . & 2g, 
et te Stale 
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Thus, from (46.11) it follows that 


1 3 7 
y(a) = 4e7 —e7* + E + 3( — 2) ee + cea] H(a — 2) 
2 1 1 5 
cs 4 = ,(#—4) J 3(2—-A4) H | 
|: g(t ) 5e + 18° (xz — 4) 
Ae® — @3*, 0< 252 
3 x 7 32 4 


2 4 7 5 
Ae ee ee pe art Le ae, 
( De x : (se 18e22 ) . i 


Example 47.5. Consider the initial value problem 


y" +w*y=Ar(z), y(0)=yo, y'(0) =m. (47.10) 


This problem models undamped oscillations of a spring-mass system, simple 
pendulum, or LC circuit depending on the interpretation of x, w, Ar(x), yo, 
and y;. We shall find the solution of (47.10) where r(a) is the square-wave 
function (see Problem 46.12). We have 


A 
2 2 
y= - +u*Y = ———~ 
" yos — yi) tw s(1+e7%) 
and hence 
Ss 1 A = 
= —] nm mee 
s? gee 82 tae” = s(s? + w?) DI ye 


which in view of (45.8), (45.9), Example 46.3, and (46.11) gives 


A Co 
y(x) = yo coswa + “ sin wa + me peas —cosw(x — n))H(a —n). 


In physics and engineering often one encounters forces of very large 
amplitude that act for a very short period of time, i.e., that are of an 
impulsive nature. This situation occurs, for example, when a tennis ball 
is hit, an airplane makes a hard landing, a system is given a blow by a 
hammer, a ship is hit by a high single wave, and so on. We shall now show 
that the Laplace transform technique works equally well for problem (47.1) 
when r(x) is of an impulsive type. For this, we recall that in mechanics, 
the impulse of a force f(a) over the interval a < x < a+ p is defined by 


for? flade. 
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Now consider the function 


_fl/p, a<az<atp 
fol) = { 0, otherwise. eal 


Clearly, the impulse of f,(a) is 1. The limit of f,(x) as p — 0 is denoted as 
6(a—a), and is called the Dirac delta function after Paul Dirac (1902-1984). 
Sometimes this function is also termed as unit impulse function. 


Definition 47.1. The Dirac delta function 6 is characterized by the 
following two properties: 


(i). d(a@—a)=0, « Aa, and 
(ii) [- f(«)o(a@ — a)dx = f(a) for any function f(x) that is continuous 
on an interval containing 7 = a. 
Now we shall show that for a > 0, 
Llo(a —a)]) =e". (47.12) 


For this, we note that the function f,(x) defined in (47.11) can be written 
as 


1 
f(x) = poe a) — H(x — (a+ p))] 
Thus, from our earlier considerations 
23 l—e ? 
—as plate = eas . 
lfp(a)] =< [ee —¢ ee 


and hence in view of the linearity of Laplace transforms, we have 
lim £[fp(x)] = L£ im fy(0) = L[d(a -—a)] =e”. 
p—0 p—0 


Finally, we remark that 5(a—a) is not a function in the ordinary sense as 
used in calculus, but a so-called generalized function. An ordinary function 
io (a everywhere 0 except at a single point must have the integral 0, but 
i=. d(a — a)dx = 1. 


Example 47.6. For the initial value problem 
y +y=0(@—m), y(0)=y'(0) =0 (47.13) 


we have 
s°Y+sY =e 7 


and hence 
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which in view of (46.11) gives 


0, O0<a<T7 


y(x) = sin(z — 7)H(x@ — 7) = —sing H(z— 7) = { —sing, ©@>T. 


Some initial value problems which involve differential equations with 
variable coefficients can be solved by the method of Laplace transforms. 
However, for such problems there is no general method. To apply Laplace 
transforms to specific problems first from (46.2) and (46.14) we note that 


Lixf'(x)| = — 5 [sF(s) — f(0)| = —F(s) — sF'(s) (47.14) 
Lia f" (x)| = —£ [9 F(s) — sf(0) — f'(0)] = —2sF(s) — s°F"(s) + f(0). 
(47.15) 


Hence, if a differential equation has coefficients such as (cox +c), we get a 
first-order differential equation for F'(s), which can be solved. We illustrate 
the method in the following example. 


Example 47.7. For Laguerre’s DE (8.10) with a = 0, (47.14) and 
(47.15) leads to 


—28s¥ — s?Y’ + y(0) + sY —y(0) — (—Y — s¥")+nY =0. 


Thus, we have 
(s—s*)Y¥'’+(n+1-—s)Y¥ =0, 


which on separating the variables gives 
dY _ n n+1 
Y  \s=1 Ss 


(s—1)", 
grt] ’ 


and hence 
Y(s) = 


here the integration constant C' we have taken as 1 (often C' is determined 
by using the fact that lim... Y(s) = 0, or some other properties of the 
initial value problems). 


We shall show that 
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and hence 


n—a)(n) = ni s® 
Therefore, 
1 nl(s—1)"  (s—1)" 
APE ee ge 


Example 47.8. For Bessel’s DE of order zero, i-e., (2.15) with a = 0, 
with the initial condition y(0) = 1, we have 


—Y oe) +146yY =1=Y"=0 


and hence 
(s?+1)Y’+sY =0, 


which on integration gives 


Now expanding the function Y(s) in binomial series for s > 1, we obtain 


Cc Lt fF oy 4 
Te) oh1-55-3(G)aa-- 
_ Cc ~ = 1:3+5+-+(2m—1) 
~  g ap 1) 2™ m! s2™ | 


Thus, from the inverse transform it follows that 
_ —. (-1)™ 2m 


However, since y(0) = 1 it follows that C = 1, and hence 


ule) = > SOF 2)" = sola) 


0 
which is the same as given in (9.8) as it should. 


Problems 


47.1. Use the Laplace transform technique to solve the following initial 
value problems: 
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(i) y'+3y=1, y(0)=2 
(ii) y”’—3y'+2y=e%, y(0) =3, y/(0) =4 
(iti) y” + 2y’+5y=5, y(0) =0, y/(0) = 
(iv) y”+y=cos3z, y(0)=0, y'(0) = 
(v) y” —3y'+ 2y = H(z—6), y(0)=y'(0) =0 
(vi) y” —5y' + 6y = xe?* + €8*, y(0) =0, y/(0) =1 
(vii) y” — 3y' —4y = H(x@—-1)+ H(x—2), y(0)=0, y/(0) =1 
(viii) y” + 4y’+ 3y=2, y(—1) =0, y'(-1) =2 
(ix) y” + 4y’ + 5y = d(@—7)+6(a@— 27), y(0) =0, y'(0) =2 
(x) y” —4y’ + 3y = 80(a@ —1) + 12H (a —2), y(0)=1, y/(0)=5 
(xi) y!” +4y” + 5y’+2y=10cosz, y(0) =0, y/(0)=0, y”(0) =3 
(xii) oy” + 3y” —y’-—3y=0, y(0)=1, y’(0) =1, y”(0) =-1 
(xiii) y!” — 2y’” + 5y” — 8y' + 4y=0, y(0) =0, y’(0) =0, 
y"(0) =1, (0) =3 
(xiv) y’” —k*y=0, y(0)=y/(0) =y"(0) =0, y'"(0) =1 
ay) yf” — y= 0, 90) = 1, OM) = 7" O) =" 0) = 00. 


47.2. 


Suppose y = y(x) is the solution of the initial value problem 


y” +ay’ + by = 0, 


Show that the solution ¢(x) of (47.1) with yo = y: = 0 can be written as 


o(@) = (y xr) (a) 


[ y(x — T)r(r)dr. 


47.3. Use integration by parts to show that 
[seve eae = -7'00). 
In general prove that 
[ses @iae = yrs). 
47.4. Suppose z = z(z) is the solution of the initial value problem 
y" + ay! + by = d(x), y(0)=y'(0) =0. 
Show that the solution (a) of (47.1) with yo = y: = 0 can be written as 
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47.5. Use Laplace transform technique to solve the following initial 
value problems: 


(Gj) y+ 2ay'—4y=1, y(0) =y'(0) =0 
(ii) y” + 4ay’—8y=4, y(0) =y'(0) =0 
(iii) y” + ay’ —2y=1, y(0) =y'(0) =0 
(iv) y” —2ay'+2y=0, y(0)=0, y’(0)=1 
(v) y’—ay’ty=1, y(0)=1, y(0) =2 
(vi) is y'+4ry=0, y(0) = 3, y'(0) = 
(vii) x 2(a — 1)y’ +2(a —1)y=2e7-* cosz, y(0)=0, y/(0) = —-1 
(ii) 2y ay” —(2+2)y'+3y=x2-1, y(0)=y'(0)= 
47.6. Consider the mechanical 
system depicted in Figure 47.1. The 
system consists of a mass M, a spring K M wb 
with spring constant K, and a viscous 7 f 
damper yp. The mass is subjected to an j WW—O 
external force r(a). Let y(a) denote the r(x)—> 


deviation of the mass from its equilib- 
rium at time x. Then, Newton’s and Fioure 47.1 
Hooke’s laws lead to the differential equation Renee ts 
My" + py'+Ky=r(z), M>0, K>0 and p>0. 


Use the Laplace transform technique to obtain y(«) in each of the following 
cases: 


(i) r(z)=0, w?-4MK=0, y(0)=yo, y'(0) = y1 (critically damped) 
ii) r(z)=0, w?-4MK>0, y(0)=yo, y/(0) =y1 (overdamped) 
(iii) r(z)=0, w?-4MK <0, y(0)=yo, y/(0) =m een 
(iv) r(z)=Fsinwz, w=0, K/M4w?, y(0) =y'(0) = 


(simple harmonic motion with ae force) 
(v) r(z)=Fsinwz, p=0, K/M=w?, y(0)=y'(0) =0 (resonance). 


Answers or Hints 


A7.1. (i) 3e78* +3 (ii) $e?" 4+ 3074+ 4 (iii) 1—e~* cos 2a—Fe~* sin 2x 
(iv) Lee v) H(a—6)[4e2@-9 — a al (vi) e?*[2+1]— 
e*[L+2+ 5] (vii) A(x Dg t meh + ge +H a- a4 
delle 2) 4 Lele 2)) + Lett — Le-e (viii) 2 eal MUe-3(e+1) + 1__ 4 


(ix) 2 A(a— 1) + elt H(a— 2r)le ae ) 232 e* + [4e? (2-1) 
Ae(*-1)) H(a — 1) + [2e3(*-?) — 6e(*-2) 4 4) (a — 2). (xi) 2sinx — cosx — 
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e "4+ 2e-*_2re—* (xii) #e7+5e-* Ge ** (xiii) gee? + 2xe"— ge cos 2z— 
xv) 


25 
ia F Lo 1 1 
ag Sin 2x (xiv) spr sinka ( 5 cosh kx + 5 cos kx 


47.2. Use Convolution Theorem 46.9. 
47.3. Verify directly. 
47.3. Use Convolution Theorem 46.9. 


47.5. (i) «7/2 (ii) 2a? (iii) x? /2 (iv) x (v) 14+2x (vi) 3Jo(2z) (vii) $(C- 
l)e~*sinz — 3(C + 1)ze~* cosz, C is arbitrary (viii) «/2. 


47.6. (i) y(x) = e7 (4/2) [yo + stryoe + yi a] 
/ 4,2 — 
(ii) y(x) =e"? [yg cosh 02 + 5 (yr + ahr yo) sinh Ox] , 9= Y* a 


_ Vf4MK— 1? 


iii) y(x) = e"@PM [yo cos $x + % (y1 + saz Yo) sin da] »6= 


( 
(iv) y(z) = (KOM [sinwe -—w # sin fa] 
( 


v) y(z) = sh [FE sinwa — xcoswa] . 


Lecture 48 


Laplace Transform Method for 
Partial DEs 


In this lecture we shall apply the Laplace transform technique to find 
solutions of partial differential equations. For this, we note that for a given 
function u(x,t) defined for a < x < b, t > 0, we have 


Ou) ey Ou 


= -u(x,0)+ sL[u] = —u(x,0) + sU(a, 8), 
where Liu] = U(x, s). Similarly, we find 


Ou) f[? «Ou, a ff a -. _ dU (a, 8) 


ul O (Ou\] Ou Ou(a, 0) 
loa] - «la GG)] =a] -7e 
Ou(x, 0) 

Ot 


= s’U(a,s) — su(x,0) — 
and 


dx? 


[ey _ @U(a, 8) 


a> : 
Example 48.1. We shall find the solution of 
Uz =2u:+u, u(x,0) = 6e*” (48.1) 
which is bounded for all « > 0, t > 0. 


Taking Laplace transforms of the given partial differential equation with 
respect to t, we obtain 


d 
< =2{sU —u(z,0)}+U, U=U(a2,s) =L[u(z,t)], 
or a 
paige ee —32 
Ge 7 (28+ 1)U = - 126%. (48.2) 
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Thus, we find that Laplace transformation has transformed the partial dif- 
ferential equation into an ordinary differential equation. Clearly, the solu- 
tion of (48.2) can be written as 


6 


a s+2 


e738 +4 C(aje@al=, 


where C(s) is an arbitrary constant. Now since u(#,t) must be bounded 
as x — oo, we must have U(a,s) also bounded as x — co and so we must 
choose C(s) = 0. Hence, 


6 
U(a,s) = ox aie (48.3) 


From (48.3) it immediately follows that u(x,t) = 6e~ 74-3”. 


Example 48.2. We shall solve the problem 


Uz tau,=0, «>0, t>0 


u(z,0)=0, u(0,t) =¢. (48.4) 


Taking Laplace transforms of the given partial differential equation with 
respect to t, we find 


as + x[sU(a, s) — u(a,0)] = 0, 
or a 
—+2asU =0. 
da 


The general solution of this ordinary differential equation is 
U(a,s) = O(s)e*""/?, 
Now since £[u(0, t)] = L[t] = 1/s?, we have U(0, s) = 1/s. Hence, 


1 
U(a,s) = =e 


Thus, the solution of (48.4) can be written as 


uat)= (1-5) # (1-5) = a, eae 


Example 48.3. We shall find the solution of the following initial- 
boundary value problem 
Ut=Ure, O<a<l1, t>0 
u(#,0) =3sin2rz, O<a<l (48.5) 
u(0,t)=0, u(1,t)=0, t>0. 
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Taking Laplace transforms of the given partial differential equation with 
respect to t, we obtain 


d?U 
sU — u(a, 0) = ae? 
or P 
U 
ee —sU = —3sin272. 


The general solution of this ordinary differential equation is 


U(x, 8) = e1(s)eY** + co(s)eV* + 


sin 272. 


3 
s+ 4r? 
Now taking Laplace transform of the boundary conditions, we have 

Liu(0,t)] =U(0,s)=0 and Lfu(1,t)] =U(1,s) =0. 
Thus, it follows that 
0 = «1 (s) + ca(s) 
0 = c1(s)eV® + co(s)e7V* 


and hence, ci(s) = c2(s) = 0. Therefore, we have 


3 
U(a, 8) => guage sin 272, 


which gives the solution of (48.5), u(a,t) = 3e-4""t sin Ire. 
For our next example we recall the definition of the complementary error 
function erfc(t) : 


erfc(t) = 1 — erf(t) j=1-3 fe —w du. 


Example 48.4. We shall find the bounded solution of the problem 


Ut=Ure, Ut >O0, t>O0 


48.6 
u(z,0) =0, u(0,t) = uo. oe) 
Taking Laplace transforms of the given partial differential equation and 
of boundary condition u(0,t) = uo, we find 
au UO 
ae = U(0,s) = —. 
The general solution of the above ordinary differential equation is U(x, s) = 
c1(s)eY** + co(s)e~V**. Since u(x,t) is bounded as x > oo, U(a,s) must 
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also be bounded as x — oo. Thus, we must have ci(s) = 0, assuming 
s > 0, so that U(x,s) = co(s)e~V**. This solution satisfies the condition 
U(0, 8) = uo/s provided c2(s) = uo/s, and hence 


ee V8u 


U(a,s) = uo (48.7) 


Now we shall show that the inverse transform of (48.7), i.e., the solution 
of (48.6) can be written as 


2 is 2 xz 
u(x,t) = ug— ee“ du = ugerfc (=) : (48.8 
For this first we shall find £~![e~v*]. Let Y = e~V* so that 
as, Hie 
2/3’ 4s | 4533/2" 
Thus, it follows that 
d 
4s¥"+2Y'-Y=0, '=—. (48.9) 
8 


Now Y” = L[t?y] so that 
d 
sY¥" = Gilt yl = Lit?y’ + 2ty]. 


Also Y' = £L[-ty] so that (48.9) can be written as 
AL[t?y' + 2ty] — 2L[ty] — Lly] = 0, 


or 
At?y' + (6t —1)y = 0, 
which can be solved to find the solution 
CG aija 
y(t) = p/2 © ’ 


where C is an arbitrary constant, and hence ty = (C/Vt)e—!/4*. Next we 

have ae 

d d evs 

Llty] = -—Liy) (ev) == 7 

Clearly, for large t, ty ~ c/Vt and Lity] = C\V/7//s. Further, for small 

s, (e~V*/2,/s) ~ (1/2,/s). Hence, from Problem 46.8(ii) it follows that 
C./n = 1/2, or C = (1/2/77). Thus, we find 


of 


1 = 
= QJ mts/2 ~ Apat (48.10) 
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Now using the convolution theorem, and letting u = 1/(4v?) we obtain 


col eve = : 1 —1/4u gq 
s 7 0 2/Jmus/2~ 7 
y) co 


=o f ( : ) 
—— e U = eric — é 
VT Sijavi 2Vt 


Finally, to find fo |e-eve) s] we use the change of scale property, i.e., 


4 eve? 1 1 1 xr 
L 5) = —; eric ———— => —yeric aie 
xs x 2,/t/x? x 2V/t 


co <= = erfe (=) (48.11) 


Example 48.5. We shall find the bounded solution of the problem 


Up= CU, «£>0, t>0, e>0 
u(z,0)=k, «>0 (48.12) 
u(0,t)=f@), t>0, 

which generalizes (48.6). 


Using Laplace transforms, we get the ordinary differential equation 


,@U 


dx?’ 


sU — u(x,0) =c 
which can be solved to obtain 
. k 
U(a,s) = ce * + coe? + a e= Js/e. 
Now the fact |u(x,t)| < oo implies that cg = 0, and since U(0,s) = F(s), 
we have , 
F(s)=a+ 2 


Thus, it follows that 


wo | > 


U(a,s) = 


ow (a5) 2 


(1—e7?*) + F(s)e7””. 


However, since 
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we obtain 


d x x x = 
¢ ae (sa7)| = [payee (aa) | = 


Thus, in view of convolution theorem, the solution of (48.12) can be written 
as 


x exp (—2?/4c?7) 


u(a,t) = ert (5) if se | te Pe (48.13) 


The above representation of the solution is due to J.M.C. Duhamel (1797-— 
1872). 


Example 48.6. We shall use Laplace transforms to find the bounded 
solution of the problem 


Ut=CUse, © >0, t>0, c>O0 
u(z,0) = f(x), «>0 (48.14) 
u(0,t)=k, t>0. 


As in Example 48.5 it is clear that the corresponding ordinary differen- 
tial equation is 
@U s 1 
a? = at): 


which can be solved to obtain 


U(x, s) 


1 zx 
AeP® + Be ?* — =| sinh p(x — Tr) f(r)dr, p=Vs/c 
0 


x 1 x 
eh Ti ee?’ f(r)drT| +e ” |Bt+ [er sear : 
2pc? Jo 2pc? Jo 


Thus, the condition that U(x, s) is bounded as x — oo yields 


: a e P* f(r)dr 


~ Wc? Jo 


and the condition at x = 0 will then produce 


po po eraer. 


s  2pc? Jo 
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Hence, it follows that 


k —px e P* 7 —pT 
U(a,s) = in ape Ih e ?* f(r)dr 
ePt co = zx . 
pe e ”7 f(r)dt7 — — sinh p(a — rT) f(r)dr 
= K pe + : - [-e Pr PT + ge Pret f(r)dr 
S 2er/s [Jo : 


a [Se erarr se ghee f(r) 


k 1 ae 
= —e P# —|z-tl|p _ ,—(#+1T)p 
nial af f(r) le € Jar 


and therefore, 


u(x,t) = kerfe (5) he - i f(r)[g(x — rI,t) — g(a +7, 8)]dr, 
where 
Lig(w,8)]| =e" 


We shall show that 


aes) = 6° [Beem] = ew (-). 


For this it suffices to establish the relation 


2 —ar/s 
L le i] Sj (48.15) 


Tt 


Since, £-1[s"] = 0, n =0,1,2,--- we have 


pa = _ cae ( 6 ee || 


Vs 1! 2! 31 


si 1 a2g1/2 i ats3/2 i 
7 /s 2! A! 


_ pe . q2™ g(2m—1)/2 _ 3 q2™ tom-1/2 
eS (2m)! = (2m)! T(—m + 1/2) 
t-1/2 a2t-3/2 t-1/2 a2t—3/2 
~ FOR) * arty Ve 2am 


2 
uy 2 ae 


1 
Vit n/a 13/? Vat 
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Example 48.7. We shall solve the following initial-boundary value 
problem 
Utt =Urxz, JO<a<a, t>0 
u(a,0) = bsin—a, 0<a<a 
ae (48.16) 
u(xv,0) = —bsin—xz, O0<a<a 
a 
u(0,t)=0, u(a,t)=0, t>0. 
Transforming the equation and the boundary conditions yields 
au 
dx? 
U(0,s) = U(a,s) =0, 


_o0 0 
= s°U — bssin—x + bsin —x 
a a 


which has the solution 
a*b(s—1) . = 
U(2, s) = oe sin Ped 


Hence, the solution of (48.16) can be written as 
u(a,t) = bsin un [cos 74 - sin 74]. 
a a nw @ 

Example 48.8. We shall find the solution of the following initial- 
boundary value problem 

Ute — 4Uee fU= 16%+20sinz, O<a<7, t>0 

u(a,0) = 16a + 12sin2x% —8sin3z, w(x,0) =0, O<a<a (48.17) 

u(0,t)=0, u(a,t)=167, t>0. 
Taking Laplace transforms, we find 

Ou aU _ 16x 20sina 


2 = So =f. ——_—= = ——— 
s°U — su(a,0) At (a, 0) 472 +U r + a 


which in view of the initial conditions is the same as 


2 1 A(s? +1 in: 
a —7(s+1)U = Aerie = ae —3ssin 2x +2ssin3x. (48.18) 
We need to solve (48.18) along with the boundary conditions 


167 


U(0,s)=0, U(a,s) = (48.19) 


The general solution of the differential equation (48.18) can be written as 
U(a,s) = ce BVO He 4 oper VO rs 
16x 20 sin x 12ssin2x 8ssin3x 


a sea s?+417 8? + 37 
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The boundary conditions (48.19) imply that c, = cg = 0, and hence 


Bites) 16x oe 20 sin x & 12ssin2x 8ssin3x 
L,8) = — + ——_—_ + ———_  - = .. 
; 8 s(s? + 5) salt oT 


which gives the required solution 


u(x,t) = 162 + 4sin x(1 — cos V5t) + 12 sin 2x cos V/17t — 8 sin 3x cos V37t. 


Problems 


48.1. Solve by Laplace transforms: 


(i) Ue + 2au,= 22, «>0, t>0, u(a,0)=1, u(0,t)=1 
(ii) wu, tu,=at, «>0, t>0, u(az,0)=0, u(0,t)=0 
(iii) upt+au=2?, z>0, t>0, u(z,0)=0, u(0,t) =0 
(iv) Uzp+tu,=a2, c©>0, t>0, u(z,0)= f(x), u(0,t)= 


(assume that f’(x) exists for all «) 
(v) Ue -u=l—et, 0<a<1, t>0, u(x,0)=2, |u(z,t)| < o. 


48.2. Solve by Laplace transforms: 


(i) Up = 2tUae, O< a <5, t>0, u(az,0) = 10sin4rx — 5sin6re, 
u(0,t) = u(5,t) = 0 

(ii) Up = 3Ug2, O< a < 7/2, t>0, u(a,0) = 20cos3x — 5cos 9a, 
ux (0,t) = u(a/2,t) = 0 

(iii) up=Uae, O<a<a, t>0, u(s#,0) =k +4 bsin(ra/a), 
u(0,t) = u(a,t) =k 

(iv) %=—CUg., 2£>0; t>0, ¢>0, u@,0) =0, 
ux (0,t) = —k, Jim u(a,t) =0 

(v) Up=Use —4u, O<a<a7, t>0, u(x,0) =6sinaz — 4sin 2z, 
u(0,t) = u(z,t) =0. 

48.3. Solve by Laplace transforms: 


Ut = Clee, *>0, t>0, c>0 
u(z,0)=0, «2>0 

ur(x,0) =0, 2 >0 

u(0,t)= f(t), t>0 

im u(z,t)=0, t>0. 


In particular, find the solution when 
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(i) c=1, f(t) =10sin2t 


is sint, O<t<27 
ye { 0, otherwise. 


48.4. Solve by Laplace transforms: 


(i) Ue = 9Ure, O< a <2, t>0, u(a,0) = 20sin27x — 10sin5dra, 
uz(z,0) =0, u(0,t) = u(2,t) =0 

(ii) ur =Cuce, c>0, t>0, c>0, u(z,0)=0, u(2,0) =—1, 
u(0,t)=#7, lim u(g,t) exists 

(iii) wy =Uee, O<e2<1, t>0, u(z,0)=2-—27, u(z,0) =0, 
u(0,t) = u(1,t) =0 

(iv) Ue = Ure + sin(zx/a)sinwt, O<a<a, t>0 
u(x, 0) = uz(x,0) = u(0, t) = u(a,t) = 0. 


Answers or Hints 


—a«?)H(t — x?) (ii) a(t-1+e) (ii) 2?t- t+ 
(iv) Take Laplace transform with respect to 2, 
f(x —t)H(a —t) + $2? — 4 (a —t)?H(a—-t) (v)e+1—e™t. 


48.2. (i) 10e~32*"t sin dra — 5e~72""* sin Gra (ii) 20e~27* cos 3a — 5e~ 243+ 


sid —nt/a? «. me /: t ,—a?/4t 
x cos 9z (iii) k+be~™ */* sin 22 (iv) k [2ey/Le /* — werfe (=)| 
—8t 


(v) 6e~°* sin a — 4e~* sin 2z. 
48.3. f (t— 4) H(t— 4). (i) 10sin2(t— x) H(t — 2) 
. sin(t—- 2), 2<t<24+42n 
(ii) c c c 
0, otherwise. 
48.4. (i) 20sin 27x cos6mt — 10sin5rxcos 15nt (ii) —t+[(t— 2) 
+(t-2)"] H (t-2) (ii) 2-2? -P +24 i. 7 n—2)?H(t—n—2) 


(t—n—1+2)?H(t—n—-1+2)| (iv) es ene ean aes 


Lecture 49 
Well-Posed Problems 


A problem consisting of a partial DE in a domain with a set of initial 
and/or boundary conditions is said to be well-posed if the following three 
fundamental properties hold: 


1. Existence: There exists at least one solution of the problem. 
2. Uniqueness: There is at most one solution of the problem. 


3. Stability: The unique solution depends continuously on data (initial and 
boundary conditions): i.e., a slight change in the data leads to only a small 
change in the solution. 


From Problem 34.4 we know that the Neumann problem ugg + Uyy = 
0,0<a4<a0<y <b, u,(z,0) = f(x), uy(x,b) = g(x), u2(0,y) = 
0 = uz(a,y) has an infinite number of solutions, and hence it is not a well 
posed problem. As another example, consider the problem uz, + Uyy = 
0, -wo<4<ow, y > 0, u(z,0) = 0, u,(z,0) = (1/n)sinna. It has 
solution wu = 0 when u,(xz,0) = 0, but for positive values of n the solution 
is u(x, y) = (1/n?)sinnazsinh ny. Clearly, uy(z,0) = (1/n)sinnz — 0 as 
n — oo; however, u(x, y) = (1/n?) sinnz sinh ny # 0 as n > oo. Thus, the 
stability property is violated and the problem is not well posed. 


In what follows we will only briefly comment on each of the three re- 
quirements, because a detailed discussion of the conditions under which a 
given problem is well-posed requires some deeper concepts. To ensure the 
existence the series or integral representation of solutions of problems we 
have obtained earlier will be verified in the next lecture. In this lecture we 
shall address the uniqueness and stability of the solutions. An important 
consequence of the uniqueness of solutions is that different methods lead 
to the same solution; however, there may be distinct representations of the 
same solution. We begin our discussion with the heat equation. 


Since heat flows from a higher temperature to the lower temperature, in 
the absence of any internal heat source, the hottest and the coldest spots 
can occur only initially or on one of the two ends of the rod. If the rod 
is burned at one end and the other end is in a freezer, the heat will flow 
from the burning end to the end in the freezer. However, the end that is 
burned will always be hotter than any other point of the rod, and the end 
in the freezer will always be cooler than any other point on the rod. A 
mathematical description of this observation is stated as follows: 
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Theorem 49.1 (Maximum—Minimum Principle for the 
Heat Equation). Let the function u(a,t) be continuous in a closed 
rectangle R= {(x,t):0<a<a,0<t<T} and satisfy the heat equation 
(30.1) in the interior of R. Then u(x,t) attains its maximum and minimum 
on the base t = 0 or on the vertical sides « = 0 or x = a of the rectangle. 


As an application of this principle we shall prove the uniqueness of 
solutions of the Dirichlet problem for the heat equation 


p= Ctpe =o(n,t), O<ae<a, t>0, e>0 
u(z,0) = f(z), O<a<a 

u(0,t) = g(t), t>0 

u(a,t)= h(t), t>0. 


(49.1) 


Theorem 49.2. Assume that qg, f, g, and h are continuous in their 
domain of definition, and f(0) = g(0), f(a) = h(0). Then there is at most 
one solution to the problem (49.1). 


Proof. Assume to the contrary that there are two solutions u;(a,t) and 
uo(x,t) of (49.1). Then the function w = wu; — ug satisfies wy — C?wWee = 
0, w(z,0) = 0, w(0,t) = w(a,t) = 0. Let T > 0. In view of the maximum 
principle, w(a,t) attains its maximum on the base t = 0 or on the vertical 
sides x = 0 or x = a of the rectangle R = {(#,t):0<4<a,0<t< 
T}. Therefore, it follows that w(x,t) < 0, (a,t) € R. Similarly, from the 
minimum principle, we have w(#,t) > 0, (#,t) € R. Hence, w(az,t) = 0, 
ie., ui(a,t) = u2(a,t), (wt) € R. Finally, since T is arbitrary, the result 
follows. a 


Alternative Proof. We can also prove Theorem 49.2 by a technique 


known as the energy method as follows: Multiplying the equation uw, — 


C Were = 0 by w, we get 


0 = w(w; — c? Wer) = (5) — (wwe), + c?w?. 
t 


Thus, an integration with respect to x gives 
xr=a 


a 1 a 
0= i; (5«") dx — ww, +¢ | wedzx. 
0 2 t x=0 0 


However, since w(0,t) = w(a,t) = 0 it follows that 
ee 
dt Jo 2 
Therefore, in view of w(x,0) = 0, we have 


ay . aq : 7 
[ slw(a.t)Pdx < | late Ode 20; 


wie Adee 2 [twslo.t)Pae < 0. 
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and hence i [w(a, t)]?dx = 0 for allt > 0. But, this implies that w(z,t) = 0, 
Le., ui(a,t) =ue(z,t). 


Clearly, the above proof holds as long as ww,|§ = 0. Hence, our proof 
applies to other boundary conditions also, e.g., in (49.1) we can replace 
the Dirichlet conditions u(0,t) = g(t), u(a,t) = h(t) by the Neumann 
conditions u,(0,t) = g(t), ux(a,t) = h(t). 


The following stability result immediately follows from Theorem 49.1. 


Theorem 49.3. Let ui(z,t) and u2(zx,t) be solutions to the prob- 
lem (49.1) with data fi,gi1,h1 and fo, g2,h2, respectively. Further, let 
T and ¢ be any positive real numbers. If maxo<z<a|fi(x) — fo(x)| < «€, 
maxo<<T |gi(t) — go(t)| < € and maxo<icr |hi(t) — ha(t)| < €, then 


a 2 
i ae ug(a,t)| < e. 


Next we shall discuss the Laplace equation. If in equation (34.4) we 
consider u(x,y) as the steady-state temperature distribution in a plate, 
then the temperature at any interior point cannot be higher than all other 
surrounding points. In fact, otherwise the heat will flow from the hot point 
to the cooler points. But, then the temperature will change with time, and 
would lead to a contradiction to the steady-state condition. Because of the 
same reasoning at any interior point the temperature cannot be lower than 
all other surrounding points. Mathematically this result can be stated as 
follows: 


Theorem 49.4 (Maximum—Minimum Principle for the 
Laplace Equation). Let D Cc R? be a bounded and connected 
open set. Let u(x,y) be a harmonic function in D that is continuous on 
D = DUOD, where OD is the boundary of D. Then, the maximum and 
minimum values of u are attained on OD, unless u is identically a constant. 


As an application of this principle we shall prove the uniqueness of 
solutions of the Dirichlet problem for the Laplace equation 


Ure + Uyy = 9(z,y) in D 


(49.2) 
u(z,y) = f(x,y) on OD. 

Theorem 49.5. Assume that g and f are continuous in their domain 

of definition. Then there is at most one solution to the problem (49.2). 


Proof. Assume to the contrary that there are two solutions u;(z, y) and 
u2(x,y) of (49.2). Then, the function w = ui — uz satisfies wee + Wy, = 0 
in D and w = 0 on OD. Thus, from the maximum—minimum principle w 
must attain its maximum and minimum values on OD. Hence, w(x, y) = 0; 
Le., ui(z,y) =uo(z,y), (z,y)ED. FF 
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Alternative Proof. We can also prove Theorem 49.5 by using Green’s 
identity (energy technique): Let D C IR? be a bounded and open region 
whose boundary OD is a piecewise continuously differentiable curve. Then, 
for any function w = w(x, y) having continuous second-order partial deriva- 
tives in D and continuous first-order partial derivatives on DU OD the 
following holds 


// w( Wes + Wyy)dody = f wreas— |] w + we )dxdy, 
D aD On 


where 0w/On is the exterior normal derivative. 


Green’s identity for the difference of two solutions of (49.2), ie. w = 


U1 — U2 reduces to 
[fw + wi )dxdy = 0, 


which clearly implies that w is a constant. However, since w = 0 on OD, 
this constant must be zero, i.e., w = Uy — Ug = 0. | 


The following stability result is a direct consequence of Theorem 49.4. 


Theorem 49.6. Let ui(z,y) and u2(x,y) be solutions to the problem 
(49.2) with data f; and f2, respectively. Further, let « be any positive real 
number. If maxap |fi(x,y) — fo(x,y)| < ¢, then 


max |ur(x, y) ~ u2(x, y)| < €. 
D 


Finally, we shall employ the energy technique to prove the uniqueness 
of solutions of the initial-boundary value problem for the wave equation 
Ut = C’Use + q(z,t), O<a<a, t>0 
u(z,0)= f(x), u(z,0)=g(4), O<a4K<a (49.3) 
u(0,t)=a(t), ula,t)= Bt), t20. 
We multiply the wave equation by u; and integrate with respect to x, to 


get 
d 


a a 
7 ‘ “pide =e | unstile + | quydz. 


a a 
_ | UpUet dx 
0 0 


However, since 


a 
| Une Utdx = UpUt 
0 


and 
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it follows that 


d f*l 
7 5 lue + cu2|de = Pugs 
0 


+ | quida. (49.4) 
o 40 


The identity (49.4) is called the energy equation for the wave equation. 


Theorem 49.7. Assume that q, f, g, a, and @ are sufficiently smooth 
in their domain of definition. Then, there is at most one solution of (49.3) 
which is continuous together with its first- and second-order partial deriva- 
tives for 0 << a<a,t>0. 


Proof. Assume to the contrary that there are two such solutions u4(z, y) 

and u2(#,y) of (49.3). Then the function w = wu, — ue satisfies wy = 

Wee, w(z,0) =0, w(z,0) = 0, w(0,t) = 0, w(a,t) = 0. But then, from 

the assumptions on the solutions, we also have w,(x,0) = 0, w;(0,t) = 0 

and w;(a,t) = 0. Thus, for the function w, the identity (49.4) reduces to 
d [1 29 


rn 5 lwe + Cw; |dx = 0. 
0 


Therefore, we have 


“ab “1 
[pute + eut(e, olde = [ Stu? e.0) + Puke, 0)]de =0, 


which immediately implies that w is a constant. However, since w(#,0) = 0 
and w is continuous this constant must be zero; i.e, w= U,—u2=0. ff 
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Verification of Solutions 


In our previous lectures the series or integral form of the solutions we 
have obtained were only formal; there we did not attempt to establish 
their validity. In this lecture we shall prove a few theorems which verify 
that these are actually the solutions. For this, we shall need the following 
results in two independent variables: 


(Pi). Weierstrass’s M-test: If the terms of a series of functions of two vari- 
ables are majorized on a rectangle by the terms of a convergent numerical 
series, then the series of functions is absolutely and uniformly convergent 
on the rectangle. 


(P2). If aseries of continuous functions converges uniformly on a rectangle, 
then its sum is continuous on the rectangle. 


(P3). If the series obtained from a given convergent series by formal term- 
by-term partial differentiation is a uniformly convergent series of continu- 
ous functions on a closed rectangle, then the given series has a continuous 
derivative which on the rectangle is the sum of the series obtained by term- 
by-term differentiation. 


(P4). Abel’s test: The series >> , X,(x)Yn(y) converges uniformly with 
respect to the two variables x and y together, in a closed region R of the 
ry-plane, provided the series }>°~_, X,(x) converges uniformly with respect 
to x in R, and for all y in R the functions Y,,(y), n = 1,2,--- are monotone 
(nondecreasing or nonincreasing) with respect to n and uniformly bounded; 
i.e., |[Yn(y)| < M for some M. 


First we prove the following theorem for the heat equation. 


Theorem 50.1. In the interval [0, a] let f(x) be continuous and f(z) 
piecewise continuous, and let f(0) = f(a) = 0. Then the series (30.10) rep- 
resents a unique solution to the problem (30.1)—(30.4) which is continuous 
for all {(a,t):0<a<a, t=O}. 


Proof. The uniqueness of the solutions has already been proved in The- 
orem 49.2. Thus, it suffices to show that the function u(x,t) defined by 
the series (30.10) is a solution. Clearly, this u(x,t) satisfies the bound- 
ary conditions (30.3) and (30.4). Next from (30.10), we have u(x,0) = 
ba Cn sin n7a/a, and since the function f satisfies the conditions of The- 
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orem 23.6, it follows that u(x,0) = f(x). Now from (30.11), we find that 


») a 
Jnl < = f [fide =: C 
a Jo 
so that, for the n-th term of (30.10), we obtain the majorization 


—sfip2e 22) 2 . Tz 
(n*nc*/a Mt gin | 


222 729 
—(ni nc /a* \t 
Cne 2 Ces fe Me: 


for allO <a <a, t > tp > 0. Next since the numerical series 
Co 
Ss Cen (7c? /a”)to 
n=1 


is convergent; from (P1) it follows that the series (30.10) is absolutely and 
uniformly convergent for all0 <a <a, t > tp > 0. Thus, from (P2) and 
the fact that to is arbitrary, we conclude that the sum u(x,t) of the series 
is continuous for all 0 < a < a, t > 0. Now we formally differentiate the 
series (30.10) term-by-term with respect to t, to obtain 


2,2 & 
u(x,t) = — — ‘3 nace Oley sin a (50.1) 
n=1 


This series has the majorizing series 


We = 
_ (mene? /q2 
. Cn7e (n*1° c* /a*)to 


n=1 


for allO < x < a, t > to > O. By the ratio test this numerical series is 
convergent. Hence, again by (P1) it follows that the differentiated series 
is absolutely and uniformly convergent for allO <a <a, t > to > 0. 
Therefore, (P3) implies that the sum u(a,t) of the series (30.10) has con- 
tinuous partial derivative with respect to t for allO <a <a, t > 0 and this 
derivative can be obtained term-by-term differentiation. In a similar man- 
ner we can show that uz, Urs exist, are continuous, and can be obtained 
by term-by-term differentiation. In fact, we have 


2 0 
nTx 
ting (at) = = y Pega ELM gi —— (50.2) 
n=1 


foralO<a<a,t>to>0. 


Finally, from (50.1) and (50.2) it is clear that uz(x,t) = c?Uee(z,t) for 
alO0<a<a,t>to>0. | 
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Now we state the following theorem which confirms that the Gauss— 
Weierstrass formula (43.3) (see equivalent representation in Problem 44.5) 
is actually a unique solution of (43.1). 


Theorem 50.2. Let f(x), — oo < x < co bea bounded and piecewise 
continuous function. Then, the Gauss—Weierstrass integral (43.3) defines 
a unique solution of the problem (43.1) with lim; u(z,t) = [f(a +0) + 


f(x — 0)]/2. 


Our next result is for the initial value problem (43.9), where we do not 
assume the condition that u and u, are finite as |x| — oo, t > 0. 


Theorem 50.3. Let for all —oo < x < ow the function fi(x) be twice 
continuously differentiable and the function f2(a) continuously differen- 
tiable. Then, the initial value problem (43.9) has a unique twice continu- 
ously differentiable solution u(«,t), given by d’Alembert’s formula (43.11) 
(see also Problem 33.10). 


Proof. From Lecture 28 (see (28.2)) it is clear that the solution of the 
wave equation can be written as 


ule,t) = Fe +c) + G@ =e), (50.3) 


where F and G are arbitrary functions. This solution u(a,t) is twice con- 
tinuously differentiable provided that F and G are twice differentiable. Dif- 
ferentiating (50.3) with respect to t, we get 


uz(x,t) = cF’(x + ct) — cG'(x — ct). (50.4) 


Thus, u(x,t) satisfies the initial conditions u(#,0) = fi(x), w(z,0) = 
fo(a), if and only if, 


F(z) +G(x) = filz) 
50.5 
cF"(%) —cG'(a) = fo(a). ee) 
We integrate the second equation in (50.5), to obtain 
sha) <0Cle =f fol€)de + K, (50.6) 


where K is an arbitrary constant. Combining (50.6) with the first equation 
of (50.5), we can solve for F and G, to find 


Lk 


Fa) = Sh + sf rode+ 5% 


Ga) = Shi) [lode 5%. 
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Using these expressions in (50.3), we obtain d’Alembert’s formula (43.11). 


The above explicit construction shows that if the problem (43.9) has a 
solution it must be given by (43.11) and is unique. Conversely, since f1() is 
twice continuously differentiable and f(x) is continuously differentiable, it 
is trivial to verify that (43.11) is indeed a twice continuously differentiable 
solution of (43.9). a 


Now we shall prove a theorem for the boundary value problem (34.4) — 
(34.8) with g(a) = 0. We note that when g(x) = 0, the solution (34.15) can 
be written as 


. sinhw,z(b—y) . nt 
u(x, y) = 2 heh SIN Wyt, Wn = 7 (50.7) 


where a, is given in (34.16). 


Theorem 50.4. In the interval [0,a] let f(x) be continuously differ- 
entiable and f(a) piecewise continuous, and let f(0) = f(a) = 0. Then, 
the series (50.7) represents a unique solution u(x, y) to the problem (34.4)— 
(34.8) with g(x) = 0. This solution u and uz, uy are continuous in the 
closed rectangle 0 < «<a, 0< y <b, while uzz and uyy are continuous in 
the rectangle0O<a<a,0<y<b. 


Proof. The uniqueness of the solutions has already been proved in The- 
orem 49.5. Thus, it suffices to show that the function u(x, y) defined by the 
series (50.7) is a solution. Clearly, this u(a,t) satisfies the boundary con- 
ditions (34.7), (34.8) and (34.6), and since the function f satisfies the con- 
ditions of Theorem 23.6, it follows that u(z,0) = f(x) = 07~, an sinwpxr 
uniformly. Now we consider the sequence of functions 


_ sinhw,(b— y) 


Yay) sinh w,b 
It is clear that 0 < Y,,(y) < 1 for all n and 0 < y < b; ie., these functions 
are uniformly bounded. We claim that for all 0 < y < b the functions Y,,(y) 
are nonincreasing as n increases. This is immediate for y = 0 and y = 6, and 
for 0 < y < b it suffices to show that the function $(s) = sinh qs/ sinh ps, 
where p > q > 0 is a decreasing function of s > 0. Since 


25"(s) sinh? ps = 2qsinh pscoshqs — 2psinh qs cosh ps 
= —(p—4q)sinh(p + q)s + (p+ q)sinh(p — q)s 
2 9, |sinh(p+q)s _ sinh(p—q)s 
= —(p?—q?) |e tas _ Shp 
prq P-q 
foe) 2n+1 


= -(p—-@) >> [(p+q)" -(p-9)"| 


n=0 
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it follows that 5’(s) < 0, and hence S(s) is a decreasing function of s > 0. 
From this and the fact that Fourier sine series of f(x) converges uniformly, 
(P4) implies that the series (50.7) converges uniformly to u(x, y) with re- 
spect to x, y in the closed rectangle 0 << x <a, O< y < b. The continuity 
of u in this rectangle immediately follows from (P2). 


Next note that the function f’ also satisfies the conditions of Theorem 
23.6, and hence the Fourier cosine series eat AnWy COS Wx, obtained by 
differentiating the sine series term-by-term also converges uniformly for 
0<a<a. Thus, as above the series 


~ sinh w,(b — y) 
> AnWn To COS WB 
oer sinh w,b 


converges uniformly to uz(a,y) with respect to 2, y in the closed rectangle 
O0<a<a,0<y <b. The continuity of uz in this rectangle also follows 
from (P2). 


Now in view of Problem 23.14(i) the numerical series )77~_, |Janwn| con- 
verges, and hence from (P1) the series \>>°_; Gnwn sin wpx converges uni- 
formly for 0 < x < a. We also note that the sequences of functions 

_ coshw,(b— y 
Yn(y) = cosh wn(b — ¥) 
sinh w,b 
is nonincreasing as n increases for all 0 < y < b. In fact, this follows from 


the relation l 
—2 
Yn(¥) =—3— + Ye (y) (50.8) 
sinh* w,b 
and our earlier considerations. The uniform boundedness of Y,(y) is also 
immediate from (50.8). Combining these arguments, we find that the series 


= coshwp(b—y) . 
— b> On Wp— Sin Wp, 
es sinh w,b 


converges uniformly to uy(x, y) with respect to x, y in the closed rectangle 
0O<a2<a,0<y< b. The continuity of uy in this rectangle once again 
follows from (P2). 


Finally, since |a,| << C, and for0<y< 8b, 
sinhw,(b—y) < seu, sinhw,b > seu" (1 - —) 
for the series obtained by differentiating twice (50.7) with respect to x or 
y, the terms have the absolute value less than 
gern (b-y) enwny 


2 _— 2 
ay dewnd (1 — ery) Cun (1 _ e-em) . 


404 Lecture 50 


Now since by the ratio test, the numerical series 


—WnYo 


Yi Out as ? 


where 0 < yo < b converges, the series of the second derivatives obtained 
from (50.7) by term-by-term differentiating twice with respect to x or y 
converges uniformly for 0 <2 <a, 0<y <b. The continuity of ure, Uyy 
in this rectangle again follows from (P2). a 


Finally, we state the following theorem which confirms that the integral 
(44.2) is actually a solution of (44.1). 


Theorem 50.13. Let f(x), —co < « < co bea bounded and piecewise 
continuous function. Then, the integral (44.2) defines a unique solution of 
the problem (44.1) with limy—.o u(a, y) = [f(@ + 0) + f(a — 0)]/2. 


If we allow unbounded solutions, then the uniqueness is lost. For exam- 
ple, the function u(x, y) = y satisfies Laplace’s equation in the half-plane 
and lim,.o u(x, y) = 0. This can be added to any solution. 
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